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PREFACE 

The first part of this treatise, published a year ago, dealt with 
the geometry of the straight line and circle; the present volume 
contains a moderately comprehensive treatment of the geometry 
of the conic. 

The author holds very strongly that the educational value of 
higher geometry lies in that novelty of idea and generality of con- 
ception which is more characteristic of this subject than of any 
other branch of elementary mathematics, A course of geometrical 
conies, based on the focus-directrix definition and developed by 
Euclidean methods, provides excellent practice in rider-work; 
but although the student may gain from it a systematic knowledge 
of the metrical properties of the conic, yet he will assimilate few, 
if any, really new ideas. On the other hand a projective treatment 
introduces the student to a region of geometrical thought, unlike 
anything he has seen in the past— a transidon as abrupt and 
fertile as the crossing from algebra to the calculus. There are 
constant surprises, apparent contradictions, features of absorbing 
interest, and principles which, by the generality of their application 
and the variety of their expression, cannot fail to fascinate the 
reader and incite him to investigate their developments for himself. 
Experience proves inconteslably that analytical methods frequently 
elucidate difficult geometrical conceptions. The theory of ideal 
elements in pure geometry, the notion of one-to-one correspondence 
and its application to homography and involution, the principles 
of conical projection are undoubtedly illuminated by a joint use 
of geometry and analysis. 

In the case of imaginary elements, so much simplicity is secured, 
without any loss of rigour, by adopting an analytical basis that a 
purely geometrical treatment has been entirely omitted in the 
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following pages. For, although the construction of a geometrical 
theory of imaginaries is of remarkable theoretical interest, yet the 
intrinsic dilEculties render it unsuitable for an elementary text-book. 
The subject-matter has been arranged with a view to enabling 
the reader to understand the principles of general projection for 
real and imaginary elements at as early a stage as possible; not 
only -because it furnishes him with an invaluable weapon for 
attacking a large class of problems, but also because, to a greater 
extent than in the case of inversion and reciprocation, it enables 
him to discover properties for himself — an exercise which is both 
stimulating and instructive. 

As in Part I., the number of riders appended to each theorem 
or group of theorems is very considerable, far more of course 
than will be required by any single student If however the 
book is being used with a class, the significance of a particular 
theorem can frequently be emphasised by taking a sequence of 
dependent riders very rapidly on the black-board, asking for 
suggestions, and so working through half a dozen or more simple 
applications in a few minutes. This certainly forms a useful 
variation to the slow progress made when the student works alone 
and unaided, although it cannot be regarded as a substitute ; and 
in order that such a method may be rendered possible, an ample 
supply of examples is essential. 

The general scheme here adopted has grown out of an attempt 
to present the subject in a compact and elementary form for 
school purposes, and has been modified in a variety of ways 
suggested by experience; but, at the same time, the author is 
profoundly conscious of all that he owes both to friends and 
books. Those who are acquainted with Chasles' powerful and 
original text-books on the Conic Sections and Homography will 
recc^ise the wide measure of indebtedness to that source. And 
it is obvious that there must be a very real dependence on the 
standard treatises of Cremona, Reye, Russell, Salmon, and Taylor ; 
while the writings of Askwith, Casey, Duporcq, Filon, and Macaulay 
have also been consulted. A number of historical notes have 
been inserted, the material of which is mainly derived from Chasles' 
Aper(u Hisiorique, but also from the works of Rouse Ball, 
Cajori, Heath and Taylor, The author has received a number of 
valuable suggestions from Mr. G. H. Hardy and Dr. A. N. 
Whitehead ; the first chapter has been read and criticised by 
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PREFACE vii 

Mr. C. Godfrey and Mr. H. W. Richmond; and Mr. A. E. 
Broomfield has with great kindness written the entire section on 
practical solid geometry. The arduous task of reading the whole 
of the proofs has been undertaken most generously by Mr. R, M. 
Wright, whose keen sense of It^c has effected many improvements 
of matter and style ; and the table of contents and index have 
been constructed by Mr. G. A. Herman. The Editor of the 
Educational Times has courteously authorised the use of problems 
which have appeared in the columns of that journal and the Syndics 
of the Cambridge University Press and the Clarendon Press have 
kindly accorded their permission for the inclusion of questions set 
in recent College and University papers. 



WiNCHBSTBR, 

January, 1910. 
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AHALTHOAL IDEAS IN PLANE GBOHETBT. 

The application of algebraic methods to geometrical research by 
Descartes (1596-1650) opened out an entirely new field of view, 
and thereby gave a wonderful impetus to the progress of malhe- 
matical discoveries. It laid bare certain general principles, which 
correlate a large number of apparently dissimilar theorems : and so 
consolidated in method and enunciation the isolated achievements 
of independent thinkers. Moreover it supplied a sound basis for 
further research, by expressing in obtrusive analytical terms the 
fundamental laws governing the structure of Unes and curves. 

In order to enunciate analytical theorems with the utmost 
generality of which they are capable, it is necessary to enlarge the 
conceptions in which they are to find expression. The notion of 
number, starting from the instinctive idea of positive integers, was 
gradually extended so as to embrace successively fractional, negative, 
irrational, and finally complex numbers, required respectively for 
the solution of the equations: 

ax = i; ax + A = o; ax-'=d; {ax + ^y + f=o; 
where a, 6, c represent any positive integers whatever. With this 
notion of number, it was then possible — but not before — to formulate 
the general theorem, that every equation of degree « is satisfied 
by « numbers. 

This instance serves to illustrate the principle that valuable 
generalisations are frequently rendered possible by the removal 
of certain (possibly unconscious) limitations, which had been 
previously imposed. Thus, if complex numbers are regarded as 
inadmissible, it is no longer true to say that every equation has 
a root. Now it may be urged that it is easy to form a clear 
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conception of numbers such as 2, -3, |, V5, but that a number 
such as V-3 is wholly unintelligible. The reason why we tend 
to call numbers of the first kind real, and of the second kind 
imaginaty or ImpOHsible, is almost entirely due to the fact that 
we are accustomed to represent graphically the former type, and 
do not readily associate any graphical connection with the latter 
type. Anyone by drawing the hypotenuse of a right-angled triangle, 
the sides of which are i inch, 2 inches, finds it easy to accept 
the existence of v^s. The graphical representation of complex 
numbers, furnished by vector geometry, is less familiar; and con- 
sequently the difficulties, presented by imaginary elements, are 
more considerable. But, in point of fact, such geometrical assist- 
ance is wholly immaterial. The existence of a number does not 
depend on whether or not it can be represented under some 
geometrical form. It may be easier to understand its nature— as 
it is certainly easier to explain its properties — if it is capable of 
graphical representation. But its use and its meaning — its organism 
— depend solely on the laws and operations to which it is subject. 

Now complex numbers obey the same fundamental laws of 
Algebra as real numbers ; and may therefore enter with equal 
freedom into analytical processes. If the result of any sequence 
of such processes is capable of expression in geometrical language, 
then its enunciation in geometrical terms is valid, even if any 
part of the process cannot be represented graphically. For since 
the process is valid analytically, its conclusions must be true. 

It is however of value to widen the basis of geometrical reasoning 
by borrowing from analysis notions which are incapable of graphical 
depiction, lliis procedure is usually referred to as the Frinciple 
of Continuity.* The germ of this principle dates as far back as 
the time of Kepler (rg7i-i63o), who recognised, without the aid 
of analysis, that the different species of conies were not isolated 
curves, having each a geometry peculiar to itself, but formed a 
continuous chain, the ellipse passing into the parabola, and the 
parabola into the hyperbola. The first complete exposition was 
given by Boscovich (171 1-1787), in what was intended to form 
an elementary school text-book on conic sections. But it was 
Poncelet's (1788-1867) great discovery of the "circular points at 
infinity" and their connection with the foci of a conic that revealed, 

* Much interesting historicat infomiation will be found in Dr. Taylor's Aneient 
and Modem Geometry of Conies. 
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in all its stimulating generality, the wide range of application of 
this principle. 

It is worth while considering at this stage the analytical bearing 
of the Principle of Continuity. 

The straight line x cos n +^ sin a — / cuts the circle x?+y^ = a^ 
at the two points, whose coordinates are 

{;tcosa±sinaV^^^^ /sin a:FCOS Wfl^-/«). 

These coordinates are real if /<a; 

coincident if / = a; 

complex if />«. 

By making use of the enlarged conception of somber, it is 
possible to enunciate the general theorem, that every straight line 
meets every circle at two "points." This attaches a new significance 
to the term " point," by removing a limitation, previously imposed, 
that points must be real. Any pair of real numbers, e.g. x = 2, 
y = 4j can be represented graphically by the position of a point 
referred to real coordinate axes, and so can be associated and 
identified geometrically with a point. If either or both the numbers 
of a given pair are complex, for the sake of continuity of expression, 
the pair is still identified with a point, called an imaginary point, 
and necessarily incapable of direct graphical representation. The 
usage of the term is merely conventional, and its importance is 
simply due to the fact that it corresponds to a definite analytical 
feature. In the same way, the circle x^+y^^a\ which is the 
locus of all " points " at distance a from the origin, does not merely 
include such points as appear in the figure, but all points which 
correspond to a pair of numbers, real or complex, satisfying that 
equation. 

Again, the aggregate of pairs of values of x, y which satisfy the 
equation ax-vby-Vc^o, where a, b, c are any constant numbers, 
constitutes the straight line associated with that equation. A 
straight line may therefore contain only one point, or no points 
at all, capable of being represented on paper; e.g. the line 
a;-2+V-i(j'-3) = o contains only one real point (7, 3), and 
the line x'ry=-J - i contains no real finite point. 

By extending the meaning of geometrical terms, it is thus possible 
to enunciate theorems with greater generality. But in addition 
to this, it may enlarge the range of application of a proof, which 
applies apparently only to a special case. For example, if two 
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circles intersect at real points, it is easy to show that the locus of 
a point, whose powers* w.r.t. the two circles are equal, is a straight 
line, viz. the common chord. This is expressible in analytical 
terms, and since the analytical method of proof takes no account 
of whether the points of intersection are real or im^inary, it 
follows that the theorem must be true in general. In other words, 
the proof of the general case is involved in, and consequent from 
the proof of the special case. 

Free use of imaginary points and lines may therefore be made, 
in order to generalise the range of application of geometrical 
theorems ; and this is referred to under the name of the Frmclple 
of Oontimiitr. The application of the idea of a lirhit in geometry 
is another feature of this principle, bearing indeed more directly 
on Kepler's line of thought; but it would be out of place to 
develop it here. 



EXTENSIONS OF OEOMETBICAL 1 
For brevity, +V- i or f i, -j will in future be denoted by i. 
Definitions. 

(i) Any pair of numbers, real or complex, are said to be re|)re- 
sented by, and identified with a Point, in a given plane. 

(z) Any aggregate of pairs of numbers, real or complex, which 
satisfy the equation ax + fy+c-^o, where a, b, c are any constant 
numbers, real or complex, are said to constitute a Straight Line 
in a given plane. 

In general, if any or all the constants a, b, c are complex, the 
straight line is imaginary; otherwise, the line is real. 

(3) If the coordinates of two points are conjugate imaginaries,' 
i.e. (a + ia, /> + ii/'}; {a-ia, l>-ib'), the points are called cwjngate 
imaginary points. 

(4) If the constant coefficients in the equations of two hnes are 
respectively conjugate imaginaries, i.e. {a + ia')x+{6+ifi')y+c+ic' = 0; 
{a- ia')x + {6-ib')y + c-ic —o, the two lines are called conjogate 
imaginary lines. 

Unless otherwise slated, it will be assumed that the equations 
of all conies mentioned are real (i.e. the coefficients are real). 

'The power of a point P w.i.L a circle centre A, radius a, is defined as 
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From the definition of a straight line, it follows that any two 
straight lines Oja: + ^,_y + C[ = o; Oja: + ^2_y + c^ = o meet at one and 
only one point. The apparent exception, where ^ — t^' '■'*■ ^^^ 
case of parallelism, will be dealt with later. 

1. Does a rea] line contain many, one, or no imaginary points ? 

2. Does an imaginary line contain many, one, or no real points? 

3. Is it possible to draw any, one, or many real lines through a 
given imaginary point? 

t. Is it possible to draw any, one, or many imaginary lines through 
a given real point? 



Two conjugate imaginary lines meet at a real point. 
Any two conjugate imaginary lines can be represented by 
ax + dj' + c+i{a'x + /''y+c')-o; ax + fy + e- Ha'x + iy + tf} = o, 
where a, b, c, a', b', ^ denote real constants. 

These meet at the point given by the two real equations 

which is necessarily real. q.e.d. 

THEOEEM 2. 
Two conjugate imaginary points lie on a real line. 

The proof is left to the reader. 

■"Take {x■^■\■ix^, ^'j + 'j'a); {x-^ — ix^, y^-iy^ as the two points.] 

THEOBEH 3. 

Every imaginary line contains one and only one real point. 
Any imaginary line can be represented by 

ax-\-by-\-c-\- i{a'x ■^h'y + <f) = o. 
This is satisfied by the pair of real values of x, y given by 

ax\by->rc=Q; a'x + b'y + ^ = o. 
.'. it contains one real point. 

Further, if x, y are real, the two equations ax-\-iy + £=o\ 
a'x+b'y + <^ = o must be satisfied. 

.'. there is onty one real point. q.e.d. 
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Every imaginary point lies on one and only one real line. 
The proof is left to the reader. 

THEOREM S. 
Every real line contains an unlimited number of imaginary points, 
which occur in conjugate pairs. 

Giving X any complex value whatever, there corresponds from 
the equation a definite value of 7, and this pair of values determines 
an imaginary point. Hence the number of imaginary points on 
the line is unlimited. 

Further, let {x-y-\-ix^, ^i + y'j) be one imaginary point on 

ax + by + c=o; a, b, c being real by hypothesis. 

Then ax^ + ^^'j + c + i{ax^ + by^ - o ; 

.■. oa;, + 3_>'| + f=o and ax^->rby^ = o; 

■'■ aXi + dyj + £-Hax^ + fy2)'o; 

.'. the point {x^-ix^, yi~'y^} also lies on the line; 

.'. all imaginary points on the line occur in conjugate pairs. 

Q.E.D. 



Through every real point there pass an unlimited number of 
imaginary lines ; and these occur in conjugate pairs. 

The proof is left to the reader. 



THEOBEU 7. 

If two lines /,, /^ meet at a point /*, and if the conjugate 
imaginary lines /j', /j' meet at /", then I" and P' are conjugate 
imaginary points. 

To find the coordinates of P, we solve the equations of /j, /j. 

If we now write - (' for i in this work, we have the solution 
of the equations of /j', 4', giving P. Hence the coordinates of 
P" are derived from the coordinates of P by writing -(' for (. 
.'. P and P" are conjugate imaginary points, q.e.d. 
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THEOBEU & 

(i) A real line meets a real conic in two points, which are real 
or conjugate imaginaries. 

(z) Two conies intersect at four points, which are either all 
real, or two real and two conjugate imaginaries, or two pairs of 
conjugate imaginaries. 

The proof is lefl to the reader, 

[Use analysis and note that the roots of a quadratic or quartic, 
with real coefficients, are real or occur in conjugate pairs.] 

THEOREM 9. 

Two conjugate imaginary hnes meet a real conic in two pairs 
of conjugate imaginary points. 
The proof is left to the reader. 
6. Prove Theorem z, 

6. Prove Theorem 4. 

7. Prove Theorem 6. 

8. Prove Theorem 8. 

9. Prove Theorem 9. 

10, Find the equation of the real line passing through (1) 3, 4 + /; 
(2)2+y, 3-2'-. 

IL Find the real point on the line (2 + 3/)j:+(3-2'V = 8-i. 

12. If tlie vertices of a quadrangle are two pairs of conjugate 
imaginaiy points, prove that the diagonal point triangle is real. 

13. If two of the vertices of a quadrangle are real points, and if the 
other two are conjugate imaginaries, prove that one vertex and the 
opposite side only, of the diagonal point triangle are real. 

11. Enunciate and prove the dual of Ex. 12. 

15. Enunciate and prove the dual of Ex. 13. 

16. A quadrilateral is formed by drawing the tangents tram 
two conjugate imaginary points to a given real conic, and the 
diagonals are drawn: determine which points and lines in the 
figure are real, and which are conjugate imaginaries. 

17. What does the equation .r^+y = o represent? 

18. What do the equations 

([) .r'+y-6.r-.8/-H2i=o; (2) jt^+y~(>x-Sy-i-2S = o; 
(3) .r'+r'-6i--8y+29=o; 
represent ? 
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19. /' is a variable imaginary point dd a fixed real line ; prove 
analytically that the real point on the polar of P w.r.t. a given real 
cii'Cle is a fixed point. 

If the straight lines _>' = »»,,t + i:, ; ym^-^-c^ are both real, it 
is easy to prove that the tangent of the angle between them is 
represented by — i-^— * , But, if either line is imaginary, the 

I + Wjfffj 

term 'angle ceases to have any meaning. In order to secure 
continuity of statement, it is therefore convenient to make some 
definition which will apply to this case. The essential condition, 
for this purpose, is that there should be no analytical distinction 
between the two meanings ascribed to the word 'angle.' But it 
is further desirable that the definition employed should never lead 
to geometrical interpretations which are contrary to recognised 
general theorems. 

Definition. 

If either or both the lines y = m-^x + £j; y — m^ + c^ are imaginary, 

the expression — J- ~ ^ is defined to be the tangent of the angle 

between the two lines, provided that this expression, for any constant 
value of either of the quantities m,, m^, always takes different 
values for different values of the other. 

We will first consider the meaning and desirability of the proviso 
which enters into this definition. 

Suppose that -^ ^ -i for two different values of Wj. 

Since the equation ffi,{i -^»ij)-(^+ff(,)«=o is of the first degree 
in m, and is satisfied by two values of »»,, the coefficient of m^ 
is zero ; 

.'. i-imj = o and A + m^ = o; 

.'. m^ = - 1 or m^=±i and i—+i. 

Hence, if m, =■ ± (, the value of the expression is equal to + «' 

f<wr all values of m^. But in every other case it takes different 

values for different values of m^. 

The last definition may therefore be stated as follows: 

Definition. 

If either or both the Viaes y = m^x + £J■, y=m^ + c^ are' imaginary, 
the expression ■ ^~ *" i is defined to be the tangent of the aasle 
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between the two lines, provided that neither m^ nor m^ is equal 
to - I. 

According then to our definition, the term 'angle' must not 
be applied to the case where either of the lines is of the form 

It is easy to see why this case has to be excluded. Suppose 
that it is proved that two lines OP. OP' make equal angles in the 
same sense (i-e. angles whose tangents are eqtial) with a third line 
OA, then we say that the lines OP, OP" coincide. But this 
ceases to be true if the line OA is of the form y=±ix-\-c, for 
the tangent of the 'angle' between y = mx-\-d, y = ix + c would 

appear to be .= — ^^ ;— = -/, which does not depend 

on the value of m. 

In other words, it is impossible to associate any idea of direction 
with the lines y= +ix + c. Any argument, which is based on the 
direction of these lines, is essentially invalid. It is of such import- 
ance to understand this, that it is worth while illustrating the same 
idea by a further and somewhat striking example : 

If the lines y = m^, y = m^ make angles B-^^, Sjg with the line 
y = m-^x, then y^m^ makes with y-^m^ an angle fl^j given by 

tanfl„g = - '^o li— unless m=±i, in which case the last 

*^ 1 + tan e,j tan ^^ ' 

expression is indeterminate. 

By definition, 



(H-l«,>»,)(l+<..,™,| 




(i+»»am,)(i +%«,)' 
+ tanflijtanfl,g 


.,«,-», mj + M,' 






. tan«„-tan»„ (»,-»,)(. + »> 


4 


-tanflgj, unless 
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If however i+ff»|* = o or m-j=±i, the expression becomes in- 
determinate. [The case where tan fl,^ or tan ^,g increases without 
limit, i.e. i+WgWij — o or i+»»g»(j = o has been neglected: but 
could easily be treated separately.] 

This example shows that the addition theorem for tangents of 
angles would cease to be always true if the proviso, introduced 
into the definition, were omitted. Now it is essential that all 
general formulae should remain true, independently of whether 
any of the quantities are real or complex. And therefore, just 
because the notion of an angle Is being generalised to secure 
continuity between the domains of ' real ' and ' imaginary ' elements, 
it is of paramount importance that this limitation should be intro- 
duced into the definition adopted. ' 

In the special case where one of the lines is the .ar-axis, 7 = 0, 
the line >> ■=«;!: + ^ makes an angle with it, given by 

tan ^ = - ^~° = m. 
H-fffxo 

It is worth perhaps pointing out in conclusion that the line 
y= ±ix + c voyiXA make with the x-axis, if the proviso were omitted, 
an angle B given by tanS=±/, which, pursuing the same false 
supposition, is the angle of an imaginary right angled triangle, whose 
sides are i, /and whose hypotenuse isVi -K'^^Vi - 1 = 0. 

This graphical illustratioti may perhaps convince the reader of 
the innumerable difficulties which would occur, if any attempt were 
made to attach a meaning to the sj-mbol tan"i{;). 

Definition. 

The lines_>'= ±ix + c are called the isotropic hnes. This name 
is due to Laguerre. 

20. Prove that the equation of the Vme yix'is unaltered when the 
axes are rotated through any angle 9, the origin remaining unaltered. 
Interpret this geometrically. 

21. Assuming that the ordinary formula for the distance between two 
real points still holds good, prove that the distance between any two 
points on the \\vi^y = ix is zero. Interpret this geometrically. 

22. If tan 6 = i, what would be the values of sin 0, cos 6, according to " 
the usual formulae? 

23. Prove that the formula, tan2fl=-^-^--^ is still valid, if $ is the 
angle between two imaginary lines. 
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Starting from the general definition of the tangent of an angle, 
given above, and adding to it similar definitions for the sine, cosine, 
etc., there would be no difficulty in establishing all the usual trigono- 
metrical formulae, obtained for real angles {f.g. see p. 9). But 
for the present purpose it is unnecessary to enter into further 
details. 

CB08S BATIO. 

Let l-y, /j, /j, i^ be four real concurrent hnes : denote by ffj^ the 
angle /j makes with /j, etc. Then the cross ratio of the pencil 

formed by these four tines is . ■■ n^'^^^ ~^- (Part I., p. 103,) 
sin Pjj . sm Cgj 

And these four Hnes form a harmonic pencil, if this expression = - i. 

If any of the four lines are imaginary, it is necessary to make a new 

definition, since the term cross ratio as applied to imaginary lines 

has not any direct significance. It might appear at first sight 

simplest to define it by means of the angular expression, which is 

the characteristic for four real lines. But this would have the 

extreme inconvenience of excluding the isotropic hnes from the idea 

of a pencil. 

Suppose that the four lines are respectively, referred to their 

vertex as origin, 

y-m^=o; y~m^ = a; y-m^ = o; y-m^x~o. 

.'. the cross ratio = |^^ ~ "^}^ ~ . < 
which is now in a form which applies to every case. 

Definition. 

If four concurrent lines, referred to their common vertex as 
origin, are represented hy y^m^x; y = m^; y = m^; y = m^x; the 
expression (% ~ ""iH^^ ~ *'j) jg called the croBB latio of these four 

lines {taken in the order stated above) t and if the value of the 
cross ratio is - i, the four lines are said to form a harmonic pencil: 
and the pairs of lines y = m^x, y = m^x ; y = m^., y = m^x are said to 
be harmonically conjugate to each other. 

If all the lines are real, the above form of the cross ratio is 
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equivalent to the angular form originally stated : and this equivalence 
still remains, when any or all the lines are imaginary, provided 
that none of the lines are isotropic. 

In order to enunciate the generalised metrical properties of 
ranges and pencils, it would be necessary first of all to define what 
is meant by the length of the line joining two imaginary points. 
It would then be easy to deduce the usual theorems. But this 
will be left to the reader. (See Ex. 24.) 

24. Formulate a definition for the length of the line joining two 
imaginary points. What proviso should be inserted ? 

26, The coordinates of ^, B, Care (o, o), (3, y), (—2, 21) respectively ; 
prove that (AB+AC)* is less than SC*, according to the ordinary 
analytical formulae. What theorem does this violate ? 

26. Calculate the cross ratio of the lines 

j'-rMX=o, y-ix=o, my+x=o, y+ix^-o. 
State the result in the form of a general theorem. •^ 

27. Calculate the cross ratio of the lines 

y-mix=o, y~ix=ci, y^m^^o, y + ix=o\ 
and prove that it is constant, if '"' ■ ~" l- is constant. 
State the result in the form of a general theorem. 

THEOREM 10. [Lagukrre's Theorem.] 
If a, is the angle between the lines y == mx, y — m'.x, then the cross 

ratio of the pencil formed by the lines y = mx, y = ix, y = m'x, 

y— -ix, is equal to cosaa + zsinsa or exp{2ai). 
Let m = tan^, »i' = tan^, so that i=6-&. 



The c 



_ (cos 9 + r sin 9) (cos & - i sin $') cos(( 



(cos 9 - isin &)(cos 0' + jsin (/) cos{e -&)- ism{$ - ff) 

« cos 2a -(-{'sin 2a»exp{2ai). Q.E.D. 

In particular, if <x=-, the cross ratio= - 1. 

This theorem may now be stated geometrically, by using terms 
n their wider significance. 
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(i) Any pair of perpendicular lines are hannonically conjugate 
to the isotropic lines. 

(2) If a variable pair of lines contain a constant angle, they 
form with the isotropic lines a pencil of constant cross ratio. 

(3) If two lines are harmonically conjugate to the isotropic lines, 
they must be perpendicular to each other. 

(4) If a variable pair of straight lines form with the isotropic lines 
a pencil of constant cross ratio, they must make a constant angle 
with each other. 

THEOBEM 12. 
The isotropic lines are the only lines which are harmonically 
conjugate to each of two pairs of perpendicular lines, y = mx, y = mx 
and y = lx, y = I'x. 

Let each pair be harmonically conjugate to >' = Aje, y^. 
By definition, (jw- X)(ffj'-^) + (fw' - A.){ot-,») = o ; 

.'. 2(Afi- i) = (\-t-/i)(jw — J, since mrn- = -\. 
SimiUrly, 2{X,x- i) = (X + ;x)^/- i) ; 

.-. o-(i + rt(».-/)(a-.)i 
If l=m, the two line pairs are coincident 

If /= = m', the two line pairs are coincident. 

.'. k+n = Q\ .'. A,p-i=o; 

.-. k'-f'. - , ; 

.'. the only line pair is the pair of isotropic lines. 

Q.E.D. 

It is owing to these properties, and the additional fact that the 
value of a cross ratio is unaffected by any homographic transforma- 
tion, to which we next proceed, that the isotropic Hnes play so 
important a part in projective geometry. 
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TRAKSFOBUATION. 



It is often passible to deduce from one known property another 
property, apparently of an entirely different character, by effecting 
a correspondence between two distinct geometrical systems. Two 
examples of this process of transformation have already been 
met with. 

It has been pointed out [Part I., pp. no, 163] how, from a 
given system of lines and points, it is possible to build up a cor- 
responding system of points and lines by the method known as 
the Principle of Duality. To any point A of the first system 
corresponds one and only one line a of the second : and to any 
line a of the second corresponds one and only one point A of 
the first. Between two such systems there exists what is called 
a one-to-one or (i, i) correspondence. 

Another method of transformation was exhibited by the process 
of Inversion. In this case (see p. 21), to any point A of the 
first system [excluding the origin) corresponds one and only one 
point A' of the second ; and conversely. But, in general, straight 
lines in one system do not correspond to straight lines in the other. 
Analytically, if {x, y) ; (^, ij) are two corresponding points in the 
two systems, the transformation is effected by 
■^ /fix ^y 

S ^2+_j,2' '^ x^-^y*' 
where A is a constant (the radius of inversion). 

We shall now discuss a (i, i) correspondence in which points 
correspond to points and straight lines to straight lines. This is 
illustrated by the method of orthogonal and conical projection, 
the latter of which is one of the chief subjects of discussion in 
the present volume. , 

Consider any figure C, consisting of points, lines, or curves ■ 
situated in a plane 2. Lines are drawn from a fixed point 
outside 2 to all these points, and to all the points on the lines 
or curves of C. These lines, radiating from O, are cut by any 
other plane 2' in a system of points, lines, or curves forming a 
figure C Then C is said to be formed from C by conical pro- 
jection : and O is called the vertex of projection. Now suppose 
that both systems C, C are placed in the same plane : then, owing 
to the way in which C has been generated from C, there exists a 
one-to-one correspondence between C and C ; to every point and 
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line of C there corresponds one and only one point and line 

respectively of C, and conversely. 

Definition. 

Any tta'nsformation by wliich two coplanar figures are so related 
that any point and line of one correspond to one and only one 
point and line respectively of the other, and conversely, is called 
a homograidiic tnuufoimation. 

To determine the general analytical expression for a homographic 
transformation. 

Let {x, y) be the coordinates of a point A in the first system ; 
and let (^, i;) be the coordinates of the corresponding point A' in 
the second (coplanar) system. 

It is required to express ^, ij each in terms of x, y. 

Now, since the correspondence must be (i, i), the required 
expressions cannot contain any radicals: reducing them to a 
common denominator, we therefore have 

* ^{x,yy ^ 4>(x,yy 
where /,, /j, ■^ represent polynomials in x, y*; and without any 
loss of generality, we may suppose that there is no factor common 
to all three functions /,, /j, 4>. 

To any straight \ine fi^ + ^ + r=o corresponds 

PA{x.y)+9Aix,y) + 'i>(x,y)=o, 

which must be a straight line for all values of fi, q, r, by hypothesis. 

Therefore, since /,, f^, ^ have no common factor, each must 
be linear in x, y; 

. .^a^ x + l'^y + c^ a^^+M+h 

" ^ /x + my + n' ^ ix + my + n' 

And it is easy to see, by solving for x, y in terms of ^, i;, that 

to any line in the {x, y) system there corresponds one and only 

one line in the (^, i) system. 

The above expression is therefore the general transformation 
required: and the letters a-y, b^, fj, a^, &^, c^, /, m, n represent 
any constant quantities, real or imaginary. q.e.d. 

Since the transformation contains eight independent constants, 
it follows that they can be chosen so that any four points, no 
three of which are collinear, or any four lines, no three of which 



*It is assumed tha[_/],_;^, ij> are noi transcendental functi 
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are concurrent, can be made to correspond to any four points or 
any four lines, subject to the same conditions. 

THEOREM 13. 

The cross ratio of any pencil of four concurrent lines is unaltered 
in value by any homographic transformation. 

Take the origin at the point of concurrency, so that the four lines 
of the f, i; system maybe written: »f = «i^, v = ''*ii< 1 = '*'ii< '? = '«i^- 

With the usual notation, the line corresponding to i) = »Wjf is 

or (flj - m^a^x + (b^ - m^ii )^ + f^ - wijC^ -= o, 

which is parallel io y— - 

Then J/„ - 




■■ (m1^m,)(m^- '■■■ 

Q.E.D. 

Corollary. 

If four lines form a harmonic pencil, the four corresponding lines 
also form a harmonic pencil. 



: 14. 

The cross ratio of any range of four collinear points is unaltered 
in value by any homographic transformation. 

The cross ratio of any range is equal to the cross ratio of any 
pencil having this range as a section : and must therefore be 
unaltered by any homc^raphic transformation, by Theorem 13. 

Q.E.D. 

THEOREM 15. 

The degree of a curve is unaltered by any homographic trans- 
formation. 

Let the curve C be of degree «. 

Then any straight line / cuts the curve C at « points, 

.'. the corresponding straight line A, must cut the corresponding 
curve r at the corresponding k points. 

.". r is of degree «. q.e.d. 
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[ 16. 

The class of a curve {i.e. the number of tangents that can be 
drawn from any point to the curve) is unaltered by any homographic 
transformation. 

The proof is left to the reader. 

In Chapter IV., a conic will be defined as the projection of a 
circle (see pp. 88-9 and Th. 51). Since projection is one method 
of establishing a (1, i> correspondence, it follows that the conic is 
a curve which is homographicaliy related to a circle. 

THEOBEU 17. 

Any conic is represented by an equation of the second degree. 

Since the equation of a circle is of degree 2, it follows, either 
from Theorem 15 or by direct substitution, that the equation of 
any conic can be written in the form 

as^ ■¥ ihxy + ^V^ + 2^ + 2^ + f = o. Q. e.d. 

29. Proie Theorem 16. 

30. In any two coplanar figures which correspond homographicaliy, 
prove that there are in general three (finite) points which are self- 
corresponding. 

31. With the data of Ek. 30, how many straight lines are there, 
which are self-corresponding ? 

32. In two homographic systems the points (o, o), (o, 1), (3, o), 
(3, 12) correspond respeclively to (o, o), (o, 1), (2, 2), (3, i) ; find the 
position of the third self- corresponding point. 

33. Find the self-corresponding points in the transformation defined 

' ^ ^-l-^-i' ' x+y-i 

34. Find the general homographic relation connecting two systems 
which have the three points (o, o) ; (o, i) ; (2, o) as self- corresponding-; 
and such that lines joining corresponding points meet at the origin. 

35. If the homographic relation is £ = ^ , « = ^- , prove 

" "^ " x+2y+i' ' x + 2y+V "^ 

that all lines in the ($, rf) system parallel to ^-t-2J)=o correspond to 
lines in the (x, y) system which pass through the point (-J, —J). 

36. With tlie notation of the general homographic relation, prove 
that any class of parallel lines in the (^, t]) system correspondB to 
a class of concurrent lines in the (z, y) system: and th&t the 
point of concurrency lies on the line Ix-l-my-t-n^O. 
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37. Prove that the homographic relation ^= , ■q^'-"- transforms 
tlie parabola if=a^ into a circle. 

38. Find Uie values of p, q in order Hist the relation S= -r ' 

1;=^- may transform the general conic 

a^=+2h^J7+V+2g^+2fv+c=0 
into a circle. 

39. If the homographic relalion is f = a,.t + i,^ + £, ; Tj^a^- + 6^y + c^, 
prove that parallel lines correspond to parallel lines. 

40. What simple homographic relations will make 

correspond to the circle ^+if'=(^? 

THE LUTE AT IHFIinTT. 

In every exact science, it is of primary importance that the 
meanings of all terms employed should be fixed with absolute 
precision, A term which is vague, or capable of different inter- 
pretations, is more than likely to introduce confusion and error. 
It is therefore desirable at this stage to consider what precise 
meaning is to be attached to the word "infinity." To say that 
infinity is a number larger than any number we can think of or 
write down, is really totally unintelligible. It is a manifest con- 
tradiction to imagine a number which is larger than any number 
that can be thought of. This, then, at least is true— that infinity 
is not a number. 

Consider a series of points ^(,, A^, A^, ... A„, ... marked off at 
unit distance apart, along an unlimited straight line. If we proceed 
to count the number of points on the line, it is clear that it is 
impossible ever to complete the process : and accordingly it is said 
that the number of points is unlimited or infinite. The word 
"infinite" is here used to describe the nature of the process. If 
we count, for instance, the number of pages in this book, after a 
time the process is completed and is consequently called "finite." 
Hence, just as " finite " does not state the number of pages, but 
only describes the nature of the counting, so the corresponding 
word " infinite " has equally no reference to the number of [>oints 
on the line, but only to the character of the counting process. 
It is easy to state the fundamental distinction between the two 
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processes. If the process is finite, it is possible to name a number 
N sufficiently large (in this case 400), such that the process is 
completed before arriving at N: while if the process is infinite, no 
matter what number N be named, a stage in the counting will 
arise which exceeds JV. This, then, gives a precise sense to the word 
"infinite" as applied to a series of objects. It is worth while 
illustratii^ it further. Consider the statement ; " If « tends to 
become infinite, then •fn tends to become infinite-" This is an 
abbreviated form of saying that, whatever number N be named, 
there always exists a value of «, such that •Jn > N. It is the 
order of choice which is important. Your opponent has to choose 
a number N, which he can take as lai^e as he pleases, and after- 
wards it lies with you to find a value of n such that •Jn> N. If, 
whatever he does, you are certain to be able to defeat him, then 
s/« tends to infinity. And this statement may be written more 
briefly, following Mr. Bromwich, in the form: if «-»■!«, then 
\/n -* 00, where 00* stands for " infinity." The reader is, however, 
strongly urged to avoid the notation : if «=oo, then >/« = co, for 
(i) cc is not a number, and (z) it is a bare self-contradiction to 
assert that anything can «4ual infinity. 

Consider now the hom (graphic transformation 
.^ai Jc4-V + f| a- jX + b^y + e^ 

^ lx-¥my + n' ' Ix + my + n' 

To any point A in the {x,y) system, there corresponds one and 
only one point a. in the (f, ij) system, provided that A does not 
lie on the line lx + my-\-n = o. As the point A tends to any point 
of this line, the corresponding values of ^, jj tend towards infinity : 
and when A actually falls on this line, $, ^ cease to have any 
corresponding numerical values. The correspondence between the 
two systems is marred by this discontinuity, that there exists a 
single line in the (x, y) figure, to which there is no correspondii^ 
line in the (^, jj) figure. To secure generality of statement, it is 
desirable to eradicate this exceptional case. This is done by in- 
venting a line which will be called the "ideal line" or the "line 
at inflnit;," and adding this to the (|, jj) system. This line is 
essentially fictitious and incapable of graphical representation. It 

'The symbol m is due to John Wallis (1616-1703) who was educated at 
Felsted and Cambridge, and afterwards became Savilian Professor of Geometry 
at Oxford. He was also the first (o introduce negative indices into (he theory 
of Algebra. 
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is created solely for the purpose of corresponding to the line 
ix + my-^-n = o and possesses only such properties as are consequent 
from this correspondence. The name " line at in&nity " is indeed 
misleading, for {i) lE is not a line at all in the ordinary sense, and 
(2) infinity is not a get^raphical description, as the phrase suggests. 

Further, we conceive a series of "ideal points" or "points tA 
inflnit?" as composing the line at infinity, their existence being 
justified solely by the fact that they fulfil the function of ctirre- 
sponding to the points of the line Ix + my + n^o. 

If we solve the equations of the transformation so as to obtain 
X and y in terms of ^, ij, we obtain relations of the form 

Af + ^ry + v ' -^ Af + ^T + v ' 

By following the previous argument precisely, it now appears that 
there is no line in the (x, y) system which corresponds to the line 
A^+ji"( + i' = o in the (^, ij) system. Hence, in order to complete 
the correspondence, it is necessary to add to the {x, y) system a 
fictitious line which as before is called the " ideal line " or the 
"line at infinity." By this final addition, the (i, i) correspondence 
between the two systems is now complete, without exception. 

Consider now a system of concurrent lines in the (x, y) system 
which meet at a point A on the line ix-Vtny + n — o. They corre- 
spond to a system of lines in the (f, ij) system which have no 
finite point of intersection, i.e. to a system of parallel lines. But 
since A corresponds to a single ideal point a on the line at infinity, 
it follows that each of a system of parallel tines contains the same 
ideal point. And further, no line can contain more than one ideal 
point, since its corresponding line has only one point of intersection 
with /v -t- ffy + « = o. Therefore every class of parallel lines deter- 
mines a unique (ideal) point, just as every class of concurrent lines 
determines a unique (finite) point. Consequently the direction of 
a line or a class of parallel lines may be identified with the ideal 
point they determine. Now the line at infinity contains ideal points 
associated with every possible direction. It is therefore meaning- 
less to associate any determinate direction with it: for it is, so to 
spteak, in itself the aggregate of all possible directions. 

It may be noted in passing that the equations, on which our 
analysis is based, tacitly assume a Euclidean axiom of parallelism. 
The statement that every line contains one and only one ideal 
point is merely an alternative mode of expression of Playfair's 
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-Euclidean geometry, this is discarded, it 

) say that every line contains either one or 
Summarising this discussion, we conclude 

nflnity" is introduced solely to secure con- 
dealing with homographic transformations. 

; sense that it corresponds homographically 



is no longer possible t 

only one ideal point. 

that the term "line at 

tinuity of statement in 

It is a line, only in thi 

to a (finite) straight line, which involves the fact that it meets 

every other straight line in one and only one (ideal) point. And 

it lies at infinity, only in the sense that it contains no finite point ; 

in other words, the statement that it lies at infinity indicates its 

character but not its position. Lastly, it is devoid of any sense 

of direction, and is consequently incapable of any exact graphical 

representation. 

An interesting example of the necessity for care in working with 
imaginary and ideal elements is supplied by Inversion. We propose 




to consider what the inverse of a circle L is, when the centre of 
inversion lies on Z. 

From a geometrical standpoint, if P-^, P^, /'j, ... are a series of 
points on L, and if O is the centre of inversion, the inverse points 
A' A' Ps' ■■■ 1'^ •*" ^ straight line /, parallel to the tangent at O 
(Part I., p. 135). If y„ is very close to O, then /„ lies on / at 
a great distance from O; and as /", tends to O, the line OP, 
tends to assume the direction of the tangent at O to Z. If, then, 
we regard inversion as a continuous process, the inverse of /"„, in 
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the limit when /*„-» O, is the point at infinity on /. Consequently 
it would appear that the inverse of Z is the finite line /, together 
with the idea! point on I. 

Suppose now that <? is a point very close to L, then the inverse 
/ is a circle, the length of whose radius -•eo, as tends to L. It 
would therefore appear that, in the limit when lies on L, the 
inverse / degenerates into a finite line together with the line at 
infinity. 

In this way we have two distinct interpretations of what the 
inverse figure is : this really means that out definition of ii 
is not sufficiently precise. 




Analytically, the equations of the invcTsion-transformation are 
easily seen to be ^^ ^^ 

Provided that j;*+^*=l=o and ^ + ij°=|=Oi these equations can 
be solved without difficulty for x and y, and give 

With these restrictions, the equations always admit of interpreta- 
tion, and supply a correspondence which is. always (i, i). But if 
these restrictions are removed, the equations may be meaningless 
or cease to give a (i, i) correspondence. 
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Now the value of the process of inversion depends lai^ely on 
the fact that it is in general (i, i). Suppose, for example, it is 
required to prove that three curves have a common point. If, 
after inversion, the three corresponding curves are known to have 
a common point k, it is possible to argue that the original curves 
had as a common point the inverse H of h, since to the point 
h corresponds one and only one point H. Should however the 
correspondence not be (i, i), this ai^ument would be invalid, 
because to the point h might then correspond three distinct points 
H^, H^, H^. It is therefore convenient to define the process of 
inversion as follows : 

"The process of inTersion is equivalent to the transformation 

i= 3 ^ ) V= -i, 3 applied to all points of the x, y plane, 

excluding the tine at infinity and the isotropic lines through the 
origin." 

It follows from this definition that the inverse of a circle, w.r.t. 
a point on it, is a straight line with the ideal point on the line 
omitted. 

The advantage of this proviso is further illustrated by the following 
fallacious ailment: 

Let two circles Zj, L^ intersect at the centre of inversion O; 
the point O inverts into a point o at infinity ; therefore the inverses 
/,, 4. which we know are straight lines, have a common point o 
at infinity, and are therefore parallel. 

Therefore all circles through the origin invert into parallel lines, 
which is absurd. 

41. Prove that ihe inversion transformation is given by 

where k is the radius of inversion. 

42. Consider the effect of the inversion transformation, when the 
radius of inversion (ends to zero. 

43. What is the inverse of the pair of isotropic lines, given by 
{x-af-^-iy-bf-'O, w.r.t. the origin? 

44. If a homographic transformation is defined by 

determine the line in the ^, >) plane, which corresponds to the line 
at infinity in the x, y plane. 
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45. Determine the general homographic transformation, such that 
the lines corresponding to the lines at infinity arc x=o and f=o. 

46. With the notation of the general homographic transformation, 
find the condition that ■o=^\$ and Ti=m£ correspond to parallel lines 
in the x, y plane. 

47. Determine the general homographic transformation, such that 
isotropic lines through the origin correspond to isotropic lines through 
the origin, and the line x-¥y=\ to the line at infinity- 

48. Find the equation of the conic, corresponding to the circle 



r=+y=i, in the transformation x=~-J, y £1 



AJTALTTICAL BEFBESEITTATION OF POINTS AT 

INFINITY. 

Let the coordinates of any point P referred to rectangular axes 

OX, OK be (-, *V where x, y, % are always connected by the 

relation «+_j' + s = i. 



To every position of P there corresponds a unique set of values 
for X, y, z. Any straight line can be represented by an equation 

of the form a(-] +^[^] + c=o or ax-\-by-^cz = a. 

Any two parallel lines can be represented by ^ - ntx = c^z ; 
y-mx = c^. 

To obtain their (ideal) point of intersection we have, by subtrac- 
tion, {c-y-c^s = o or s = o. 

Hence all ideal points satisfy the condition a = o; we therefore 
express this by saying that z = o may be regarded as the e<lliatioii 
of the line at inflnity, in the plane considered. 
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With the same notation the equation of any circle can be written 
in the form x'^+y^+2gxz+2Jyz-\-cz'^^o. 

This meets the line a = o where x'^i-^ = o or y=±ix. 

Hence every circle cuts the line at infinity in the same two 
points, viz. ^ = -Z_ = _^. ; s = o; since x-\-y=\. 

These two points are called the circular points at infinity, and 
will be denoted by <u, <u'. 

19. Explain the sense in which the term "point" is used in speaking 
of the circular points at infinity. 



I 18. 

Two concentric circles have double 
the circular points at infinity. 

Take ihe origin at their common centre. 

(x^ + r^ - aH^ = o 
„ „ „ 2 ' 

Their intersections are therefore given by -( j_ ' 

.'. ihey touch each other at the points given by - = -^, z = o; 

Q.K.D. 

THEOREM 19. 

If two conies are homograph ically related to two concentric 
circles, the two conies must have double contact with each other. 

A contact can be regarded as the limii of an intersection at two 
adjacent points : hence, if two curves touch each other, stny two 
curves, homographically related to them, must also touch each 
other. The theorem therefore follows from Theorem 18. 



Every conic which passes through the circular points at infinity 
must be a circle. 

The equation of any conic can be written in the form 

ax^ + ikxy + ly''+ 2gxz + zfyz + cz'^ = o. [Theorem 1 7] 
This meets z = o where ax^+2Axy + 6y^ = o. 
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Therefore, by hypothesis, the points 

ax^ + 2Axy + fy^ = o,\ and x^-i-y'^ = o,\ 
a-o/ Z"o/ 

are identical; _■_ „^^ ^^j ^^^. 

.'. the conic is a circle- q.e.d. 

Although the Ust few theorems have been stated in geometrical 
terms, it must be clearly understood that such geometrical language 
is employed merely as a convenient means of expressing the result 
of a certain analytical process. And it is only possible to make 
use of a geometrical notation if il is agreed initially that the terms 
introduced contain a wider significance than is attached to them 
in ordinary graphical work. The existence of the circular points 
at infinity does not correspond to any graphical reality, but merely 
affords a conventional and suggestive interpretation, by a geometrical 
channel, of an analytical phenomenon. It expresses a definite 
feature of the properties of a circle defined analytically, i.e. by an 
equation, viz. the terms of second degree in the equation of every 
circle are x^+y^, and conversely, if an equation is of the second 
degree, with a^+y^ + o.xy as its leading terms, it must represent 
a circle. But while it is convenient to generalise our notation, it 
is at the same time necessary to avoid making other uses of this 
notation than are warranted by the underlying analytical structure. 

The chief analytical properties of circular points and isotropic 
lines have been already indicated. Their application to pure 
geometry rests on two facts: (i) that the circular points can be 
made to correspond homograph ically to any two given points ; 
(2) the cross ratio of a pencil- of four concurrent lines or of a 
range of four coUinear points is unaltered in value by any homo- 
graphic transformation. 

The latter has been already established : we shall now proceed 
to prove the former. 



To determine a simple homographic transformation by which 
two given points correspond to ihe circular points at infinity. 

Let A, B be the given pioints. Choose the ^-axis so as to bisect 
AB at right angles. 
The coordinates of A, B are (/ b), ( -f^ b) respectively. 
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The line y = b is, by hypothesis, to correspond to the line at 

infinity ; 

. t <\x + ^^y + y^ -^ + ^1^ + 72 . 

■• i- y^b ' ^ — y-i ■ 



Now (/ 6) is to correspond t 



••J+M+ys' 



and similarly 



?i/+M+A- 



/a,/+ //3/ + iy^ = aj+ ^^ + y, 
'■«i/=^2* + 7a and i;e/ + »Vi = V^ 



(% 



: independent 



We have therefore two equations to satisfy a 
constants at our disposal. 

To obtain as simple a form as possible,' we will therefore suppose 
that ^,, 7j, o^t 72 are zero: and then choose «,, jS,, so that 

Hence a simple form of transformation is given by 

^ y-b' ' y-b Q.E.D. 

50. Prove that the general homographic transformation which makes 
ihe two points (o, o), (h, k), in the ix,y) figure correspond to the circular 
points in the (^, ij) figure is given by 

t_ a,x+l>ty + ^{(^_-_n,)+J*(i*, - *,) 
^~ " kx-Ay 

_a^+b^y-\h{ai+ia^)-^k{bt±il>0 
^ kx-Ay ' '' 
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51. Prove that the ellipse -^+^=i is transformed into a circle by 

52. Prove that the hyperbola, — j-^=i is transformed into a circle 
by x = a^, y^ibT). 

53. Determine a simple transformation which will make the points 
(a, la) \ (a, — 2a) correspond to the circular points : and verify that this 
transformation changes the parabola ^y^^iViir into a circle. 

64. Determine a simple transformation which will make the points 
{-, —^1 ; ( - ;• ~^) correspond to the circular points ; verify that 
it transforms the ellipse — ^ + ^=i into a circle. 

55. Prove that a conic, given by its general equation', can in gener.il 
be transformed into a circle by relations of the form 

56. Determine a simple homographic transformation, which makes 
j-^+3^_v+4_)*+i=o correspond lo a circle. [Use Ex. 55.] 

57. Determine a simple homographic relation, transforming the conies 
yj + ^=i and yfl+}^=-2 into circles. 

58. S,=0, 82=0 are the eqaations of two conies; prove that 
aay tnmafonnation which makes them coireBpond to circles, will 
also make the conic S,-AS2=0 correBpond to a circle, where A 
iB any constant. 



This completes our summary of the rudimentary principles, 
governing the part played by imaginary elements in pure geometry, 
viewed from an analytical source. This is the historical path by 
which such ideas first penetrated into geometrical reasoning : and 
it is generally true that the order of historical discovery provides 
the most suggestive and intelligible course for the student 

Since the process of conical projection is homographic, and since 
the constants which appear in the equations of transformation may 
be real or complex, the foregoing pages supply a complete justifi- 
cation for the validity of imaginary conical projection, i.e. projection 
where either the vertex or any points or lines in the projected 
figure may be imaginary. The process is to be regarded as analytical 
(see p. 76). The statement of the mode of projection in geometrical 
language is only a convenient means of indicating the way in which 
the homographic' relation is to be chosen. 
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This analytical treatment has been preferred as being more simple, 
and at the same time no less rigorous, than a purely geometrical 
method. It is, however, possible to build up a consistent lexical 
theory of im^inary elements without any reference to analysis at 
all. This is effected, for example, by Von Staudt in his great 
work, The Geometry of Position, which is concerned solely with 
the disposition of systems of points, lines, planes, and curves 
generated from them. He builds up a non-metrical theory of 
harmonic, homographic and involution systems ; and then evolves 
the conception of imaginary elements, in conjugate pairs, to secure 
continuity of statement, in connection with the theory of double 
points and lines. 
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CHAPTER II. 



OBTHOGONAL PBOJECTION. 



This chapter deals with the simplest method of generating homo- 
graphically one plane figure from a given plane figure. 

Imagine any geometrical system, composed of points, hnes and 
curves, drawn on a flat glass plate. If this is held up in the 
sunlight above a sheet of paper, shadows will be cast on the 
paper, forming a second geometrical system, corresponding in 
every detail to the first. If the sun is directly overhead and if 
the sheet of paper is placed in a horizontal position, the light-rays 
are all perpendicular to the plane of the paper. In this case the 
shadow system on the paper is called the ortiiogonal projection 
of the geometrical system on the glass plate. 

The correspondence between the two systems is complete, in 
the sense that every point, line, or curve in the one is directly 
connected with a unique point, line, or curve in the other. But 
it is clear that in general the shapes and sizes of the two figures 
will differ. The shadow of any object gives only a distorted 
representation of that object. For example, it will be shown that 
the shadows of two equal lin'es are lines of equal length, if and 
only if the lines are paralle : provided that the valueless case, 
in which the planes of the glass and paper are parallel, is excluded. 

Definitions. 

(i) /*,, F^, ... are a system of points in a plane 2; p^, p^, ... 
are the feet of the perpendiculars from these points to a plane <r. 

Then the system /,, p^,... is called the orthogonal ptojection 
of the system /",, P^, ... on the plane tr. 

(a) The line of intersection of the planes 2 and tr is called the 
axis of projection. 
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We proceed to enumerate a number of simple theorems on 
which the utility of orthogonal projection depends. Many still 
hold good in the more general process of conical projection :. in 
such cases, the enunciation is marked with an asterisk. 

In the present chapter, the word "projection" is used as an 
abbreviation of " orthogonal projection." 

Unless otherwise stated, capital letters will be used to refer to 
the original system and small letters to the corresponding elements 
of the projected system. 



(i) A straight line projects into a straight line. 

(2) The meet of two straight lines or curves projects into the 
meet of their projections. 

(3) The join of two points projects into the join of their 
projections. 

{4) Any point on the axis of projection is unaltered in position 
by projection. 

(5) Any line and its projection meet on the axis of projection. 
The proof is left to the reader. 

THEOREM 23. 

Parallel lines project into parallel lines. 



Take any point A on the axis of projection, and draw any two 
lines AP^-^, AQ^Qj to cut the parallel lines at P^, P^ and ^5, Q^. 
Let ^2' A' ?2' ?i denote their projections on <r. 
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Then, by parallels, Mx^4li^4Ql = '^.'!^ ; 
' *^ Ap^ AP^ AQ^ Ag^' 

■'■A?! '5 parallel \o p^^. q.e.d.- 

Now we saw in Chapter I. that two or more parallel lines 
determine an ideal point, called a point at infinity, and that the 
aggregate of ideal points, determined by taking al! possible systems 
of parallel lines, constitutes an ideal line, called the line at infinity. 
Since, then, parallel lines project into parallel lines, it follows that 
an ideal point of 2 projects into an ideal point of o-, and consequently 
the line at infinity in 2 projects into the line at infinity in w. 
This fact may at first sight appear to need no proof, since it might 
be argued that a line, parallel for example to the axis of projection 
and at a great distance from it, projects into a line also situated 
at a great distance from the axis of projection : and that consequently 
a line "infinitely distant" must project into a line "infinitely 
distant." 

To see the error in this argument, it is only necessary to refer 
to Chapter I., where it was pointed out that the phrase "infinitely 
distant" has no metrical meaning, and that the "line at infinity" 
has no geographical quality. If any logical use is to be made of 
the notion of " infinity," it is essential that the properties associated 
with it should be deduced rigorously from the initial definitions. 



24. 

(i) If P^ is the mid-point of P^^^, then /^ is the mid-point 
of /i/i,, 

(z) If /'j, P^, P^ are collinear, then :§^=^2. 

*(3) If /",, /"a, 7*3, P^ are collinear, and if {PyP^P^P^= - i, 
then {f^p^p^p^) = - I. 

*(4) If /"i, /"a, A, -P4 are collinear, then the ranges {P^P,J'^P^], 
{PiPiPsPi} ^'■^ equicross. 

The proof is left to the reader. 

THEOKEU 25. 

If P.Q,, P,Q. are parallel, then ^^=^-^^. 

The proof is left to the reader. 

[Let /'j/j meet Q^Q^ at A ; take the projection a of A, and 
use the method of Theorem 33.] 



ORTHOGONAL PROJECTION 



(i) li f-iP^ is parallel to the axis of projection, then FiP.^=p-J'i- 
(2) If P-yP^ is perpendicular to the axis of projection, and if 6 
is the angle of intersection of the two planes, then 
/,/j = /',/'j.cosA 
The proof is left Co the reader. 

1. Prove Theorem 22. 

2. Prove Theorem 24. 

3. Prove Theorem 25, 

4. Prove Theorem z6. 

5. If O ia tlie centtoid of the triangle ABO, prove that g is 
the centroid of the toiangle abc 

6. ABC is an equilateral triangle : if BC is parallel to the axis of 
projection and if the two planes are inclined at an angle of 45°, calculate 
the angle abc. 

7. AB makes an angle o. with the axis of projection : if d is the 
angle of inclination of the two planes, prove that a6 makes an angle 
tan^^'Can a . cos 6) with the axis of projection. 

6. If AB equals 4 cms. and makes with the axis of projection an 
angle of 30°, find the length of its projection on a plane making an 
angle of 60° with the first plane. 

9. If the axis of projection is taken as the^-axisand if the coordinates 
of A, B are (2, 3), (-1, -4), find the length of aiy taking 45° as the 
angle of inclination of the two planes. 

10. With the data of Ex. 9, determine the projection of 2J^+y = ^. 

11. Taking the axis of projection as r-axis, find the angle of inclination 
of the planes m order that — a+'^ = i may project into a circle, given 
that a<b. 

12. AB, BC are resptectively perpendicular and parallel to the axis 
of projection ; if ff is the angle of incMnation of the two planes, prove 

"••' irk-'"'- 

Hence if ^ifC is any triangle, prove that -.-j„~=cosA 
[Circumscribe about ABC a rectangle having one side parallel to 
Che axis of projection, and one comer at a vertex of the triangle.] 

13. If A is the area of any plane rectilinear figure, and if a is the 
area of its projection on a plane making an angle B with the first 
plane, prove that a =^. cos ft 
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14. Prove' that the mean centre of any system of coplanar points 
projects into the mean centre of their projections. 

16. AB, CD are two equal perpendicular lines of constant length ; 
prove that alfl'^cd* is constant, for a given plane of projection. 

16. Prove that the degree of a curve is unaltered by projection. 

17. ABC is an equilateral triangle of constant size ; prove that 
ai'+it^+ca^ is constant 

18. If the sum of the projections of any number of given lines is 
equal to the projection of another given line, on each of two lines, 
prove that the same is true, if the projections are taken on any other 
line, all the lines being coplanar. 

ANALYTICAL TREATMENT. 

The connection between a figure and its projection can be 
expressed very simply in analytical terms. 




Choose the axis of projection as the l^xis in £ and the ^-axis 
in <r. From any point O on the axis of projection, draw OX, Ox 
perpendicular to the axis of projection, in the planes 2, <r. 

Let {X, Y) be the coordinates of any point P in 2, and let 
{x, y) be the coordinates of its projection / on <r. 

Let be the angle of inclination of 2 and tr. 

Then by Theorem 26, jx = Xcos6, 

These two equations form the homographic transformation 
connecting a figure and its ortht^onal projection. 

THEOREM 27. 

(i) If the side A£ of the rectangle ABCD is parallel to the 
axis of projection, then the ratio of the areas abed, ABCD is equal 
to cosP, where Q is the angle of inclination of the two planes. 
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(z) If S is the area of any closed figure in 2, and if s is the 
area of its projection on tr, then s=S.cos&. 




(i) By Theorem 26, ad = A£ and d^=SC.cos6; 

.: ab.l>c = AB.BC.cos$. 
But be is perpendicular to the axis of projection, and therefore 
o ai. 
Therefore the ratio of the areas at>cd, ABCD is equal to cos 9. 



(2) Draw a number of lines, distant h apart, perpendicular to 
the axis of projection, so that the closed curve is divided into a 
number of strips, each of breadth h : in each strip a rectangle is 
inscribed, of breadth A, having the shorter straight edge of the 
strip as one of its sides. 

By taking A sufficiently small, it can be proved* that the sum 



*This was done by Newton in the opening lemmas of the Frincipia. 
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of the areas of all these rectangles can be made Co differ from 
the area of the closed curve by less than any assigned quantity, 
however small. [See Ex, 19.] 

If A^^C^D^ is any one such rectangle, we have, by the first 
part, o//-X = cosfl.,4^,C^,i 

.'. adding up, for all the rectangles, 

2{a^/-X) = cos fl . I^A^^CJ)^ : 

-■, when h-^, s = cos0.S. q.e.d. 

Making use of the analytical notation explained above, this 
theorem may be readily proved by the aid of the integral calculus. 
s = Ixdy = lXcosedV= cos e\XdY= cos 0.S. Q.E.D. 

19. Inscribe in each strip a rectangle of breadth A, having the longer 
straight edge of the strip as one side : prove that the area of [he curve 
lies between the sums of the areas of these two systems of rectangles, 
and that these two sums differ, for any oval curve, by less than 2id 
where li is the length of Che maximum chord of the curve, perpendicular 
to the axis of projection. Hence establish Newton's result. 



(i) If G is the centroid of masses m^, m^, ... at /"j, P^,..., 
then g is the centroid of masses m^, OTj, ... at p^, p^, — 

(a) If G is the centroid of an area S, then g is the centroid of 
the area s. 

The notation is as above. 

(i) I.^t (X, Y); (Jf„ F,);... be the coordinates of G, P^... . 

Then ■^=^^^; but X=xs&ce; X-^=x^s^cd ;... ; 
_'Z(mxsecff)_ „2(m 
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(2) Divide the area S into a. system of rectangles, as in 
Theorem 27. 

The centroid of each rectangle projects into the centroid of the 
projection of that rectangle. 

I^t Mj, M^,... be the masses of the rectangles which make 
up S, and »»,, ffig, ... the masses of the corresponding rectangles 

in i' then ^ = -j4 = ...=cosft by Theorem 27 (i). 

Now, when h—i, G is the centroid of masses M^, M^, ... at the 
centres of the rectangles of S, therefore its projection g is the 
centroid of masses M^, M^, ... at the centres of the rectangles 
of s, and is therefore the centroid of the proportional masses 
mtj, fftj, ... at these points, or in other words, is the centroid of .;. 



With the notation of the integral calculus, this proof may be 
written as follows : 

f \pxdxdy 

a:-coordmate of centroid of s = ^, 

]\pdxdy 

_\\p cos^e jcdxdy_ MpXdXdv 

~ Wpco^BdXdV''^^^ \\pdXdY 
= cos 6 . X, 
and similarly _>K:oordinate of centroid of j= K q.e.d, 

20. ABCD is a square ; AB makes an angle of 30° with the axis 
of projection ; the planes are inclined at an angle of 60°, find the 
value of sin dab. 

21. 0-45C is a tetrahedron ; OA^OB=OC=x; AB=BC=CA=y ; 
find the angle of intersection of the planes OBC, ABC. 

22. OABC is a tetrahedron : 

AOB = Bbc=COA = gd' ; OA = x, OB=y, OC=b ; 
find the angle of intersection of the planes OBC, ABC. 

23. OA, OB, OC are three mutually perpendicular lines; ^i, s^, jj 
are the areas of the projections of the triangle ABC on the planes 
OBC, OCA, GAB; if j is the area of (he triangle ABC, prove that 
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THE ELLIPSE. 



The process of orthogonal projection may be applied with con- 
siderahle success to the geometry of the ellipse. It wiU appear 
that many properties of the circle can be made to yield corre- 
sponding generalised properties of the ellipse. 

To exhibit this connection, we shall define the ellipse as a 
curve whose equation can be written in the form 

It is evident, by tracing the graph of this equation, that an 
ellipse is a curve of the shape shown in Fig. 9, symmetrical about 
two lines ACA', BCB\ the a;-axis and the^-axis, when the equation 
is written in its standard form. 




If a>b, the line ACA\ = -ia) is called the major aiifl, and the 
line BCB\ = 2b) is called the minor axis, and the point C is called 
the centre of the ellipse. In order to show that an ellipse, as 
defined above, is a conic, as defined in Chapter IV., it is necessary 
to prove that any ellipse can be regarded as the conical projection 
of a circle. This is done in Theorem 29, the vertex of ]>rojection 
being at infinity. 



THEOREM 29. 

By taking the axis of projection along the minor axis OY of 
he eUipse — 2 + tj-=i, {''>l'), and by taking for 6 the value 
iven by cos 6 = ~, the ellipse is projected into the circle x^ +-7^ = ^. 
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With the previous notation, X- 
x^ ys 




Ellipses, which have their major axes parallel, and the ratio of 
their major to their minor axis constant, can be projected into a 
system of circles. 

The equation of any ellipse of the system can be written : 

where g„ f„ r vary. 

Project as in Theorem 29, then the equation becomes 



which is a circle. 



{^-'-fJHy-f.f- 
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Definition. 

Ellipses which have their major axes parallel, and the ratio of 
their major to their minor axis constant, are said to be similar 
and similarly situated or bomotlietic. 

Hence Theorem 30 can be stated in the form : 
A system of nomothetic ellipses can be projected into a system 
of circles. 

And it is easy to see from the work of Theorem 30 that : 
"A system of concentric homolhetic ellipses can be projected 
into a system of concentric circles." 

It should be noted that if a circle is the orthogonal projection 
of an ellipse, the axis of projection is parallel to the minor axis, 
since the semi-major axis has to be contracted from a to ^ ; but 
if an ellipse is the orthogonal projection of a circle, then the axis 
of projection is parallel to the major axis. The reader who is 
acquainted with the geometry of the ellipse will see that the 
connection between a circle and its orthogonal projection is identical 
with the connection between the auxiliary circle of an ellipse and 
the ellipse itself [See Ex. 36.] 

24. Find in order thax j^ = 4ax may project into y^=4ix. 

25. Find $ in order that the circle x^+y^ = r^ may be projected 
into the ellipse -jH — -5— ^*=i' 

26. FroTfl tliat concentric homothetic ellipses can'be projected 
into concentric circles. 

27. Prove that any system of circles project into homothetic ellipses, 

28. Prove that any hyperbola can be projected into a rectangular 
hyperbola. 

29. Prove that the projection of a parabola is a parabola. 

30. If tie circle X=+ Y*=a* is projected into the ellipse ^+p=l. 
jtrove tliat tlie tangent at (acoB*^, aain>^) on the circle projects 
into the tangent at (acos<^, bsin^) on the ellipse: and that the 
eccentric angle of anr point is unaltered by projection. 

31. With the notation of Ex. 30, prove that the polar of (X, Y) 
w.r.l. the circle projects into the polar of (x, y\ the projection of 
{X, Y), w.r.t. the ellipse, assuming the ordinary analytical formula 
for the polar of a point. 

32. Assuming the theorem ; " the mid-points of a system of parallel 
chords of a circle lie on a straight line," establish, by projecting an 
ellipse into a circle, the corresponding property of the ellipse. 
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•33. Prove by projection that there exists one point C in the plane 
of an ellipse such that every chord through C is bisected at C. 

34. With the notation of Ex. 33, if PCQ, is any chord through C, 
prove that the tangents at P, Q are parallel. 

35. With the notation of Ex. 33, if the tangents at the extremities 
of a chord ff/C meet at T, prove that CT bisects //JiT. 

36. With the notation on page 38, if H Ib the foot of the 
petpendicnlar from a variable point F of an eUipee, semi-azeB a, b, 
to its m^or axis AA', and if NF is produced to Q so that ^^=~> 
prove that the locns of Q is a circle (called the auxiliary circle), 
having AA' as a diameter. 

37. A variable line FQB cats two fixed perpendicular lines 
CA, CB at Q, B; if FQ=b, FB=a, where a, b are constants, prove 
that F traces out an ellipse, having its semi-axes eiiual to a, b 
and situated along CA, CB. [This theorem gives a mechanical 
method for describing an ellipse.] 



[ 31. 

A tangent to a curve projects into a tangent to the projected curve. 

The tangent at any point ./" of a curve is the limitii^ position 
of the chord J'Q as Q-'J'. The theorem is therefore self-evident. 
Definition, 

If a variable line is drawn through a fixed point I* to cut an 
ellipse at H, K, and if Q is the harmonic conjugate of F w.r.t. 
//, K, then the locus Z of ^ is called the polar of I" w.r.t. the 
ellipse, and Q is called the pole of L. 

THEOBEH 32. 

(i) The polar of P w.r.t. an ellipse is a straight line. 
*(z) A point and its polar w.r.L an ellipse project into a point 
and its polar w.r.t. the circle, into which the ellipse is projected. 
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Let any line through /'cut the ellipse at H, K; let Q be the 
harmonic conjugate of P w.rt. H, K. Project the ellipse into 
a circle. 

Then by Theorem 24 (3), {pq\ hk} is harmonic and/ is a fixed 
point, therefore the locus of ? is a straight line uv, which is the 
polar of/ w.r.t, the circle, 

.-. the locus of Q is a straight line UV. 

.-. the polar of P w.r.t. the ellipse is a straight hne UV; and 
the projection of a point and its polar is a point and its polar. 

Q.K.D. 

THEOBEU 33. 

(i) If the polar of P w.r.t. an ellipse passes through Q, then 
the polar of Q passes through P. \P, Q are called conjngate points 
w.r.t. the ellipse.] 

(2) If the pole of the line If^ w.r.t an ellipse lies on the line 
MJV, then the pole of MJV lies on /fJC. \HK, MN are called 
conjngate lines w.r.L the ellipse.] 

(3) Conjugate points and lines w.r.t. an ellipse project into 
conjugate points and lines w.r.t. the circle into which the ellipse 
is projected. 

The proof is left to the reader. 



[ 31. 

(i) There exists a point inside any ellipse, called its centre, 
which is such that any chord of the ellipse through it, called a 
diameter, is bisected at that point. 

(a) If an ellipse is projected into a circle, its centre projects 
Into the centre of the circle. 

(3) The locus of the mid-points of a system of parallel chords 
of an ellipse is a diameter of the ellipse, 

(4) PCP, QCQ are two diameters of an ellipse ; if PCF bisects 
chords parallel to QCQ, then QCQ bisects chords parallel to 
PCP: and PCP, QCQ are called conjugate diameters of the 
ellipse. 

(5) If an ellipse is projected into a circle, any pair of conjugate 
diameters project into a pair of diameters at right angles of the 

The proof is left to the reader. 

[Project the ellipse into a circle and use Theorems 23, 24.] 
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38. Prove Theorem 33. 

39. Prove Theorem 34. 

40. Obtain by projection a theorem for two ellipses from the following : 
a tatigent at a point on a circle cuts a concentric circle at P, Q, 
then PO=OQ. 

41. Obtain by projection a theorem from the following : T is the 
pole of a chord PQ of a circle, centre O, then the four points TPOQ 
lie on a circle. 

42. PQ is a variable chord of an ellipse, centre C; if the triangle 
CPQ is of constant area, prove that PQ touches a fixed concentric 
homothetic ellipse. 

43. The centroid of tlie tiiaiigle FQ£, inscribed in an ellipse, 
is at tlie centre of the ellipse ; prove that if the ellipse is projected 
into a circle, the triangle FQ£ is projected into an eqnilateral 
triangle. 

44. If CF, CD are conjugate semi-diametetB of an ellipse, the 
"tangent at F is parallel to CD. 

45. Prove that the centre of an ellipse is the pole of the line at 
infinity w.r.t. the ellipse. 

48, Prove that conjugate diameters are conjugate lines w.r.t. the 
ellipse (i.e. either diameter contains the pole of the other). 

47. If T is a point outside an ellipse, prove that the (^rd of 
contact of the tangents from T is the polar of T. 

48. /iBCD is a quadrangle inscribed in an ellipse; £FG is its 
diagonal point triangle ; prove that EFG is a self- conjugate triangle w.r.t. 
the' ellipse. [i.e. each vertex is the pole of ihe opposite side.] 

49. r is the pole of the chord PQ of an ellipse, centre C; if CP 
meets PQ at y, prove that PV=VQ. 

50. With the notation of the last exercise, if CT meets the ellipse 
at H, prove that CV.CT=CH*. 

51. Given a ruler only, construct the polar of a given point w.r.t. a 
given ellipse. 

52. Generalise the harmonic properties of the quadrilateral circum- 
scribing a circle so as to obtain corresponding theorems for the ellipse. 

53. AB, CD are chords of an ellipse, intersecting at \ the tangents 
at A, D meet at P ; the tangents at £, C meet at Q ; prove that 
P. 0, Q are collinear. 

64. Prove that the cross ratio of the range formed by foni col- 
linear points is equal to the cross ratio of the pencil formed by 
th^ four polars w.r.t. an ellipse. 



b> Google 



PLANE GEOMETRY 
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In order to illustrate the application of orthogonal projection, 
the following examples are added. The reader should note that 
lengths of lines are altered by projection. Consequently, in order 
to prove metrical properties, it is necessary to cast them into the 
form of ratios of the same or parallel lines, which by Theorem 25 
are not affected by projection. This is illustrated by the first 
example. 

EXAMPLE I, 

CP, CD are two conjugate semi-diameters of an ellipse ; two 
other conjugate serai-diameters meet the tangent at 7* in ^ K; 
then HF.PK=CD\ 




Project the ellipse into a circle. 

Since cp, cd are conjugate diameters of the circle, pcd— 90° ; 
therefore ed is parallel to hk ; and therefore CD is parallel to HK. 

, ^ , . BP PK . , , . 

.-. each of the ratios -:^ -^ is unaltered by projection. 

Since ch, ck are conjugate diameters of the circle, Afi=go°; 
.-. kp.pk = cp^ = cd^, 
hp pk_ 

HP PK , _, 

■■■ -CDCD='' by Theorem ^s. 

.-. HP.PK-^CDK Q.E.r). 



EXAMPLE 11. 
If a parallelogram circumscribes a given ellipse, and if its sides 
are parallel to a pair of conjugate diameters, then its area is 
constant. 
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Project the ellipse into a circle, radius r say; since conjugate 
diameters project into diameters at right angles, the circum scribing 




parallelogram, area A say, becomes a square circumscribing the 
circle. 

The area of the square is therefore 4^^. 

.'. by Theorem 37, A.cosfl = 4r^, 
where 9 is the angle of inclination of the two planes. 

.■. A is constant. q.e.D. 



EXAMPLE III. 
Generalise by orthogonal projection, the following : 
Of all triangles that can be inscribed in a given circle, the equi- 
lateral triangle has a maximum area : an unlimited number of such 
triangles exist, and their sides touch a concentric circle. 

Project the circle into an ellipse. Now the eccentric angles of 
the vertices of an equilateral triangle inscribed in a circle differ by 
-— ; but the eccentric angle of a point is unaltered by projection, 
{see Ex. 30); therefore the eccentric angles of the vertices of a 
triangle of maximum area, that can be inscribed in an ellipse, are 



Hence we have the theorem : 

Of all triangles that can be inscribed in an ellipse, the triangle 

whose vertices have, as eccentric angles, <^, i/>-f — , ^^ , is of 

maximum area : an unlimited number of such triangles exist, and 
their sides touch a concentric homothetic ellipse. 

Another mode of enunciating this theorem is suggested by the 
property of Ex. 57, 
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65. Calculate the area of the maximum triangle that can be inscribed 
in an ellipse, semi-axes a and h, 

66. Prove that the centroid of a triangle of maximum area that can 
be inscribed in an ellipse lies at the centre of the ellipse. 

67. If PQJft is a triangle of maximum area that can be inscribed 
in an ellipse, prove that the tangents aX. P, Q, R are parallel to QR, 
RP, PQ. 

68. P is any point on an ellipse, centre C, major axis ACA' ; a line 
AQ parallel to CF cuts the conic at Q and the minor axis at R, prove 
that AQ.AR = 2CP\ 

69. POQ is a variable chord of an ellipse ; O is a fixed point ; R is 
a point on PQ such that OR^^PO . OQ ; find the locus of S. 

60. From a fixed point O is drawn a variable line cutting an ellipse 
at /*, 2 ; CD is a semi-diameter of the ellipse, parallel to OP ; prove 

61. Tlie aides BO, CA, AB of a tiian^ touch an ellips« at 
F, Q, B; proTO that BF.OQ. AB=PO.QA.BB. 

62. The tangents TP, TQ at the points R, Q on an ellipse are at 
right angles; P//, QK are the normal chords at /*, Q; prove that 
TP.PH=TQ.QK. 

63. The tangents at the extremities of a chord PQ of an ellipse 
meet at 7"; if the eccentric angles of P, Q differ by a constant, find 
the locus of T. 

64. Prove that the area of the minimum triangle which can be de- 
scribed about an ellipse, semi-axes a, b, is 'i-Jyib. 

65. The centroid of a triangle PQR inscribed in an ellipse is the ■ 
centre C of the ellipse ; PC meets gi? at i and the ellipse at M ; 
prove that CL=LM. 

66. [Camot's theorem]. An ellipse meets the sides BC, CA, AB 
of a triangle at F,, Fj ; Q,, Q; ; B,, B,; prove that 

BP, . BPj . OQ, . CQ, . AB, . ABs=OP, . CPs . AQ, . AQa . BB, . BBj. 

67. From a fixed point on a given ellipse, any two chords are drawn, 
and through their extremities two other chords are drawn parallel to 
the first two chords, cutting the ellipse again at P, Q; prove that 
PQ is fixed in direction. 

68. 7" is a variable point on a tangent to a given ellipse at a fixed 
point P ; from the mid-point Af of TP the other tangent MQ is drawn 
to the ellipse ; prove that TQ passes through a fixed point. 

69. An ellipse is inscribed in a triangle so as to touch one side at 
its mid-point ; prove that the locus of its centre is a median of the 
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70. PP is a diameter of an ellipse ; any chord FD cuts the tangent 
at /" in 2 ; prove that the tangent at D bisects PQ. 

71. A line cuts two concentric homothetic ellipses ax. P, Q\ N, K; 
prove that PH=QK. 

72. H, K are two fixed points on an ellipse; HP, KQ are two 
variable parallel chords ; find Ibe envelope of PQ. 

73. A triangle is circumscribed to an ellipse and inscribed in a 
second concentric homothetic ellipse, whose linear dimensions are twice 
those of the first ellipse ; prove that an unlimited number of such tri- 
angles exist, and that the points of contact bisect the sides. 

74. The external common tangents of two homothetic ellipses meet 
at T% a line TPQQP" meets the first at P, Q and the second at P', Q ; 
prove that TP . TP= TQ . TQ. 

75. From a point on an ellipse, tangents are drawn to a concentric 
homothetic ellipse, touching it at P, Q, and meeting the first ellipse 
aX R, S; prove that PQ=iRS. 

76. Prove that the polars of a given point w.r.t. a system of concentric 
homothetic ellipses are parallel. 

77. A tangent to an ellipse meets two conjugate diameters at T, T" ; 
prove that the other tangents from 7", 7" to the ellipse are parallel. 

78. PCP", DC/y are two conjugate diameters of an ellipse, semi-axes 
CA, CB ; prove that AP, AP" are parallel lo BD, BD. 

79. Find the locus of the pole of a chord of an ellipse which cuts 
off a segment of constant area. 

80. T is the pole of a chord PQ of an ellipse ; if the centroid of the 
triangle TPQ lies on the curve, find the locus of T. 

81. N is the foot of the perpendicular from a point P on an ellipse, 
centre C, to its major axis AA' ; NQ is drawn parallel to AP to meet 
CP at 2; prove that AQ, is parallel to the tangent at P. 

82. CP, CD are a variable pair of conjugate semi diameters of an 
ellipse. 7" is a point on the tangent at P such that ^^ i 
find the locus of T. 

83. CP, CD are a variable pair of conjugate s 
ellipse; find the locus of the mid-point of PD\ and prove that the 
sector PCD is 



84. The polars of a variable point P w.r.t. two homothetic ellipses 
meet at Q\ prove that the locus of the mid-point of PQ is a straight 

85. CP, CF; CQ, CQ are two pairs of conjugate semi -diameters of 
an ellipse ; prove that the triangles CPQ, CFQ are equal in area. 
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86. Lines are drawn through the vertices of a triangle inscribed in 
an ellipse, parallel to the diameters bisecting the opposite sides ; prove 
that these lines 



87. A chord I'Q of an ellipse Si, touches a concentric homothetic 
ellipse 5, at ^ ; PL, QM, RN arc three parallel lines meeting 5, at 
Z, M, and 5, at N respectively; prove that ^RN=PL-^QM. 

88. ABC is a triangle inscribed in an ellipse ; from any point P on 
the curve PL, PM, PN are drawn parallel to the diameters conjugate 
to BC, CA, AS to meet these lines at L, M, N; prove that /., -W, JV 
are coUinear. 

89. CP, CD are two conjugate semi-diameterB of an ellipse ; O is 
the centroid of the sector PCD; GN is drawn parallel to CD to 

meet CP at N; prove that ^=§f =^- ['^ O is the centre and 

AC a chord of a circle, and if G is the centroid of the sector AOC, 

,, OG icbord^C"! 

'^""OA-i^^^AC-l 

90. PCP" is any sector of an ellipse, centre C ; semi-axes a, b ; 
{x, y) are the coordinates of the centroid of the sector, referred to CA, 
CB ; ^, ^ are the eccentric angles of P, F. Prove that 

91. CA, CB are the semi-axes of an ellipse, find the position of the 
centroid of the segment cut off by AB. 

92. Generalise by orthogonal projection : P, Q Are the points of 
contact of a common tangent to two circles 5,, Sj ; then P, Q are 
conjugate points w.r.t. any circle coaxal with 5,, S^. 

93. PQ is a diameter of an ellipse, R is any point on the curve ; 
prove that RP, RQ are parallel to a pair of conjugate diameters. 

94. CP, CD are conjugate semi-diameters of an ellipse ; P VF, DRU 
are chords bisected by any other diameter QCQ at V, R respectively; 
prove that Cl^=QR.RQ. 

96. PQR is a variable triangle inscribed in an ellipse ; if the tangents 
at /", (2 are parallel to QR, PR, find the locus of the pole of PQ. 

96. PCF, BCD' are two conjugate diameters of an ellipse; CP 
meets the tangent at the vertex A in H ; if CP=CD, prove that either 
PL^ or Pty^ equals 2AH\ 

97. PCP, DCLf are two conjugate diameters of an ellipse ; DQ. PR 
are two parallel chords. Prove that PQ, DR are parallel to a pair 
of conjugate diameters. 
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98. PCF, DCiy are two conjugate diameters of an ellipse ; R is 
any point on the curve ; RD, RD meet PCF' aX K, K" ; prove that 
CK.CK'=C}». 

99. Prove that tivo parallel tangents to an ellipse are met by any 
other tangent in points situated on conjugate diameters. 

100. CP, CD are conjugate semi-diameters of an ellipse ; PN, DB 
are the perpendiculars teom P, D to the mi^or axis; prove that 
(1) Pir'+DE2=CB2; (2) Cir+CE==OA'; (3) OP'+CD*=CA'+OB=; 
(4)PN.N0=DE.EC. 

101. CP, CD are conjugate semi -diameters of an ellipse; PD cuts 
the major and minor semi-axes CA, CB ax M, N\ prove that 

CA^ CB^ 
CM^'^CAT'^^- 

102. If P, D are two points on an ellipse, centre C, whose 
eccentric angles differ br \, prove that CP, CD are conjugate 
semi-diameters. 

103. Prove that there exists one pair of equal conjugate diameters, 
PCP", DCD ai an ellipse. What are the eccentric angles of their 
extremities ? 

[The two equal conjugate diameters of an ellipse are called the 
tqui-conjugale diameters.] 

104. PQRS is a variable parallelogram inscribed in an ellipse ; if its 
sides are parallel to the equi -conjugate diameters, prove that P^ + QR!^ 
is constant. 

106. Through a given point inside an ellipse, show how to draw a 
straight line so as to divide the ellipse into two parts as unequal as 
possible. 

106. The tangent at any point ^ of an ellipse, centre C, cuts two 
conjugate diameters at /*, Z) ; prove that the area of the triangle CRP 
is inversely proportional to the area of CRD. 

Vlft. P is a point on an ellipse such that the tangent at P is equally 
inclined to the semi-axes CA, CB ; if the tangent at P cuts the minor 
axis CB at Q, prove that the area of the triangle CPQ=\CA^. 

108. From a point T on the semi-diameter CP of an ellipse, TQ is 
drawn to touch the ellipse at Q ; QR is drawn parallel to the semi- 
diameter CD conjugate to CP and meets CP 9X R; TD meets QR 
at V; prove that QR^=CD.RV. 

109. The tangents at the extremities P, F" of a diameter of an ellipse 
meet any other tangent at ff, K and any two conjugate diameters at 
Z, .^respectively; prove that PL.FM=PH.PK. 

110. If an ellipse is drawn to touch the sides of a triangle at their 
mid-points, prove that its centre lies at the centroid of the triangle. 
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111. is a fixed point ; P is a Taiiabis point on a givea ellipse ; 
Q is a point on OF snch that ^ is constant ; prove that the locna 
of Q is a homothetic eUipse. 

112. HK is a fixed chord of a given ellipse ; /* is a variable point 
on the ellipse ; find the locus of the centre of the conic which touches 
the sides of the triangle HPK at their mid-points. 

113. CP, CD are conjugate semi-diameters of an ellipse ; the tangent 
at P meets the major axis CA at T\ N is the foot of the perpendicular 

from P to CA ; prove that i^'= /~r± 

114. Generalise by orthogonal projection : If PQ is a diameter of a 
given circle, and if S is a variable point on the circumference, Pf^+J!^ 



116. PQ, PR are two chords of an ellipse j //, AT are their respective 
poles ; lines through H, K parallel to PR, PQ meet at F; prove that 
the centre of the ellipse lies on PP. 

116. T is the pole of a chord PQ of an ellipse, centre C ; TP, TQ meets 
CQ, CP a.tQ,P'; prove that the triangles TPP", TQQ are equal in area. 

117. T is the pole of a chord PQ of an ellipse ; a chord HK parallel 
to TP meets PQ at V, TQ 3.1 R ; prove that RV^^RK.RH. 

118. [Newton's theorem.] Throngh a variahle point 0, two lines 
of fixed direction are drawn catting a given ellipse at P, Q and 
F, Q'; prove ttLat ny ' ajJ. i" constant. What special value is 
obtained hy taking at the centre of the ellipse 7 

119. Generalise by orthogonal projection : The tangents from any 
point to a circle are equal. 

120. A triangle area A, sides u, *, c, is projected orthogonally into 
an equilateral triangle ; prove that the angle between the iwo planes 
depends only on the ratio a , ta V ' j " 

121. Two adjacent sides of a parallelogram are of lengths a, b and 
are inclined at an angle B ; the parallelogram is projected into a square, 
side x; prove that 2jr' = a34-i^-(n' + 2a'#'cos2^+^0*. 

[Inscribe an ellipse to touch the sides of the parallelogram at its mid- 
points : what does it project into?] 

122. A closed plane curve, area S, is projected on each of three 
mutually perpendicular planes ; t^, o-g, cr-j are the areas of its projec- 
tions ; prove that S'=v^-\-i7^-V<t^. 

123. Prove that the non-planar curve x=^, y=t~', g=pj2 can be 
projected orthogonally into a rectangular hyperbola. 

124. Prove that the non-planar curve jr=coss, ^=sin3 can be pro- 
jected orthogonally into a circle. 
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PB ACTIO AL SOLID a£OMETIlY.* 

On account of the practical importance of the application of 
orthc^onal projection to problems of solid geometry, it seems 
desirable, in passing, to call attention very briefly to this aspect 
of the subject. 

Two planes at right angles are taken as planes of reference, 
which, in their most natural position, would be vertical and hori- 
zontal. Projections of points or lines on the horizontal plane (called 
the H.p.) are named plans, and on the vertical plane (called the 
v.p.) are named elevatioiiB. In simple cases, the h.p. and v.p. ate 
actually horizontal and vertical; but should this cease to be the 
case, for convenience of reference, the planes are still called the h.p. 
and v.p. 

The perpendicular from a point to a plane is called the projoctOT 
of that point w.r.t. the plane. 

Notation. 

The line of intersection of the H.P. and v.p. is called the gronnd 
line, and is denoted by XY. Capital letters A, B, C, ...denote 
points in space, their plans are denoted by a, b, c, ...,and their 
elevations by a', b', ^, .... Where two points A, £ have the same 

projection, the point of projection is denoted hy ^ or -p, \{ A is 
nearer to the eye than B, looking at it from above or from the 




front. In the figures of the projections of solids, it is usual to 
represent visible edges by continuous lines and invisible edges by 
dotted lines. 



a (pages 51-64) has be«n v 



n by Mr. A. E. Bioomtield. 
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TREOBEH 36. 

(r) The distance of the elevation of a point above XY is equal 
to the height of the point above the h.p, 

(2) The distance of the plan of a point below XY is equal to 
the distance of the point from the v.p. 

(3) The projection of a line, the difference between the lengths 
of the projectors of its extremities, and the true length of the line, 
form a right-angled triangle. 

[Consequently, given any two of these, it is easy to find the 
third; see Fig. 7.] 

Fig. 17 (2) represents the result of folding, in Fig. 17 (i), the 
v.p. about XY so as to make its plane coincide with that of the 

H.p. 

125. a, a' are the plan and elevation of A w.r.t. the ground-line X Y ; 
prove that aa' is perpendicular to XY. 

126. Given tlie plans and elevations of A, B, coiistnict the length 
of AB. 

127. Givea tho plan saA elevation of a line, construct the angle 
it makes with the v.p. 

128. With the data of Ex. 127, construct the points in which the 
line meets the h.p. and v.p. 

129. What is the condition that the plan of a line is a point ? 

130. Given the plans and elevations of two lines, what is the condition 
that the lines are coplanar (/.«. intersect)? 

131. Given the points in which a line of indefinite length meets the 
H.P. and V.P., construct the angle it makes with the H.P., and construct 
its plan. 

132. Given the plans and elevations of a point A and a line BC, 
construct the plan of a line through A, equal and parallel to BC. 

133. Given the plan of a triangle ABC, find the plan of ils 
ceniroid. 

134. Given the length of a line AB which meets the h.p. and v.p. 
at A, B, and given the plan and elevation of the mid-point of AB, 
construct A and B. 

135. abc is the giv^i plaji (^ the triangle ABC ; A, B lie in the 
H.P. ; determine the elevation <tf C on an; given T.P., if ACB=90°. 
[If D is the mid-point of AB, note that AD=CD=BD.'] Prove that 
acb most be obtuse. 
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SECOHDABT FB0JE0TI0N8. 

Definition. 

The trace of one plane on another is their line of intersection ; 
and the trace of a line on a plane is their point of intersection. 

Thus the ground line, XY, is the trace of the h.p. on the v.p. 
or the v.p. on the h.p. 



Given the plan and elevation of a point, to find the plan on a 
new H.P., the v.p. remaining unaltered. 




Let a, a' be the plan and elevation of the point A w.r.t. the ground 
line XY; and let A", Fj be the trace of the new h.p. on the original 
v.p. Let ad meet A" Fin m; draw an perpendicular to X^Y^ and 
produce it to a^, so that na,=ma. Then ^i and a' are the required 
plan and elevation w.r.t. the ground line XjYj. 

For, since the v.p, is unaltered, the distance of A from the v.p. 
remains the same, i.e. the distance of the plan from its XY is 
unchanged i consequently, since ain = am, a^ must be the required 
plan. Q.E.F. 

It is important to note that, if a line lies in a plane, then the 
traces of the line lie in the traces of the plane. 



the H.P. and v.p., and 

elevation. 



136. Given the lines in which a pU 
given the plan of a line in this plane, 

137. CtiTsn the plan and elevatiiin of a point, find tlie elevation 
on a new v.p., the H.P. remaining unaltered. 
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138, Draw the plan and elevation of a cube, which rests with 
one fece on the h.p. and with one edge making a given angle with 
XY. 

139. Draw the plan and elevation of a square pyramid, when the 
base rests on the H.p. in any given position. 

110. Draw the plan and elevation of a square pyramid, which rests 
with one face on the H.P., if the plan of the axis of the pyramid is 
(i) parallel, (2) inclined at any given angle, to the v.p. 

141. An equilateral triangular prism rests with one side on the h.p. ; 
determine its elevation on any given v.p. 

142. A square pyramid rests with its base on the h.p. and one side 
of the base inclined to XYaA 30°; find its plan on a plane, perpendicular 
to the v.p. and parallel to one edge, if the height of the pyramid is 
2" and a side of the base i". 

143. Draw the plan and elevation of a regular tetrahedron, of edge 
1-5", which rests with one face on the H.P. in any given position. 

144. Draw the plan and elevation of a regular octahedron, which 
rests with one comer on the h.p., and the diagonal through that corner 
vertical ; the length of its edge being i". 

146. Draw the elevation of a regular hexagonal prism which rests 
with one side on the h.p., if its axis makes a given angle with XY. 



INCLINATION OF LINEB AND PLANES. 

The angle of inclmation of two planes is the angle between Che 
traces in which they are cut by a third plane, perpendicular to their 
line of intersection. 

The angle of inclination of a line to a, plane is the angle between 
the line and its projection on that plane. 

From this, it follows that whenever Iwo planes are represented in 
projection by two lines, the angle between these lines is equal to 
the angle between the planes. But if the projections of a plane 
and a straight line are both straight lines, the angle between them 
is equal to the angle of inclination of the line to the plane only 
when the plane of projection is parallel to the line. 



To determine the plan and elevation of a cube which has t 
diagonal inclined to the h.p. at an angle ft 
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There are two methods of procedure : 

(i) Take the solid, and then choose convenient positions for the 
planes of reference. 

(a) Take two planes of reference, and then arrange the solid 
in a convenient position. 



In both cases, since we are concerned with the angle of inclination 
of a line and a plane, we must take one plane of projection parallel 
to the line. 




Now the simple plan of a cube standing i 



^' r ? h 



DBFH is a vertical pla 



'■G. .9 (3). 

L one face is the 
le containing the 



h- J- 



diagonal DF, and is represented by a straight line 

In method (i), if we choose XY parallel to t 7. o«r v.p. will 
then be parallel to the plane DBFH and therefore parallel to DF 
<Fig. ,9 (2)). 
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In method (z), if we begin with our XY, we must then draw a 
square, with its diagonal parallel to XY, leading to the same result 
(Fig. 19 (3)). 

In both cases, draw the simple elevation d'b'fK. 

Then either (Fig. 19 (z)), take a new h.p. (ground line X'Y) 
inclined at the required angle 6 to the diagonal or (Fig. 19 (5)), 
rotate the cube into its required position. 

It now remains simply to find the new projections or plans of 
all the corners in turn. 

In Fig. 19 (2), the new plans Oj, b-^, ... must lie respectively on 
the perpendiculars from a', ^, ... to X'Y and are the same distances 
from X'Y as a, b, (r,...are from' XY, [Theorem 36]; and are 
therefore easily constructed. q.e.f. 

In Fig. 19 (3), since the solid is rotated about an axis perpen- 
dicular to the V.P., all its comers will rotate in planes parallel to 
the V.P., and the plans of their paths will therefore be lines parallel 
to XK 

The points where these parallels cut the perpendiculars from the 
elevations to XY will therefore be the plans of the corners of the 
solid, for the position required. q.e.f. 

The second method of obtaining plan and elevation is called 
Babatment; it will be useful to consider a few more examples of 
this method ; \e^. Theorems 38, 39]. The following facts should 
be kept prominently in view r 

When a plane or solid figure is rotated about a fixed axis, every 
point of the figure describes a circle whose radius is the distance 
of the point from the axis. 

The planes of all the circles of rotation are parallel to one 
another and perpendicular to the axis. 

Projections of a point, situated on a surface, are often found, 
conveniently, as the intersection of two lines in the surface, more 
particularly in problems on sections. 'I'his is illustrated by the 
following example : 

EXAMPLE. 

Given the plan and elevation of a sphere, and the elevation of 

a point on its surface, it is required to find the plan of the point. 

Let p' be the elevation of the point P. 

Take a horizontal section through p'. Its elevation is a horizontal 
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line through /', cutting the elevation of the sphere in «, say, and 
a vertical diameter in m. 

Then the plan of this section is a circle, of radius equal to mn, 
and concentric with the plan of the sphere. 





The plan p oi P lies (i) on the perpendicular from /' to XY, 
and (2) on the plan of the section, just drawn : and is therefore 
at one of the points / in the figure. [If the projector from /' 
be first drawn, the points p may be marked off, without drawing 
the whole circle in plan.] q.kf. 

146. A regular hexagonal pyramid rests with one face on the H.P., 
and the plan of its axis makes an angle of 70° with the V.P. ; lind its 
plan and elevation, given that its height is \" and the length of a side 
of the base is J". 

117. Draw the plan of a circle, radius 2", if its plane makes an 
angle of 60° witb tiie H.F. [Construct the plan of a number of points 
on the circle and join them up free-hand.] 

148. A cube rests with one edge in the h.p. ; given the angle this 
edge makes with ^Fand the angle one face through this edge makes 
with the H.P., construct its elevation. 

149. A regular tetrahedron rests with one edge in the H.P. ; given 
the angle this edge makes with XY and the angle one face through 
this edge makes with the H.P., construct its elevation. 

150. Draw the plan and eleration of a cube, when one diagonal 
is vertical. 
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ISI. Draw the plan and elevation of a square, one edge of which 
is in the H.P., inclined at a given angle to XV, if the plane of the 
square makes a given angle with the H.P. 

162. Prove that a cube can be made to fit exactly into a regular 
hexagonal prism. If an edge of the cube is i", find a side of the 
base of the prism. 

153. A right prism whose base is an equilateral triangle rests with 
one face on the H.P. Determine the sectional elevation on any given 
v.p. \i.e. an elevation of the plane surface intercepted by the prism on 
the given v.p.]. 

164. A square pyramid rests with one face on the H.P. ; determine 
a sectional elevation on any given v.p. parallel tP the plane of section. 

166. A cube has one diagonal vertical ; draw a sectional plan on a 
horizontal plane through its centre. 

166. The diagonal of a cuboid is vertical ; draw a sectional plan on 
A horizontal plane (i) through its centre, (z) through its lowest comer 
but two. 

157. Given the plan and elevation of a circular cone resting with 
its base on the H.P., and the plan of a point P on the cone, find the 
elevation of P. 

158. The plan of a square is a given rhombus ; find the length of 
a side of the square. 

THEOREM 38. 

To draw the plan of a given triangle ABC, situated in the 
H.P., when its plane is rotated through a given angle B about a 
given line PQ, in the h.p. 
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The perpendiculars AA', BB", CC, from A, B, C to PQ are 
the plans of the vertical circles, described by A, B, C. [In the 
extreme position, A'ffC is the reflection of ABC in a vertical 
mirror PQ^ 

Let -4,^,Cj be the new position in space of ABC. 




The plan of B-^ is the foot b■^ of the perpendicular to BS 
from the point 5,, which lies on a "vertical semi-circle of diameter 
BB, centre O, and such that B-yOB=B. This point ^, is the 
same point as the foot of the perpendicular from a similar point 
on any semi-circle on BB as diameter. Draw, therefore, a semi- 
circle in the plane of the paper, on BB as diameter; make 
B0B^ = 6, and draw B-yb^ perpendicular to BB. 

The plans of A^ and Cj and of any other points in the plane 
may be similarly found. 

Much work may often, however, be saved by the use of 
stationary points. 

Let AB, CB meet PQ at L, M. Then L, M are stationary 
points during the rotation. 

.'. Z^i produced is the plan of LB^A-^ ; 
.'. the plan of A-^ lies on Z^j produced. 

But the plan of A-y lies on AA', 

.'. it is the meet a, of Z^,, AA' ; 
and similarly we obtain the plan c^ of C. q.E.f. 

159. Construct the height of a regular tetrahedron, of edge 1". 

160. Construct the angle which one edge of a regular tetrahedron 
makes with the plane containing the two edges, concurrent with it 

161. Given three points in the H.P., construct the plan of a point 
at given distances from these points. 

162. abc is the given plan of a triangle ABC situated in a given 
plane perpendicular to the v.f. ; if the trace of this plane on the 
V.P. makes a given angle 6 with XV, construct the true size of ABC. 
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163. Find the trace on the h.p. of a plane iDclined at a given 
angle to the H.P., if its trace on the v.P. is given. 

164. Rabat a rectangle through 30° about a diagonal. 

165. abed is the given plan of a rectangle i if one diagonal lies in 
the H.P,, find the angle of inclination of the rectangle to the H.p. 

166. P, Q are given points on the sides AB, CD of a given parallelo- 
gram ABCD; rabat the parallelogram about PQ, through any given 
angle. 

167. Given the traces of a plane on the v.p, and h.p,, tind its 
angle of inclination to the H.p. 

168. Given the traces of a plane on the v.P. and h.p., draw the 
plan of a horizontal line, which is at a height of 2" above the H.P., 
and lies in the given plane. 

169. GKven the plan of a triangle ABC wMcIl lies in a plane 
whose traces th, tT on the h.p. and VJ. are given, constrnct (1> 
ttLe elevation of ABC, (2) ita elevation on a new v.p. perpendicular 
to th, (3) its horizontal rabatment. 

HORIZONTAL PROJECTION. 

This is sometimes known as the Index System. 

Only one plane of projection is used, v\z. the horizontal plane. 

A point is represented by its indexed plan, 

which is to be interpreted as the plan of a point, la units above 
the H.P., [the unit generally chosen is j'^ inch]. 

A line is represented by the indexed plans of two points on it, as 



A plane is represented by the plans of contour lines, abbreviated 
into what is called a scale of slope : 

This may be explained as follows : 

Let A£ represent the trace of a plane, perpendicular to the 
v.p. ; and let it be cut by a series of horizontal planes at heights 
5, 10, 15, 20, ... units above the h.p. These horizontal lines of 
section are called contours. The plans of these contours are 
perpendicular to ^I^ and are parallel to one another. They may 
therefore be completely represented by a scale, drawn at right 
angles to them, and indexed as in the figure. This is called the 
scale of slope. It must be remembered that the horizontal trace 
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of the plane, and the plans of all contours, are perpendicular to 
the scale of slope. 

The scale is formed by two parallel lines, one of which is 
made thicker than the other. In order to visualise the plane, it 



is merely necessary to note that the line, whose indexed plan is 
represented by the scale of slope, is a line of greatest slope of the 
plane: if you stand, looking up the plane, the line of the scale 
on your left-hand side is the thicker of the two lines forming 
the scale. 

170. Find the indexed plan of a line through am, equal and parallel 
to Vii- 

171. Given the indexed plane of three points A, B, C, find the 
indexed plan of a horizontal line thxougli A in the plane ABC. 

172. Given the indexed plan of a line, find its inclination to 
the H.P. 

173. iJ,, i,a, t^M, are the indexed plans of three vertices of a 
parallelogram ; determine the index of the remaining vertex, 

174. Given the indexed plans of two lines, find the condition that 
the lines are coplanar. 

176. Given the scale of slope of a plane, construct its angle of 
inclination to the H.P. 

176. Given the scale of slope of a plane, and the plan of a point 
in it, find its index. 

177. Construct the scale of slope of a plane, parallel to a plane of 
given scale of slope and passing through a point of given indexed 
plan. 
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of given scale of 



17S. Find the point of intersection of a pli 
slope with a line of given indexed plan. 

179. Given the scale of slope of a plane, find the plan of a line in 
the plane which passes through a given point and makes a given 
angle with the H.p. 



THEOBBU 39. 

To find the true shape of the triangle ABC, when i 
plan, Vi/iB> is given. 




The figure is drawn in a horizontal plane at a level 8, ^d the 
indexed plans refeired to this plane would therefore be o^^^- 

Produce cb Xa p %g that ^ = -; then p is the point of level 8 on 

. bp 3 
BCy and is therefore /g as in the figure, so that a^p^ or AP is a 
horizontal line. Rabat the triangle ABC about AP into a hori- 
zontal position ABC. To do this, draw bin perpendicular to 
ap, and bB-^^ perpendicular to bm and equal in length to the 
difference of level of B and m, i.e. 3. 

Now mb is the plan of mB, and bB^ is equal to the difference 
of level .of B and m ; therefore, by Theorem 35 (3), mB^ equals 
mB and is the true length of tnb^^. 

But, when the figure is rotated about flg/g, B traces out a 
circle, centre m, in a plane perpendicular to Og/g. Consequently 
the circle, centre m, radius ff»5,, cuts mb at the required point 
F. (Th. 38.] 
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Now pg is a stationary point on £C, 

.'. SC must pass through p^. 

Therefore ffp^ meets the perpendicular from c to Og/g at the 
required point C 

Then aSC is the true shape of the triangle ig^iit'ia. Q-e.f. 

THBOBEH 40. 

-To find the plan of the line of intersection of two planes, 
given by their scales of slope. 




Draw through the plans of the ' 5 ' contours (or two other 
contours of equal level) in each plane, perpendiculars to the 
respiective scales of slope. 

These contours (i) lie in the same horizontal plane, and there- 
fore either intersect or are parallel; and (2) lie one on each of 
the given planes, 

Therefore, from (i) they have a point of intersection, and from 
(2), this point of intersection lies in both of the given planes. 

Therefore the plans of these contours meet at the plan of a 
point on the line of intersection of the given planes. 

Another point can similarly be found, thus giving the indexed 
plan of the required line of intersection. q.e.f. 

The case where the scales of slope of the two planes are 
parallel is omitted and left as an exercise to the reader, see 
Ex. i8z. 
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ISO. In Fig. 33, is Cf a.bove or below the plane whose scale of slope 
is given on the right hand side of the figure? 

181. With the notation of Ex. 180, obtain the length of the perpen- 
dicular from c, to the plane. 

182. Give a construction for Theorem 40, if the scales of slope of 
the planes 'are paiallel. 

183. Coiutnict ths icals of slope of a plans, whicli pasBes 
tkrongh threo given pointe a^, \, c,,. [Find a point d^ on a^i^is.] 

184. Given the indexed plans of tivo points A, B, and the plan of 
a point C, find its index if AC, BC are equally inclined to the H.p. 

185. Given the scales of slope of three planes, find the indexed 
plan of their common point. 

186. A northward path on the plane face of an embankment rises 
3 feet vertically in a horizontal distance of 4 feet, and a westward 
path rises 5 feet in t2 feet ; find the direction of the steepest possible 
path, and its inclination to the horizontal. 

187. Draw a plane making a given angle with the H.P. and pass- 
ing through a line of given indexed plan. 

188. Given the scales of slope of three planes, find the indexed 
plan of the centre of a sphere, of given radios, touching the three 
planes. Is there more than one solution, and if so, how many? 

189. The floor of a room, which has a plane sloping ceiling, is a 
given horizontal irregular quadrilateral ; its walls are vertical ; given 
the heights of three of the top comers, find the height of the remaining 

190. A pyramid stands with its base on the h.p. ; given its plan 
and elevation, as also that of a line through one corner of the base, 
find where this line cuts the pyramid again. 

191. Given the plan and elevation of a sphere, and a line parallel 
to both planes of reference, find the points of intersection of the line 
-with the sphere. [Take an auxiliary plan w.r.t. a ground line, per- 
pendicular to the given ground line.] 

192. Given the indexed plan of two lines AB, AC, find the plan 
of the line bisecting the angle BAC. 
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CONICAL PBOJECTION. 



The idea of conical projection is first found, in an elementary form, 
in the writings of Serenus (circa 450 a.d.). But no real use was 
made of it before the time of Desargues (1593-1662), a French 
architect and engineer, who served under Richelieu at the siege 
of Rochelle. The originality of his ideas, and the fertility of his 
methods, place him among the greatest geometers of all time. The 
modern theory of projective geometry is only a development of 
the principles which characterise his researches : and it is interesting 
to notice that the non-metrical Geometry of Position of Von 
Staudt takes as its starting-point Desargues' property of perspective 
triangles. His work was not however appreciated at its true value 
by his contemporaries, with the exception of Pascal ; chiefly because 
the new analytical field of discovery, opened out by Descartes, 
appeared more attractive and more far-reaching in its consequences. 
And it was left to Camot (i7S3-i8*3)> Poncelet (17S8-1867), and 
Chasles (i 793-1880) to perceive its merits and develop its principles. 
By his wonderful discovery of " the circular points at infinity," and 
their connection with the foci, and by his enunciation of the funda- 
mental "Principle of Duality," Poncelet was enabled to coordinate 
and generalise the theory of conies, elevating it from a collection 
of independent properties to a connected and logical unity. The 
conceptions he introduced into geometry were extended by Pliicker, 
a professor at Bonn, who was the first to define the foci of a conic 
by their isotropic characteristic, and so build up by analogous 
methods a theory of foci for curves of higher degree : while by his 
invention of tangential coordinates (1829), he supplied the analytical 
basis for Poncelet's method of reciprocal polars. 
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Definitions. 

(i) P„ P^, ... are a system of points in a plane £. O is any 
fixed point outside 2; the lines OP^, OP^, ... meet a second given 
plane o-at the points/,, /j,.... Then the systemof points/,,/;, ... 
is said to be the conical projoction of the given system in Z on tr 
w.r.t. the point <7, which is called the vert^E of itrojectioB. 

(2) The line of intersection of 2 and <r is called the axis of 
projectiott. 

(3) If a plane through O parallel to <t meets £ in the line Z, 
then L is called the vanishing line of Z: and similarly, if a plane 
through O parallel to 2 meet o- in the line m, then m is called 
the vaniahiag lins of v. 

An example of conical projection is supplied by the magic lantern. 
Each detail of the slide is projected by the source of light on to 
the screen : and the picture thus formed is the conical projection 
of the slide. To form an accurate representation, the planes of 
the screen and slide must be parallel : otherwise the picture is a 
distortion of the original, i.e. metrical properties, the sizes of angles 
and the ratios of lengths of lines, are altered. Such a distortion 
consequently is usually produced by projection. But invariably 
each point and each line in the picture correspond uniquely to a 
point and a line in the slide, and the joins of corresponding points 
are concurrent : and it is these two features which are the essential 
characteristics of conical projection. 

We proceed to enumerate a number of simple properties con- 
necting figures and their projections. 

Unless otherwise stated, capital letters will refer to the given 
figure, and small letters to the corresponding elements of the 
projected figure. 

THEOBEM 11. 

(i) A straight line projects into a straight line. 
(z) The meet of two straight lines projects into the meet of 
their projections. 

(3) The join of two points projects into the join of their pro- 
jections. 

(4) Any point on the axis of projection is unaltered in position 
by projection, 

(5) Any straight line and its projection meet on the axis of 
projection. 
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The proof is left to the reader. 

TEEOBSH 42. 

(i) The cross ratio of four coUinear points is equal to the cross 
ratio of their projections : and in particular a harmonic range pro- 
jects into a harmonic range. 

(a) The cross ratio of four concurrent lines is equal to the cross 
ratio of their projections : and in particular a harmonic pencil 
projects into a harmonic pencil. 

The proof is left to the reader, 

THEOREM 43. 

(i) If a system of concurrent lines meet at a point on the 
vanishing line of their plane, then their projections form a system 
of parallel lines. 

(2) Each point on the vanishing line projects into an ideal point 
or point at infinity, in the plane of the projected figure. 

(3) The vanishing line projects into an ideal line, called the 
line at infinity, in the plane of the projected figure. 
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(i) Let i^ CT be the two planes, and O the vertex of projection. 

The vanishing line Z of D is the intersection of D with a plane 
A. through O, parallel to a. 

Let D be the point on L at which the system of lines concur. 

Let any line DP of the system meet the axis of ptojecdon 
at J'. 

Then by definition, the projection of DP is the line of intersection 
of the planes ODP, tr. 

Now X and o- are parallel planes. 

.'. the plane ODP cuts A, o- in parallel lines. 

.'. the projection of DP is parallel to OD. 

.'. the system of concurrent lines project into a system of lines 
parallel to OD. q.e.d. 

(2) Now, by definition, a system of parallel lines determine an 
ideal point or point at infinity, common to each member of the 
system. 

Therefore the projection of the point D determined by a system of 
concurrent lines is that ideal point determined by the system of 
parallel lines into which they project. q.e.d. 

(3) Further, the line at infinity is defined as the aggregate of all 
ideal points of the plane, determined by taking all possible systems 
of parallel lines. But every point on the vanishing line projects 
into an ideal point. Therefore the vanishing line projects into 
the line at infinity. q.e:.d. 

The proof of this theorem could be rendered in another way : 
To any point on the vanishing line, there does not correspond 
any (finite) point in the second plane. Consequently a system of 
lines meeting at a point on the vanishing line project into a system 
of lines having no (finite) point of intersection, and so, by definition, 
form a system of parallel lines : further this point of concurrence 
on the vanishing line may be regarded as projecting into the ideal 
point determined by the system of parallels. 

It would, however, be illogical, in view of the definition of 
infinity previously given, to start by saying that the vanishing line 
projects into the line at infinity, and that therefore lines concurring 
at a point of the vanishing line project into parallel lines. This 
is an inversion of the proper order of thought. For the vanishing 
line is said to project into the line at infinity, only because lines 
concurring at a point of it project into parallel lines. 
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Definition. 

The meet of any line of 2 with the vanishing line of 2 is called 
the vanifihing point of that line. 



THSOBEU 44. 

(i) If D is the vanishing point of the line PD, and if is 
the vertex of projection, the projection of PD is parallel to OD. 

(2) \i H, A" are the vanishing points of two lines QH, QK\ 
and if O is the vertex of projection, the angle between the pro- 
jections of QH, QK, is equal to the angle HOK. 




(i) This has been already proved in the course of Theorem 43. 
(a) Denoting elements of the projected figure by small letters, 
we have qh, qk are respectively parallel to OH, OK. 

.'. the angle qh makes with qk is equal to the angle HOK. 

Q.E.D. 

THEOBEU 46. ' 

Given any geometrical system in a plane 2 and a vertex of 
projection O, it is possible to Rnd a plane <r such that any given 
line PQ in 2 projects into the line at infinity in rr. 

Take for <r any plane parallel to the plane OPQ ; then PQ is 
the vanishing line of 2, and therefore projects into the line at 
infinity in <r. Q.E.D. 



b> Google 



70 



PLANE GEOMETRY 



[CH. 



It is convenient to express more briefly the process of this 
theorem by saying that PQ is to be projected to infinity. 

The use of conical projection may be illustrated at this stage 
by the following example. 

EXAMPLE. 
To establish the harmonic property of the quadrilateral. 




With the notation of Fig. 27, it is required to prove that {AECP) 
is harmonic. 

Project FG to infinity: Fig. 28 represents the projected system. 

AD, CB meet at F; :. ad, a are parallel. 

DC, AB meet at G; .'. dc, ab are parallel. 

.'. abed is a parallelogram ; 

Since P lies on FG, / is a point at infinity; 
.'. \aecp\ is harmonic ; 
.'. {AECP} is harmonic, q.e.d. 

THEOBEU 46. [Desargues' Theorem.] 
ABC, A'BC are two triangles in the same or different planes. 

If AA', BB, CC are concurrent, then the meets Z, M, N of 

BC, BC\ CA, C'A'; AB, A'B are collinear. 

(i) Let ABC, A'BC lie in two different planes 2, 2'; and let 

AA', BB, CC concur at O. 



b> Google 



III.] 



CONICAL PROJECTION 



Then SC\ C'A', A'B" are the projections of BC, CA, AB 

w.r.t. O on r. 

.'. by Theorem 41 (5), BC meets B'C on the axis of projection, 
.'. L, and similarly M, N, lie on the axis of projection, i.e. the 

line of intersection of S, S'. Q.e.D. 




(2) Let ABC, A'BC lie in the same plane. 
Project LM to infinity. 

BCt BC meet at L; .'. be, b'e' are parallel. 

CA, C'A meet at M\ .'. ca, i^a' are parallel. 



.'. ai, aU e.ie parallel; 

.*. AB, A'B meet on £M; 

.'. Z, M, N are collinear. 



[ 47. [Desargoes' Theorem.] 

ABC, A'BC' are two triangles in the same or different planes. 
If the meets Z, M, JV of BC, BC; CA, CA' ; AB, A'B are 
collinear, then AA', BB, CC are concurrent. 

(i) Let ABC, A'BC lie in different planes. 

Since BC, BC intersect, BB, CC lie in a plane, a say. 

Similarly, let j8, y, be the planes of CC'AA', AA'BS. 
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Then AA; SB", CC are the lines of intersection of the pairs 
of planes j8, y; y, a; a, /3. 

But any three planes a, 13, y have one common point, so that 
their lines of intersection with each other are concurrent ; 

.'. AA', BS, CC are concurrent, q.e.D, 

(2) Let ABC, A'BC he in the same plane. 

Project LMN to infinity. 

The proof is left to the reader. 

1. Prove Theorem 41. 

2. Prove Theorem 42. 

3. Prove Theorem 47 (2). 

4. Prove that any three collinear points can be projected into two 
points and the mid-point of their join. 

If the order of points on the line is A, B, C, draw a figure to show 
how C may be projected into ihe mid-point of the projection of AB. 

5. Prove that three collinear points A, B, C can be projected into 
three points a, b, c so that j- has a given value. 

6. QAYsa a point F and a triangle ABO, prore that it is possible 
to project F into the cestroid of tlie projection of ABC. 

7. Piove that the vanisMng line of either plane S or o- is parallel 
to the axis of projection. 

8. Prove that three concurrent lines can be projected into three 
parallel equidistant hnes. 

9. A straight line meets the sides BC, CA, AB of a triangle at 
P,Q,R; F, Q, Ji' are the harmonic conjugates o{ B, Q, R w.r.t. BC, 
CA, AB respectively; prove that AF, BQ, CR are concurrent 

10. Generalise by projection : the mid-points of the three diagonals 
of any quadrilateral are collinear. 

11. P, Q, R are points on the sides BC, CA, AB of a triangle, prove 
that the value of ^^. ^- -^ is unaltered by projection. 

12. Generalise the last exercise, so as to obtain a theorem for any 
polygon. 

13. Use Ex. II to prove Ceva's theorem, by projecting one of the 
three concurrent lines to infinity. 

14. Use Ex. 1 1 to prove Menelaus' theorem by projecting the trans- 
versal to infinity. 
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15. ABODEF aie six colliueax points : 1, m, b axe anj conatants. 
If I . AB . CD . EF-i-m . AO . BE . DF+n . AD . BF. OE=0, piove that 
this relation is unaltered 1>7 projection. 

[This is a generalisation of the theorem that the cross ratio of any four 
coUinear points is unaltered by projection.] 

16. AB is the axis of projection ; CD is the vanishing hne of D ; A'ff 
is the reflection of AB in CD ; prove that the length of any segment of 
A'B" is unaltered by projection. 

17. Prove from first principles, by projeaion, ibat the third diagonal 
of a complete quadrilateral is divided harmonically by the two other 
diagonals. 

18. A, B, C; A', B", C, are two sets of three coUinear points ; prove 
thai the meets of AB", A'B; BC, 0C; CA', C'A are collinear. 

19. is the vertex, and AB the axis, of projection ; CD, ef are the 
vanishing lines of 2, a- ; prove that the distance of O from CD is equal 
to the distance of AB from ef. 

20. A, B, aie three fixed colllneat points ; FQB is a variable 
triajigle such that F, Q lie on fixed lines and QB, BF, FQ pass 
throng A, B, respectlvel; ; prove that the locns of B is a steaij^t 
line. 

21. Each of the vertices of a variable quadrangle lies on a fixed line, 
the four fixed lines being concurrent ; and three of the sides pass through 
fixed points, every vertex being situated on at least one of these sides ; 
prove that the remaining three sides pass through fixed points. 

22. Generalise Ex. i\, to obtain a result for any polygon. 

23. Generalise by projection ; 

ABCD is a parallelogram ; through any point O lines are drawn 
parallel to the sides to meet AB, CD, BC, AO at P, Q, H, K % then 
PK, BD, HQ, are concurrent. 

24. Generalise by projection : 

With the notation of Ex. 23, AQ, KG, OB are concurrent. 

26. Any line meets the sides AD, DC, CB, BA of a quadrilateral at 
P, Q, R, S ; P, Q, ff, S' are the harmonic conjugates of P, Q, R, S 
w.r.t. AD, DC, CB, BA ; prove that PQ, FQ', P'S' are concurrent. 

26. Three triangles aie sach that their vertices lie on the same 
three concurrent straight lines, prove that the axes of perspective 
of the triangles, taken in pairs, are concurrent. 

27. Three triangles are such that, when taken in pairs, they are in 
perspective and have the same axis of perspective ; prove that the three 
centres of perspective of the triangles, taken in pairs, are collinear. 

28. AA; BB, CC are three concurrent lines ; prove that the six meets 
of AB, AB, AC, AC, BC, BC with A'B, A'B, A'C, AC, BC, BC 
respectively are the vertices of a complete quadrilateral. 
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TEEOBEH 18. 



It is possible to project two pairs of lines into pairs of lines 
containing angles of given magnitudes, and at the same time any 
other given line into the line at infinity. 




Let HAH\ KAK ; PBP, QBQ be the two pairs of lines 
which are to be projected into pairs of lines containing angles 
a, ^ respectively. Let the given line CD meet the other lines at 
H, K, F, Q. 

In any other plane, through CD, describe on HK, PQ segments 
of circles containing angles «, ^ : and let O be one of the points 
of intersection of these circles. 

With O as vertex, project the system on to any plane parallel 
to the plane OCD. 

Then, by Theorem 44, since H, K, P, Q are vanishing points, 
it follows from the construction that the projected pairs of lines 
contain angles a, /3: and the line CD is projected to infinity. 

Q.E.D. 

It should be noted that the two circles may not intersect at 
real points. In such a case the vertex of projection is imaginary. 
Since however the process of projection corresponds to a definite 
analytical transformation (see p. 76), it may still be regarded as 
valid, in accordance with the Principle of Continuity. Any results 
obtained by making use of such a projection will still be true 
even if the process ceases to have any graphical significance. The 
employment of geometrical language is merely a convenient means 
of describing a particular analytical operation. 
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TEEOBSH 49. 

Given a straight line PQ_ and a triangle ABC, it is possible to 
project ABC into a triangle similar to a. given triangle, and at 
the same time the line PQ to infinity. 

The proof is left to the reader. 



THEOREM SO. 
If a line APB touches a curve .S at P, then the projection of 
APB touches the projection of S at the projection of P. 

The tangent at P is the limiting position of the chord PQ, when 

And the tangent at/ is the limiting position oi pq, when g-*p- 
.'. the tangent at/ is the projection of_the tangent at P. 

Q.K.D. 

29. Prove Theorem 49. 

30. /* is a variable point m "Z; H, K are two fixed paints on the 
vanishing line of S ; prove that Api is constant. 

31. Prove that a quadrilateral can be projected into a rhombus, 
having one diagonal equal 10 a side. 

32. Prove that a qnadiilateial can be projected into & nqnare 
of given size. 



33. Prove that any three concurrent lines and a transversal can be 
projected into three parallel lines and a transversal perpendicular to 
them and cut into two equal segments. 

31. If two curves touch, prove that their projections touch. 

36. What is the projection of a common tangent to two curves ? 

36. Prove that two quadrilaterals which have a common third diagonal 
can be projected inio rhombuses. 

37. XY is the common line of two planes 2, a ; any point O is taken 
as vertex of projection ; o, /3 are the planes through XY, which bisect 
the angle between 2, v ; the perpendiculars from O to a, ff meet 2 at 
jt/, A'and <r at m, n. If j4, B are any two points in 2, and a, b their 
projections in a-, prove that AMB=amb. 

[Produce MA, MB to meet XY at A', B ; rotate 2 about XY until 
it coincides with tr and show that MA', Mff then coincide with mA', 
mB-l 
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38. (1) ABCD are four collinear points ; F, Q axe a pair of points 
harmonicaUy coiuiwate to B, C and to A, D ; proTo Uiat the locns 
of points at which AB, CD Babt«nd equal ancles is the circle on 
PQ as diameter. 

(2) Hence show how to project any three angles into titree equal 
angles and any line to infinity. 



39. Show how to project any five points i 
and any line to infinity. [Use Ex. 38.] 

40. Prove that two triangles in perspective 
triangles, each similar to a given triangle. 

41. Prove that two curves 5,, 5, intersecting at A, B can be projected 
into two curves j,, jj cutting each other orthogonally at a, i, and any 
line to infinity. 

42. Find the locus of the vertex of projection w.r.t. which 
quadrilateral can be projected into a square. 



five concyclic points, 
be projected into two 






AHALTTIOAL TBSATMEHT OF CONICAL PROJECTION. 




V is the vertex, and BD the axis, of projection. 

The plane through V parallel to a meets 2) in the vanishing 
line AC. 

The plane through V perpendicular to BD meets BD, AC 
at B, A. 

P is any point in 2, Vp meets o- at p. 

Take as origin any point O on BD. 

For axes take, in 2, Ox, Oy along and perpendicular to OD ; 
and in <r, O^, O1 along and perpendicular to OD. 

Let {Xyy), {$, 1) be the coordinates of P,f referred to these axes. 

Let AP meet BD at m. 
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Now the plane l^PA meets the parallel planes VAC, <t in parallel 
lines ; therefore VA, pm are parallel. 

But VA is perpendicular to BD, since the plane VAB is per- 
pendicular to BD ; therefore pm is perpendicular to BD. 
Draw PN perpendicular to BD. 
Let VA-a, AB = b, BO^c. 

pm _ Bm _ JVm . 
~VA~PA~l\rB'' 



By parallels, 



which gives 
Similarljr, 



a^-^ 



PN mP ^ mp . 

AB'" mA~ mp-\- VA' 

■ y V ^1 

Therefore, by a proper choice of axes, any figure and its conical 
projection are related by the equations 

^„5iz£5. y=Jl. (I.) 

If the origin is taken at B, since c=o, these assume the simpler 

form ^^_^ j^ 

rj + a' ■' ij + a 

These equations represent an analytical transformation, which 
corresponds to the geometrical operation of projection. The con- 
stants a, b, c may be regarded as defining the position of the 
vertex of projection. If a, b, c are all real, the vertex of projection 
is real, and the operation is purely geometrical: but if any of these 
constants are imaginary, F' is an imaginary point. This does not 
however invalidate the analytical process. For projection might 
be defined as the effect of the transformation (I,); then if a, b, c 
are real, it admits of a graphical interpretation, which was taken, 
on p. 66, as the geometrical definition of projection. If a, b, c 
are imaginary, the analysis is in no way affected; and if it leads 
to results which are capable of geometrical expression, the theorems 
so formulated must be true. By using terms in a wider significance, 
it is possible, as has been already explained, to indicate, in geo- 
metrical form, an analytical process which has no graphical analogue. 
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And in this way we are enabled to avoid a laborious piece of 
analysis. Any two conies can, for example, be projected into two 
circles by a real projection, if they do not cut at real points. 
Consequently any descriptive property connecting the two circles 
can be transformed into a property of the two conies by purely 
geometrical methods : but this transference could be effected with 
equal logic by analysis, although usually with considerably less ease. 
If, however, the two conies have four real points of intersection. 
It IS impossible Co obtain a reai projection which will change them 
into circles. Consequently the graphical transference is no longer 
possible. Hut analysis makes no distinction between the two cases, 
and therefore the transmitted property must still hold good. 

Again, in Theorem 48, it was proved that two angles could be 
projected into angles of given size, and also a given line to infinity, 
by taking the vertex of projection at a point of intersection of 
two known circles. If these circles do not meet at real points, 
the vertex of projection is no longer real : but it is convenient still 
to speak of projecting w.r.t. the imaginary point of intersection as 
vertex, although the phrase now refers to nothing more than an 
analytical transformation, the constants a, b, c oi which are obtained 
from a consideration of the equations of the two circles in question. 
In other words, the geometrical language affords a simple means 
of describing a rather long and tedious piece of analysis, the result 
of which can be foreseen from purely geometrical arguments. The 
analysis is indeed an essential part of the proof: but since it leads 
inevitably to a result that can be predicted, it is usual to omit it, 
with the assurance that it could be effected ; and refer to the 
omission under the name of conical projection. The noCadon 
used in the following sections, unless otherwise stated, is that of 
Fig. 32. 



51. 

(1) Every curve of the second degree is a conic 
(a) One conic, and one only, can be drawn through five points, 
no four of which are coUinear. 

(i) Any curve of the second degree can be represented by an 
equation of the form, ax^-i-zhxy-^-by^+agx + a/y + CBO. 
Project this, according to the transformation 
„_ Pi 
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The curve becomes 

ap^^ + ihpqir, + bq^^ + ( 3ffl»f + 2fqr\) (v +p) + ■: {•? +pf = O. 

This is a circle, if the coefficients of f* and ij* are equal, and 
if the coefficient of fjj is zero. 

This will be the case, if ap^=iq^ + i/q + £ and 2^4-2£/t-o; 
which require that ?= -f and P^''-^{^g^-^/ff^ + '^^^)- 

Choosing the transformation in this way, we see that the curve 
of the second degree projects into a circle and is therefore by 
definition (see p. 88) a conic. q,e.d, 

(2) The general equation of the second degree contains five 
independent constants, which enter linearly; they can therefore 
be chosen so as to make the curve pass through five given points, 
and this, in only one way, if no four of the points are collinear. 

Q.K,D, 

(A) Lines which intersect on the vanishing line project into 
parallel lines. 

The equation of the vanishing line AC \& y = b. 

Any system of lines intersecting on ^ = ^ can be represented by 

px-\-gy\\(y-b) = o, where \ varies. 

Putting x=-^; v=— , 

this becomes pa( + qbri-Xab''0 

which represents a system of parallel lines, as X varies. Q.B.D. 

(B) The degree of a curve is unaltered by projection. 
This is immediately evident by substitution. 

(C) A system of concentric circles project into a system of conies 
having double contact with each other : and the line at infinity 
projects into the chord of contact. 

Any circle of the system can be represented by 

where r varies. 
Therefore the equation of its projection is 

[<-/(, + a)lU[^,-f(>, + «)]i-^(^+«f, 
which represents a system of conies touching each other at their 
meets with )j + a = o, which, either by analysis or on referring to 
Fig. 32, is at once seen to be the projection of the line at infinity. 

Q.E.D. 
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(D) A system of conies having double contact with each other 
at two fixed points E, F can be projected into a system of con- 
centric circles ; and the line EF will be projected to infinity. 




Take the meet of the common tangents at B, F, \i.e. the pole 
of EF'\ as origin, and the :):-axis, parallel to EF. 

Let y=b he the equation of EF. 

Any conic of the system is represented by 

p:^ + 2qxy + ry"^ - k{y - bf " o, 
where A varies. 

Apply to this conic the transformation x=— — —, v» ■ 

Tj + fl -" ij + a 

[This is chosen because tt makes ^-# = a vanishing line.] 

The conic becomes 

or pa^^-2a^ri{pc-qb) + y^(pc'-'2gbc+rif^)-\a^^ = o. 

This is a circle \i pe=qb and pa^=pc'^ -igbc+rlfl, which give 

P P 



centre at the origin, i.e. the pole of EF. q.e.d. 

It is worth while enquiring under what conditions the projection 
is real. 

We suppose that the equations of the conies have real coefficients. 
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Since f^i '' 's always real. 
Since ^ = b'^'——~-, a is real, only M pr-q^ is positive; which 

is the condition that the lines px^ -v %qxy -vr^ = ^ are imaginary. 
But these two lines are OE, OF; and are therefore imaginary if 
O hes inside the conies. 

Hence the projection is real or imaginary, according as the 
points of contact of the conies are imaginary or real. 

If /r-f^ = o, the lines OE, OF xt^ coincident, and the general 
equation of the conic breaks up into linear factors. 

(E) A system of conies through four fixed points can be pro- 
jected into a system of circles; and the line joining two of the 
points will be projected to infinity. Further, the projection is real 
if at least two of the common points are imaginary, the conies 
being real. 

The proof is left to the reader. 

[By a suitable choice of axes, any conic of the system can be 
represented by px'^-^iqxy-^ty'^-ir\(y~b){Jx-^my-^\) = o, where \ 
varies.] 

Analytical methods are to be used in the following exercises. 

43. Prove Theorem (E). 

44. Prove that any conic can be projected into a circle and at the 
same time any given line to infinity. 

4fi. Prove thai any conic can be projected into a circle having the 
projection of a given point as centre. 

46. Prove that the cross ratio of four concurrent lines is unaltered 
by projection. 

47. Prove that a point and its polar w.r.t. a conic project into a 
point and its polar w.r.t. the projection of the conic. 

48. Prove that the centre of a conic 5. in the plane £ projects into 
the pole of the vanishing line in tr w.r.t. the conic s. 

49. Prove that a conic touching the vanishing line projects into 
a parabola, 

50. Prove that any two angles can be projected into angles of given 
size, and at the same time any given line can be projected to infinity. 

51. If two variable lines make with two fixed lines a pencil of constant 
cross ratio, prove that the variable lines can be projected into lines 
including a constant angle. ■ 
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62. Prove that a given point ca.n be projected into a given point 
and a given line to infinity. 

63. Prove that three concurrent lines can be projected into three 
parallel equidistant lines. 

64. Can a given conic be projected into a circle, any given point 
being the vertex of projection ? 

65. Prove that a system of conies having the same focus and directrix 
can be projected into concentric circles. 

86. The conies 2*'+jf'=i ; ^fi'^iy are projected into circles; find 
the necessary equations of transformation. 

67. The conies 3j^+2y=i i y=2r are projected into circles; find 
the necessary equations of transformation. 

58. The conies 3^-2y-^i=o\ 23?-y'=2y~i are projected into 
circles ; find the necessary equations of transformation : and prove that 
the circles are concentric. 

69. Find a transformation by which the conies 
y = 3r-4; ji:*-y-3»-+4 = o 
may be projected into circles. 

60. If in Fig. 32 the origin o is at B, and if ox makes an angle $ 
with BD, prove that the equations of transformation are 

acostf.g+jising.^ _ -asin g.g+^cos g.q 

where c| is, as before, along BD. 

ABEAL COOBDIHATES. 

The use of areal coordinates supplies another simple analytical 
treatment of projection. 
Definition. 

If ABC is a fixed triangle, called the triangle of reference, and 
if /• is a variable point in the plane, the ratios 
ABPC ACPA C^APB 
t^BAC' C:.CBA' t^ACB 
are called the areal coordinates of P w.r.t. the triangle; and will 
be denoted by f, »), f; where the area of any triangle XYZ is 
reckoned positive if the direction X-* V, Y-*Z, Z^X is anti- 
clockwise. Thus, for example, AXYZ+ aXZY=o. 

It follows at once, from the definition, that the areal coordinates 
I, y}, ( of any point are invariably connected by the relation 
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Ox, Of, Oz are three mutually perpendicular lines; any plane 
cuts them at A, B, C. P is any point in the plane ; x, y, s are 
the coordinates of P referred to Ox, Oy, Oz, \i.e. x is the length 
of the perpendicular from Pta the plane yOz, etc.] ; f , »?, f are the 
areal coordinates of i'w.r.L the triangle ABC. U OA = a, OB-b, 
OC=c, then x^a$, y = dri, s = ci; and -+^+"-i. 




Fit 34. 



Let CP cut AB at C". Draw /W perpendicular to OC ; since 
the plane OCC is perpendicular to the plane BOA, PN h per- 
pendicular to the plane BOA; .'. PN=s. 
■ a PN PC t^BPA 

" ~rco~cc abca' 



3-C; 



^; 


and 


similarly x = 


«f, 


ybj]. 
















Q.E.D. 


= 1 




^i-.= 








Q.K.D. 



But i*-v + C=^ 

It should be noted that, as a result of this theorem, 

may be called the equation of the plane ABC. 
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This theorem enables us to obtain the equations of [transformation 
for conical projection. 




Through the vertex O of projection, draw three rectangular axes 
Ox, Oy, On cutting the plane 2 at A, B, C, and the plane 2', on 
to which the figure is to be projected, at A, B, C. 

Let OA = a, OA' = a', etc. 

Let f, 1, f be the areal coordinates of /" w.r.t. the triangle ABC ; 
and let ^, i}', f be the coordinates of the projection P" o( J' w.r.t. 
A'BC. 

Let x.y, z; x',y, s' be the coordinates of /", /" w.r.t. ox, oy, on. 



Then 



but x = a^, x' = a'^, etc. 



■ «'f 
4-. 



£,--^,; „» (^,H- 



7-; 






rf + TV*- 



which is the required transformation. q.e.d. 

It is evident that the analysis is affected very slightly if any 
fixed point is taken as origin, instead of the vertex of projectioiL 

In conclusion, we propose to describe the geometrical connection 
between a curve given by an equation in Cartesians, and the curve 
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whose equation is of the same form, in areals. For example, what 
connection, if any, exists between the curve x'+y'^=\ and the 
curve f! + y=.{S? 

The reader, who is acquainted with the theory of homogeneous 
coordinates, is aware that a large number of formulae, proved in 
the first instance for Cartesians, apply equally to generalised 
coordinates. The equation of a tangent, the condition for a har- 
monic pencil, etc., are examples of forms which remain unaltered. 
In fact, descriptive properties in general are unaffected by the 
change of coordinates. It is therefore natural to expect that the 
connection is of a projective nature. 



Let the plane a; +_v + a ■» i cut ox, oy, oz at A, B, O; draw OX, 
CT* parallel to ox, oy. 

Let Xj, y-^, Zj be the coordinates of any point P in the plane 
x-^y-\-z= t w.r.t. ox, oy, oz : and let |, ij, £ be the areal coordinates 
of P w.r.t. the triangle ABO. 

Let oP cut the plane XOY oSl P : and let X^, K, be the 
coordinates of P w.r.t OX, OY. 

Then i-\-'i- 

Also ■*i"lii y\ = '^\y *i = Ci. by the theorem on p. 83; 

" x^ K, r 

Therefore, if f„ .Ji, fj traces out the curve /(f, >j, C)-o. then 
A"i, K, traces out the curve /{A", Y, i) = o. 
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Therefore the curve /({, ii i)"0 may be regarded as the conical 
projection of the caTve/{x,y, t) — o, which estahlishes the con- 
nectioQ mentioned above. 

6L Determine a geometrical connection between the curve .1^+^=^*, 
(CartesiansX and the curve /^^+t^-A*C*, (areals). 

62. What is the geometrical connection between the two curves 
?+V+f*=o: a?+*ij*+ff-o? (areals). 

63. With the notation of Fig. 36, prove that the projection of 

$ 1 c 

(which represents any conic circumscribing ABO) w.r.t. o, on the plane 
3= I, is a rectangular hyperbola. Explain this also on geometrical 
grounds. 
61 With the notation of Fig. 36, prove that the projection of 

(which represents any conic inscribed in ABO) w.r.t. O, on the plane 
z=t, is a parabola. Explain this also geometrically. 

66. In Fig. 36, tlie positioD of any point F in the plane OBA iB 
given ; obtain a geometrical conatroctlon to determine tlie point in 
which oF meets the plane XOT, which ia parallel to zoy. 

66. In Fig. 5;, the position of any point P in the plane ABC is 
given, obtain a geometrical construction to determine the point in which 
OP meets the plane A'B'C. 

67. AB represents the line of intersection of two planes ; AC, AD 
represent lines of greatest slope in the two planes ; V k a point 
outside both planes ; /• is a given point in the plane CAB ; obtain a 
geometrical construction for the point in which VP meets the plane 
DAB. 
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THE OOHIO. 



To find the first mention of the conic, it is necessary to go back 
as far as the fourth centuiy ac. Its discovery is attributed to 
A disciple of Plato, named Menaechmus (350-330 B.C.), who 
employed it to solve the famous Delian problem, known as the 
Duplication of the Cube. His researches were, however, very 
fn^mentary, being probably restricted to the baiest elements of 
the parabola _y^ = (m:, and the rectangular hyperbola xy = fi, with 
its asymptotes. The earliest writer known to have rqj;arded the 
conic as a section of a cone was Aristaeus (circa 320 b.c.); while 
the first systematic treatment was given by Euclid (323-284 B.C.), 
in a book now lost. This formed the basis of the famous Kuivixa 
of Apollonius (247-205 B.C.), which deservedly gained him among 
the ancients the title of the " Great Geometer." It contains a 
wonderfully complete account of the (non-foca!) properties of the 
conic, its conjugate diameters and asymptotes, and includes the 
harmonic property of the pole and polar, for the case in which 
the pole lies outside the curve — a theorem which was completed 
only after the lapse of eighteen centuries by Desargues. The sense 
•of Continuity, which had been introduced into Geometry by Kepler, 
illustrated for example by his view that the parabola has a centre, 
■which is a point at infinity, was developed by the genius of 
Desargues. By using the idea of the line at infinity, and the 
■cognate notion of parallelism, he showed that the asymptotes could 
be regarded as tangents at infinity, the centre as the pole of the 
line at infinity, and conjugate diameters as a special case of 
-conjugate lines w.r.t. the conic To him is also due the harmonic 
theory of the quadrangle inscribed in a conic. 



b> Google 



88 PLANE GEOMETRY [CH. 

The principal value of the process of projection is the link it 
supplies between the nature of a circle and a conic, affording, as 
it does, a rapid means of generalising a complete category of 
properties of the circle, by transmitting them to the conic. Much 
of the power of this method is due to the cross-ratio theory of the 
conic, which is identified with the name of the famous French 
Geometer, Chasles (1793-1880). It is most remarkable that the 
fundamental theorem [Theorem 57], which is a. simple deduction 
from Pappus' theorem (p. 163), and ApoUonius' theorem on the 
cross-ratio property of four concurrent lines, should have remained 
unnoticed for another two thousand years. The method adopted 
in the present chapter is due to Chasles, who, acting on the 
suggestion of M. Delbalat, one of his former pupils, was the first 
to point out the ease with which the descriptive properties of the 
conic can be developed from this basis. For more detailed 
historical information, the reader is referred to Chasles' Aferfu 
Historique, and Dr. Taylor's Ancient and Modern Geomelfy 0/ 

Definition. 

Any curve formed by the projection of a circle is called a conic. 

There are three kinds of conies. 

(i) The conic is called a byperbola, if the line at infinity cuts 
it at real points. 

If the vertex of projection is real, this case arises when the 
vanishing line cuts the generating circle at real points. 

(z) The conic is called a paiabols, if the line at infinity touches 
the conic. 

This will happen if the vanishing line touches the generating 
circle. 

(3) The conic is called an ellipse, if the line at infinity cuts it 
at inuMpnftry points. 

If the vertex of projection is real, this case arises when the 
vanishing line cuts the generating circle at inu^inary points. 

This definition may be put in another form : Imagine a cone, 
whose base is a circle, and vertex 0; let a plane L cut the 
cone. Then the curve obtained on Z is a conic. If the plane 
through O, parallel to L, meets the base-circle in imaginary points 
[see Fig. 37], the conic is a closed curve and is called an ellipse; 
if the plane through 0, parallel to L, touches the base circle, the 
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conic is an open curve, with one branch, and is called a parabola ; 
if the plane through O, parallel to Z, meets the base circle at real 



points, the conic is an open curve with two branches, and is called 
a hyperbola. 

Any circle is cut by any straight line in two and only two points 
which may be real, coincident, or imaginary [see p. $]. And from 
any point, there can be drawn to any circle two, and only two- 
tangents, which may be real, coincident or imaginary. Both these 
properties are easily proved by analysis : and owing to the analytical 
definition of imaginary elements adopted in Chapter I., any method 
of proof must fundamentally be of an algebraic character. 

It follows, therefore, that a conic, as defined above, is a curve 
of the second degree {i.e. every line meets it at two and only two 
points), and of the second class (i.e. from every point two and 
only two tangents can be drawn to it). Moreover it has been 
proved, in Theorem 51, that every curve of the second degree is 
necessarily a conic : and it may be shown, fairly easily, by analysis 
that every curve of the second class must be a curve of the second 
degree (see p. 202), and therefore a conic. In treatises dealing 
with the metrical properties of conies, the focus-directrix property is 
usually adopted as the definition. This has undeniable advantages, 
but it does not agree with the historical development of the 
subject, as is pointed out at the beginning of Chapter V., which 
deals with the theory of the foci, from which this important property 
may be very simply deduced [p. 136]. 
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Definition. 

If a variable line is drawn through a fixed point F, meeting a 
fixed conic "Z ax If, K, and if Q is the harmonic conjugate of 
/'w.r.t. H, K; then the locus of Q is called the jxdar of -/'w.r.t 2 
And P is called the pole of the locus of Q. 

THEOREM Si. 

(i) If the conic 2 is the projection of the circle tr, any pole 
and polar w.r.t. 2 is the projection of a pole and polar w.r.t w. 

(2) The polar of a point P w.r.t. a conic 2 is a straight line 
-which passes through the points of contact, real or imaginary, of 
the tangents from P lo "Z. 




(i) Let a variable line through P cut 2 at H, K: and let Q 
be the harmonic conjugate of P w.r.t. H, K. Then, by definition, 
the locus of Q is the polar of P. 

With the usual notation for the elements in the plane of o-, 
since {HK; PQ] is harmonic, {Ai; pq\ is also harmonic 

Therefore since / is a fixed point, q traces out the polar of/. 

Therefore the polar of P w.r.t. 2 is the projection of the polar 

of/ w.r.t. tr. Q.K.D. 
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(2) The polar of P, being the projection of a straight line, viz. 
the polar of/ w.r.t, a, is also a straight hne. 

Now, when PHK touches 2, H coincides with K at the point 
of contact : and therefore Q coincides with both. 

Therefore the points of contact of the tangents from /" to 2 
lie on the polar locus. 

Now this proof, from a geometrical standpoint, applies only to 
the case where P lies outside 2 : but since the theorem admits of 
an analytical treatment, which takes no account of whether P lies 
inside or outside 2, it follows that the theorem is true for all 
positions of P. (This is simply a statement of the Principle of 
Continuity.] Q.E.D. 



[ 53. 

(i) If the polar of a point P w.r.L a conic passes through a 
point Q, then the polar of Q passes through P. 

(a) If the pole of a line p lies on a line q, then the pole of q 
lies on p. 

The proof is left to the reader. 

[Regard the conic as the projection of a circle. See Part I., 
page 159, Theorem 72.] 
Definitions. 

(i) Two points such that the polar of either, w.r.t. a conic, passes 
through the other, are called conjugate points w.r.t. the conic. 

(2) Two lines such that the pole of either, w.r.t. a conic, lies 
on the other, are called conjugate lines w.r.t the conic. 

(3) If A, B, C are the poles of the sides of the triangle PQR 
w.r.t. a conic, the triangles ABC, PQR are called conjugate 
lirian^es w.r.t. the conic. 

(4) If the vertices of a triangle are the poles of the opposite 
sides w.r.t. a conic, the triangle is called a self-conjugate triangle 
w.r.t. the conic. 

THEOKEM 51 

Two conjugate lines, which meet at T, are harmonically conjugate 
to the tangents from T to the conic ; and conversely, two lines, 
which are harmonically conjugate to the tangents from a point T 
to a conic, are conjugate lines w.r.t. it. 

The proof is left to the reader. 

[See Part I., page 165, Theorem 74.] 
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THEOBEH 66. 

The cross ratio of the ranges formed by any four colUneai pioints 
is equal to the cross ratio of the pencil formed by their polars 
w.r.t. any conic. 

The proof is left to the reader. 

[In Part I., page 165, Theorem 75, the two pencils are equi- 
angular.] 

THEOBEM 56. 

T is the pole of a chord AB of a conic : the tangent at any- 
other point C meets TA, TB, AB %x H, K, D; then {HK\ CD} 
is harmonic. 




Let TC cut AB at Q. 

The polar of T (i.e. AB) passes through D. 

.'. the polar of J? passes through T. 

But the polar of D passes through C, and is therefore TC. 

.'. by the definition, {AB ; QZ>} is harmonic. 

.■. T{AB; QD) is a harmonic pencil. 

{UK; CZ>) is a harmonic range. Q.e.d. 

NOTE ON METHOD. 

The following considerations will often suggest a way in which 
to look for a solution of a given problem. The application of 
some of the following remarks will not be understood, however, 
until a further portion of the chapter has been read. 

If P, Q, R are collinear points, and if it is required to prove 
that PQ=QR, it may be simplest to show that {PQR'X)) is 
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harmonic, where oo denotes the ideal point on PQ; and more 
generally, to prove that -^ is constant, it may be easiest to prove 
that {PQSoi} is of constant cross ratio ; ox ag&m, PQ.FS^F^, 
if [QPR'»} = {RPS<:^}. 

To prove two or more lines parallel, it may be useful to employ 
the idea that they concur at a point at infinity, or that their poles 
w.r.t. some conic lie on a diameter. To prove a range is harmonic, 
it is sometimes possible to connect it by a pencil with a harmonic 
system of points on a conic, which are formed by any two conjugate 
chords. [Theorem 58.] 

If a property is concerned with the asymptotes of a hyperbola, 
it may be suggestive to draw an ideal figure containing the 
asymptotes as actual tangents, with the line at infinity drawn in 
as their chord of contact. 

Again, in the case of the parabola, an ideal figure, in which 
the line at infinity is represented as an actual tangent to the curve 
at a point, through which every diameter must pass, is sometimes 
helpful. Or, instead of regarding such a figure as ideal, it may 
be taken to represent a projection of the actual figure, with the 
line at infinity projected into a finite line. If the property is of 
a projective nature, this new figure then indicates a more general 
theorem, of which the given property is a particular case ; and 
this general theorem is frequently easier to establish, because the 
irrelevant details of the figure have been removed. 

1. Prove Theorem 53. 

2. Prove Theorem 54. 

3. Prove Theorem 55. 

4. F, Q are two conjogate points w.r.t. a conic ; B is the pols 
of PQ ; prove that PQB is a self-conjugate triangle. 

5. A variable chord PQ of a conic passes throngh a fixed point ; 
ptove that the tangents at P, Q meet on a fixed lina 

6. TA, TB are the tangents from a variable point 7" on a fixed 
line to a given conic ; prove that AB passes through a fixed point. 

7. /) is a given point on the base BC of a fixed iriangle ABC ; 
prove that the polar of D w.r.t. any conic touching AB, AC at B, C 
is a fixed line. 

8. 7" is the pole of a chord PQ of a conic ; if the portion of another 
tangent intercepted by TP, TQ is bisected at its point of contact, 
prove that it is parallel to PQ. 
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9. QJi is a fixed chord of a conic ; ^ is a variable point on the 
conic ( prove that the harmonic conjugate of the tangent at F w.r.t. 
PQ, PJi passes through a fixed point. 

10. The hypotenuse BC of a right-angled triangle cuts a conic at 
H, K\ if B is the pole of AC, prove that AC bisects HAK. 

11. PQR is a self-conjugaie triangle w.r.t. a conic ; if P lies inside 
the conic, prove that the chord through P parallel to QJi is bisected 
at P. 

12. Given a point P and a co: 
of self-conjugate triangles PQR c 

13. PA, PS are two conjugate lines w.r.t. a conic ; the polar of 
a point R on PA meets PA, PB at A, B and the conic at A', A" ; 
prove that {AB% HK\ is harmonic. 

14. Z,, Zs, L^, L, are four lines forming a harmonic pencil; S is 
a conic touching Z,, L^, M A, B ; prove that the polar of any point 
on Zj w.r.t. 5 is concurrent with AB, Z,. 

16. OA, OB are two chords of a conic equallr inclined to the 
tangent at 0; prove that the pole of AB lies on the normal 
at 0. 

16. 7" is a variable point and A a fixed point on a fixed line AT; 
P, Q are the points of contact of the tangents from 7' to a given 
conic S \ prove that the polar of A w.r.t, any conic touching S aX P, Q 
passes through a fixed point. 

17. T is the pole of a chord PQ of a conic ; the bisector of the 
angle PTQ meets PQ aX H; RS is any chord through H, prove that 
TH bisects the angle RPS. 

18. ABCD is a quadrangle; AB, CD meet at E ; AC, BD meet 
at G ; prove that a conic drawn through C to touch AD, BC at A, B 
will touch EG. 

19. Three conies are drawn through a common point D to touch 
AB, AC at B, C\ BC, BA Xi C, A; CA, CB sl\ A, B; prove that 
the tangents at D to the conies meet BC, CA, AB respectively in 
three collinear points, 

20. T is the pole of a chord PQ of a conic ; the tangent at any other 
point X of the conic cuts 7'P at J/; QK meets TV at Z ; prove that 
{Tff; PL) is harmonic. 

21. A variable chord PQ meets a fixed chord RS of a given conic 
at a fixed point ; the tangents at P, Q cut RS ax N, K; prove that 
^S-+—- is constant, taking account of the sense of the lines. 
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22. Two tangents to a conic at A, B meet at right angles &X D; 
the tangent at any other point P meets AB, AD &\. Q, R\ prove that 
DR bisects PDQ. 

23. T is the pole of a chord PQ, of a conic ; the bisector of PTQ 
meets PQ at H; prove that the pole of any other chord through H 
lies on the other bisector of PTQ- 

24. A conic toncbea tiie sides BO, OA, AB of a triangle at F, Q, B ; 
prove that AF, BQ, OB are concniTent. 

25. ABO is a triangle inscribed in a conic; prove tliat the 
tangents at its vertices meet tiie opposite sides in three collinear 
points. 

28. Aconiccuts the sides 5C,C-4,.fJJ of a triangle at yi„^i; B-^^B^; 
C„ Cj; i{ AA„ SS„ CC, are concurrent, prove that AA^, BB3, CC^ 



27. A variable plane through a fixed line L cuts a fixed cone in 
the conic IT ; prove that the locus of the pole of L w.r.t. tj- is a straight 

28. B, G are conjugate points w.r.t. a conic S ; P is any point 
on S ; BP, CP cut 8 again at Q, B ; prove that QB passes throngh. 
tiie pole of BO. 

29. ABC, PQR are two triangles self-conjugate w.r.t. the same conic ; 
PQ, PR cut BC At Q, R"; AB, AC cut QR at B; C; prove that 

{RffC'Q)= RBCQ). 

30. T is the pole of a chord PQ of a circle 2, which is projected 
into a conic ir, PQ being the vanishing line. Prove that the projection 
/of 7" is a point such that every chord through / of tr is bisected at /. 

31. With the notation of Ex. 30, what will TP, TQ project into? 

32. AC, BD are conjugate chords of a conic ; AD meets the tangent 
XL B m L; AB meets the tangent at D in M; N is the pole of AC;. 
prove that L, M, N are collinear. 

33. Two chords PQ, RS of a conic are conjugate w.r.t. the come ; 
any chord RT meets PQ at N ; if PSQ=go\ prove that SP, SQ are 
the bisectors of HST. 

THEOBEH 67. [Chasles' Theorem.] 

A, B, C, D are four fixed points on a conic; a, b, c, d are 

the tangents to the conic at these points. ^ is a variable point 

on the conic : / is a variable tangent to the conic. Then the 
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cross ratio of the pencil I'{A£CI?) is constant: and the cross 
ratio of the range t{aM} is constant: and the values of these 
two cross ratios are equal. 




Regard the conic as the projection of a circle. 

Denote by dashes corresponding points in the plane of the 
circle. 

If T is the point of contact of /, the pencils J^{A'£'Ciy), 
T{A'BCiy\ are equiangular \i.e. the corresponding angles are 
cither equal or supplementary] and therefore equicross. 

.-. the pencils P{ABCD\, T{ABCD) are equicross. 

.'. the pencil P\ABCD) is of constant cross ratio. Q.e.D. 

Again the pole of TA is the meet of t, a, i.e. the point ta. 

.'. by Theorem 55, the range t{abcd) is equicross with the 
pencil T{ABCD) or P{ABCD), and is therefore constant 

Q.E.D. 

And the values of these two cross ratios t[alKd), P{ABCD) 
are therefore equal. q.e.d. 
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Definition. 

(i) If ^, B, C, D are four points on a conic, such that 
P{^ABCD} is a harmonic pencil, where P is any other point on 
the conic, then A^ B, C, D are called a hatmonic system of points 
on the conic. 

(2) If a, 6, c, d are four tangents to a conic, such that/{a^rf} 
is 3 harmonic range, where / is any other tangent to the conic, 
then a, b, c, d are called a haimonic system of tangents to the 
conic. 

THEOBEH 68. 

(i) If two chords AC, BD are conjugate lines w.r.t. the conic; 
then A, B, C, D form a harmonic system of points on the conic. 

(2) Conversely, if A, B, C, D form a harmonic system of points 
on the conic, then AC, BD are conjugate lines w.r.t. the conic. 




(i) Let the tangent at A meet BD at T: and let P be any 
point on the conic. 

Then the pole of AC lies both on BD and AT and therefore 
is T. 

. . {TBED) is harmonic. 
Now P{ABCD\=A{ABCD) [Th. 57] 

= A{TBED}; 
:. P{ABCD} is harmonic. q.e.d. 

(2) The proof of the converse is left to the reader. 

34. Prove Theorem 58 (2). 

35. P, Q are two conjugate points w.r.t. a conic, prove that the 
tangents from P, Q to the conic form a harmonic system of tangents 
to the conic. 
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T is the pole of a chord MN of a conic ; any line cu 
conic at P^, P^ and TM, TN, MN aX Q^, Q^, R; then 
Q^P^.P^.RQ^^ -Q^P^.P^P.PQy 



By Chasles' Theorem, M {MP^P^N} = 2^{MP^P^N). 
:. M{Q^PiP2P}=JV{PP^Pf^Q^}; 

■ gi-^i - A^ _ ^^i - -^aQz 
■■ QiP.P^, RQ^.P^P^' 
.: Q^Pj.P^R.RQ^^ -Q^^.P^R-RQ^. q.k.d. 
This is a special case of a more general theorem, due to 
Desai^ues {see p, 298). 

36. Prove that Theorem 56 is a special case of Theorem 59. 

37. ABC is a triangle inscribed in a conic; a chord PQ meets 
BC, CA, AS at L, M, N; and the tangent at P meets 5(7 at T; 
prove that { TLBC\ = {PQ,NM\. 

38. PQ, PQ are two chords of a conic equally inclined to the normal 
chord PP at P ; prove that PQ, PQ are harmonically conjugate w.r.t. 
PP and the tangent at P. 

39. O is the pole of a chord BC of a conic ; OQP is a line cutting 
the conic at P, Q; BA is a chord parallel to OP, prove that AC 
bisects PQ. 
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40. PP, QQ arc conjugate chords of a conic ; a line through P 
parallel to the tangent at Q cuts QQ, QP at //, K; prove that 
PH=H!C. 

4L Two conies 5j, 5] touch each other at B, C\ A is the pole of 
^C ; P, Q, R, S are four points on AB, the tangents from which to 
5„ 5j meet AC at /•„ Q,, ^„ 5, and /*„ Qw j¥„ i'j; prove that 

12. ABCDE are five points on a given circle, prove Uiat 

43. PP, QQ are conjugate chords of a conic ; a line through P 
parallel to QQ cuts the conic At R ; PR cuts fii^ at H, prove that 

44. ABO Ib a triangle inscribed in a conic; 0, is the pole of 
AB ; an7 line throuj^ 0, cuts BO, AO at M, N ; prove that H, N 
are conjugate points w.r.t. tlie conic. 

45. PQ is a chord of a conic ; O is any point on PQ ; M is any 
point on the polar MN of O ; a parallel through O to MQ cuts MP, MN 
^X B, A; prove that OS=BA. 

46. LMN is a triangle inscribed in a conic ; if LN and the normal 
at M are conjugate lines, prove that LM, NM are equally inclined to 
the normal at M. 

47. OP, OP are two chords of .a conic, equally inclined to the 
chord OB ; if OA is the chord perpendicular to OB, prove that PP 
passes through the ]}ole of AB. 

48. r is the pole of a chord MN of a conic ; a chord PQ of the 
conic parallel to TN meets TM, MN at H, R, prove that 

NR'-'HP.NQ. 

49. A conic is inscribed in a parallelogram ; prove that any other 
tangent to the conic is cut harmonically by the sides of the parallelogram. 

50. PQ is a chord of a conic bisecting another chord AB at ; 
the tangents at P, Q meet AB at .5", T; prove that AS=BT. 

51. A conic touches the sides of a quadrilateral. Deduce from 
Chasles' theorem a property by taking the variable tangent as coinciding 
successively with the sides of the quadrilateral. 

52. A variable tangent to a conic cuts two fixed parallel tangents, 
whose points of contact are P, P at M, M' % prove that PM.PM 
is constant 

[Use the idea of Ex. 51.] 

63. ^ is the pole of a chord BC of a conic ; a chord QR of the conic 
cuts AB, AC, BC at M, N, P ; prove that ^^=%. 
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conic ; a, /3, y, 8 represent 
J AB, BC, CD, DA ; prove 



that P{ABCD) = 



61 A, B, C, D, P are five points on a 
the lengths of the perpendiculars from P t( 
AB.CD 
■ AD . CB' 

55. [Pappus' TheoTsm.] A, B, C, D ars four flxed points on a 
conic ; P is a variable point on the conic ; a, ^, y, S are the lengths 
of the perpendicnlars i^om P to AB, BO, OD, DA, prove that 
^iZ is constant. 

56. [Dssargues' Theorem.] ABCD is a quadrangle inscribed in a 
conic; a line cuts the conic at F, P' and AD, BC, AC, BD, at 
Q, Q', R, E'; prove that {PQEP'( = iPR'QT'} = {FQ'ET!. 

57. ABC, PQR are two trianeles inscribed in a conic ; PQ, PR cut 
SC at Q, R'; AB, AC cut QR at ff, C; prove that 

{RB'CQ) = {ifBCQ). 

58. O, O are pioinls on the chord AA' of a conic ; Q is another 
point on the conic ; OPP' is a chord such that Q{AA'PF\^\AA'Oa), 
prove that (yP touches the conic. 



OENTBAL PBOPEBTIES. 

When a circle 2 js projected into a conic c, the pole of the 
vanishing line w.r.t. 2 is projected into the pole of the line at 
infinity w.r.t. tr. This point enjoys a remarkable property, which 
will now be proved. 




If C is the pole of the line at infinity w.r.t. a conic, then every 
chord through C is bisected at C. 



b> Google 



IV.] 



THE CONIC'- 



[In this and following figures, ideal elements will be indicated 
by dots.] 

Let HCK be any chord, meeting the line at infinity in the 
(ideal) point K 

Then {HCKY) is harmonic ; 

-■- HC=CK. Q.E.D. 

Definitions. 

(i) The pole of the line at infinity w.r.t. a conic is called the 
centre of the conic. 

(2) Any chord through the centre of a conic is called a diametei. 

(3) The tangents to a conic from its centre are called the 
asymptotes of the conic. 

(4) Conjugate lines through the centre of a conic are called 
conjugate diameters. 

{5) A chord of a conic which is conjugate to a diameter is called 
a double ordinate to that diameter. 

(6) If the asymptotes of a hyperbola are at right angles, it is 
called a rectangolar hyperbola. 



The mid-points of a system of parallel chords of a conic lie 
)n a diameter. 




Fic. 46. 

Let HK be any one of the system of parallel chords, which 
concur at the fixed ideal point a. 

Let V be the mid point of HK. 

Since {ffy£a] is harmonic, the polar of a passes through V. 

.'. V lies on a fixed line, viz. the polar of a, which is a diameter, 
since a is a point at infinity. q,k.d. 
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(i) If PCP, DCiy are two conjugate diameters of a conic, 
centre C, then PCP" bisects all chords parallel to DCI^. 

<2) If HK is any double ordinate to FCP' meeting it at N, 
then HX is bisected at N, and is parallel to the tangents at P, P' 
to the conic, and to DCC 




(i) PCP, DCiy meet the line at infinity at (8, 7. 

HK is any chord parallel to DCIf and therefore passes through y. 

Now Cy8 contains the pole C of ;8y ; 

.'. j8y contains the pole of Cj8. 
But by hypothesis, Cy contains the pole of CjS; 
.'. y is the pole of C^. 
.'. {HNKy} is harmonic; 

;. HN=NK. Q.K.D. 

(a) With the notation of (i), since HK passes through the pole 
y of CP^, it is conjugate to C/'and is therefore the double ordinate 
from ^ to CP; 

.'. the double ordinate from H to CP is bisected by CP, by (i). 
And since y is the pole of PCP, yP and yP' are the tangents 
at P, P-. 

But the lines yi', yP^ yCD, yKH concur at the ideal point y 
and are therefore parallel. Q.B.D. 

Definition. 

If the chord HK is a double ordinate to the diameter PP and 
meets it at N^ then HN is called the ordinate to PP. 
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59. Prove by projection that the centre of a conic is inside, on, or out- 
side the curve according as the conic is an ellipse, parabola or hyperbola. 

60. If two chords of a conic bisect each other, prove that each must 
be a diameter. 

61. C is the centre of a conic ; CP bisects one chord parallel to CD ; 
prove that CP, CD are conjugate diajneters. 

62. T is the pole of a chord FQ of a conic ; B is the mid-point 
of PQ ; prove that TB passes thion^ the centre of the conic, 

63. The tangents at two points P, Q ol a conic are parallel ; prove 
that PQ is a diameter. 

64. Prove that the cross ratio of the pencil formed by foni 
diametetB of a conic is equal to that of the pencil formed by the 
four conjugate diameters. 

65. FP' is a diameter of a conic, Q is any point on the carve; 
prove that QF, QF are parallel to a pair of conjugate diameters. 

66. FCF is a diameter of a conic, centre C ; QV is the ordinate 
fo>m any point Q on the curve to FV; the tangent at Q meets 
CP at T; prove that CV.OT=OF, 

67. Given a point A and a circle S, prove that 2 can be projected 
into a conic having the projection of A as centre. 

68. CA, CB are two perpendicular conjugate semi-diameters of a 
conic ; 7" is the pole of a chord PQ ; jV is the foot of the perpendicular 
from r to CA; prove that PN, QN are equally inclined to TN. 

69. gFis the ordinate from a point g on a conic to a diameter /•/*■ ; 
a line through P parallel to the tangent at Q cuts QV, QF aX H, K ; 
prove thai PH=HK. 

70. PP" is a diameter of a conic ; the tangent at any point R meets 
the tangent at P in N ; FR meets PN at Q; prove that PN=NQ. 

71. / is the polar of P w.r.L a conic, centre C; prove that the 
diameter conjugate to CP is parallel to p. 

72. The normal QR at a point ^ on a conic is an ordinate to the 
diameter PF; prove that QR bisects PQF. 

73. QQ is a double ordinate to the diameter PF of a conic, centre C ; 
R is any other point on the curve; RQ, RQ meet PF ax L, M \ 
prove that CL. C.M^CP'. 

74. Two variable diameters of a conic, which make equal angles with 
a fixed diameter PF, meet the tangent at /" in A", A^; prove that 
the other tangents from K, K' to the conic intersect on a fixed line, 

75. A conic touches the sides BC, CA, AB of a triangle al P, Q, R ■ 
A' is the mid-point of BC; prove that (1) the pole of AA' lies on a 
line through A parallel to BC, (2) AA', QR and the diameter through 
P ax& c 
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76. AB, AC are two chords of a. conic ; the diameter conjugate to 
AB meets ACxt D\\i P is the pole of BC, prove tliat PD is paraUel 
to AB. 

Tl. t> is a fined point on a fixed diameter PF of a conic ; a variable 
line throtigh cuts the conic tA Q, Q\ PQ, PQ meet the tangent 
ax P' m R, R ; prove that P'R.P'R' is constant. 

78. 7" is the pole of a chord PQ of a conic ; the line joining P to 
any point R cuts the conic at If; QH cuts the polar of R at K; prove 
that ^ lies on TR. 

79. From a fixed point C is drawn a variable line, cutting a conic 
at -/"i 2 ; P^j QM are the ordinates to the diameter through O, prove 



that 



UN OM 



80. P, Q are conjugate points w.r.t. a conic 5 ; if the mid-point of 
PQ lies on S, prove that PQ is parallel to an asymptote of S. 

81. PQ is a fixed diameter of a conic S ; i? is a fixed point on S. 
Two variable chords DH, DK cut PQ at H\ K' ; if PIi'=QK', prove 
that the locus of the pole of UK is a straight line. 



TEE PASABOLA. 

If the vanishing line touches the generating circle, the projected 
conic touches the line at infinity and is then called a parabola; 
and the centre of the parabola, dehned as the pole of the line at 
infinity, is a point at infinity, viz. the ideal point of contact 
of the parabola with the line at infinity. By taking account of 
the characteristic fact that the parabola touches the line at infinity, 
it is possible to deduce a group of theorems peculiar to it. 

From Theorem 6i, it follows that the mid-points of a system 
of parallel chords of a parabola lie on a straight line passing 
through the " centre " of the parabola, such a line being a diameter 
of the parabola. But the centre of the parabola is a point at infinity. 
Consequently all diameters of a parabola concur at a common 
point at infinity and are therefore parallel. 



T is the pole of a chord PQ of a parabola ; the diameter through 
T meets the curve at V and PQ at N; then TV= VN and 
PN=NQ. 



iCooqlc 
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Let the parabola touch the (ideal) line at infinity X at the (ideal) 
point o; and let PQ meet \ at *. 




Since TVa. meets the polar of T at ^ {TN\ Va. } is harmonic. 

.-. TV= VN. Q.E.D. 

Since the polar of T passes through «, the polar of t passes 
through T; . ,^_^ ^^.^ ^, , .^ ^^, 

.'. {.PQ; W<} is harmonic. 

.". PN=NQ_. Q.E.D. 

82. If PQ is a chord of a parabola, prove that the tangeots at P, Q 
meet on the diameter bisecting PQ. 

83. If PQ, FQ are two parallel chords of a parabola, prove that 
P^i QQ ™6et on the diameter bisecting PQ. 

84. What property is obtained from Theorem 56 by taking HCKD 
as the line at infinity? 

86. What property is obtained from Theorem 56 by taking THA 
as the line at infinity? 

86. Prove that a parabola cannot have two finite parallel tangents. 

87. Deduce a property of the parabola from Brianchon's theorem : 
if a hexagon circumscribes a conic, the three lines joining pairs of 
opposite vertices are concurrent. 

88. Deduce a property of the parabola from the theorem : ABC 
is a fixed triangle inscribed in a conic ; P is a variable point on the 
conic i PL, PM, PN, PXa.K the perpendiculars from P to BC, CA, AB 
and the tangent at C, then -pi ^-r, y is 
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89. T is the pole of a chord PQ of a conic ; R is the mid-point ai 
PQ; TR meets the curve at V; if TV=-VR, prove that the conic 
must be a parabola. 

90. A, B, C are three fixed points on a parabola ; /* is a variable 
point on the curve ; PB, PC cut the diameter through A at B', C ; 
prove that ^ is constant 

91. T is the pole of a chotd HK of a parabola ; anr diameter 
cuts TH, TK, HE at F, Q, B and the cnrre at V; piove that 
VP.VQ=VE'. [Let a be the point at infinity on the curve, and note 
that H{HVKM.\=KKHVKa\:\ 

92. T is the pole of a chord PQ of a parabola ; any other tangent 
cuts TP, TQ zX. H, K; prove that HK is bisected by the tangent 
parallel to PQ. [Use Chasles' Theorem.] 

93. T is the pole of a chord PQ of a parabola ; any diameter cuts 
TP, TQ at P\ Q and a line through T parallel to PQ at R ; prove 
that PR=RQ. 

94. T is the pole of a chord PQ of a parabola ; a line through /*, 
parallel to TQ, meets the diameter through g at ^ ; TR meets PQ 
at H\ prove that PH=zHQ. 

[If V is the mid-point of PQ, prove that {PH\ VQ] is harmonic] 

95. PQ is a chord of a parabola, perpendicular to the diameter 
bisecting it; ^ is its pole; any tangent cuts TP, TQ at /f, K; prove 
that TH=KQ. [Use Chasles' Theorem.] 

96. ABC is a fixed triangle circomscribing a parabola ; a variable 
tangent meets BO, CA, AB at Z, T, Z ; prove that 1^ is constant. 
[Use Chasles' Theorem.] 

97. ABC is a triangle circumscribing a parabola ; BC is bisected 
at its point of contact ; prove that any other tangent to the parabola 
is cut in two equal segments by the sides of the triangle. 

98. A parabola is inscribed in the given triangle ABC, touching BC 
at the given point D ; construct its point of contact with AB. 

99. T is the pole of a chord PQ of a parabola j a diameter meets 
PQ in M, the curve in B^ and a line through T parallel to the tangent 
at B in N; prove that NB = BM. 

100. A variable tangent to a parabola cats two fixed tanjcents 
at Z, T ; prove that the locos of the mid-point of ZY is a strajght 
line. 

101. PQ is a chord of a parabola ; any diameter cuts PQ in A', the 
curve in B and the tangent at P in if; prove that ^=^- 
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THE HTPEKBOLA. 

Since the centre of a conic is the pole of the Hne at infinity, 
the asymptotes are, by definition, the lines joining the centre to 
the points of intersection of the curve with the line at infinity. 
Consequently an ellipse has two imaginary asymptotes, and a 
hyperbola has two real asymptotes. In the case of the parabola, 
the two asymptotes are each coincident with the line at infinity. 
The existence of the asymptotes is perceived most simply by 
regarding them as the projections of the tangents to the generating 
circle, at its points of intersection (imaginary, coincident, or real) 
with the vanishing line. 

A number of elementary properties may be derived from this 
conception of the hyperbola. 

TEEOBEM 64. 

Any two conjugate diameters of a hyperbola are harmonically 
conjugate to the asymptotes; and, conversely, any two'hnes 




harmonically conjugate to the asymptotes are conjugate diameters. 
This is simply a special case of Theorem 54. 



If a tangent at a point y of a hyperbola meets the asymptotes 
»t H, K\ then HP=PK. 
This is simply a special case of Theorem 56. 
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Conjugate diameters of a rectangular hyperbola arc 
inclined to the asymptotes. 
The proof is left to the reader. [Use Theorem 64.] 



equally 



THEOREM 67. 

If a variable tangent to a hyperbola, centre C, cuts the asymptotes 
at /*, .f ; then CP. CP" is constant. 




Let ft y be the ideal points on the hyperbola, so that Cj9, Cy 

are tangents. Draw any other tangent, cutting the asymptotes at 

Since by Chasles' theorem PP\ QQ and tangents very close to 
C^, Cy cut off on CjS, Cy equicross ranges, in the limit we have 

. CJ-.^Q yJ'.CQ 

■ ?/ £2 
" CQ'cr" 

:. Cf.CP-CQ.CQ; 

.'. CP. CP is constant. Q.K.D. 
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Corollaty. 

A variable tangent to a hyperbola makes with the asymptotes 
a triangle of constant area. 

102. Prove Theorem 66. 

103. Prove the Corollary of Theorem 67. 

104. Prove that each assrmptote of a hyperbola is a self-conjocate 
diameter. 

105. T is the pole of a chord PQ of a conic ; find a line through T 
meeting the curve at H and PQ at *, so that TH=HR. What is the 
condition that only one such line exists ? 

106. FF is a diameter of a rectangnlar hyperbola; Q is any 
point on the curre; prove that FQ, FQ are equally inclined to 
the asymptotes. 

107. T is the pole of a chord HK of a hyperbola ; TH, TK, HK 
meet one asymptote at P, Q, R; prove that PR=RQ. 

108. ABC are three fixed points on a hyperbola ; /" is a variable 
point on the curve ; PB, PC meet the line through A parallel to one 
of the asymptotes at S", C; prove that -jj^ is constant 

109. A, B are two fixed points on a hyperbola; /* is a variable 
point on the curve; PA, PB meet one asymptote at A\ R ; prove 
that A'B is of constant length. 

110. PF is any diameter of a hyperbola j any chord PQ meets the 
lines through P parallel to the asymptotes at R, T\ prove that RQ=QT. 

111. A line through P parallel to an asymptote of a hyperbola cuts 
the curve at Q and the polar of P at R, prove that PQ=QR. 

112. A straight line meets the asymptotes of a hyperbola in R, R" 
. and a pair of conjugate diameters in fC, IT; if is the mid-point of 

RR, prove that OI^^OK . OK'. 

113. T is the pole of a chord MN of a hyperbola ; any straight 
line parallel to one asymptote cuts TM, TN, MN At P, Q, R and the 
curve at S ; prove that BP'.BQ=BR>. 

114. P, Q are two points on a hyperbola, centre C; lines through P 
parallel to the asymptotes cut CQ 2.1 I/, K ; prove that CH,CK=C(^. 

116. P, Q are tvo points on a hyperbola, whose asymptotes are 
OFiQ,, OF,Q:; if OFiFP,, OQiQQ^ are parallelograms, prove that 
0F,.0F5=0Q,.0Q,. 

[Let ;8, y he the ideal points on the curve and note that 

0{ypm=y{yf^Q)-1 

116. Deduce Ex. 115 from Theorems 65, 67. 

117. Prove that the equation of a hyperbola, referred to its asymptotes 

as axes, is of the form xy=<?. 
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THE qUADBANOt.E AlTD QUASBILATEBAL. 



If a system of cnnics circumscribe a given quadrangle, the 
diagonal point triangle is a self-conjugate tiiai^le w.r.t. each conic 
of the system. 




The proof is identical with that of Theorem 76, p^e 1 

Part I. 
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If a system of conies are inscribed in a given quadrilateral, the 
(diagonal line triangle is a self-conjugate triangle w.r.t. each conic 
of the system. 

The proof is identical with that of Theorem 77, page 169, in 
Part I. 

THEOBEH 70. 

If a quadrangle is inscribed in a conic, and if a quadrilateral 
is formed by drawing the tangents at its vertices, then the diagonal 




line triangle of the quadrilateral coincides with the diagonal point 
triangle of the quadrangle. 

The proof is identical with that of Theorem 78, page 168, in 
Part I. 

It is interesting to see what theorem, peculiar to the parabola, 
can be deduced from the general theory of the complete quadri- 
lateral circumscribing a conic, by taking the line at infinity as one 
of the sides of the quadrilateral. 

Let A, B, C, ft be the points of contact of the four tangents. 

Let the tangents at A, B, C form the triangle PQR, and let 
PQK be the diagonal line triangle of the quadrilateral. 
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Let P, t; Q, S; Jl, y he the pairs of opposite vertices of the 
quadrilateral. 

Since P'Q' meets I'Q at y, FQ is parallel to PQ ; 
Similarly QR, RP are parallel to QR, RP. 




Since I'Aa.; QBa; R'Ca. are collinear sets of points, P'A, 
QB, KC are diameters of the parabola. 
Hence we have the following theorem : 

THEOB£M 71. 

Through the vertices of a triangle PQR, circumscribing a 
parabola, lines are drawn paiitlel to the opposite sides forming 
a triangle P'QR ; then P'QR is a self-conjugate triangle w.r.t. 
the parabola; and the diameters through P, Q, K meet the 
curve at its points of contact with QR, RP, PQ. 

118. Prove Theorem 68. 

119. Prove Theorem 69, 

120. Prove Theorem 70. 

121. What theorem can be deduced from the fact that, in Fig. 54, 
A, Q, C and B, Q, a are collinear sets of points? 
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If a conic passes through a fixed point A, and has a fixed self- 
conjugale triangle PQR, then there are three other fixed points 
B, C, D, which lie on the conic, and PQR is the diagonal point 
triangle of the quadrangle ABCD. Further, every conic through 
jA, B, C, D has PQR as a self-conjugate triangle. 



Join AP, AQ, AR cutting QR, RP, PQ at P", Q, R". 

Take points B, C, D dividing PP, QQ, RR' harmonically w.r.t. A. 

Now P is the pole of QR; therefore since {PP ; AB) is 
harmonic, as the conic passes through A, it must pass through B. 

Similarly the conic passes through C, D. 

Since {APBP}= - i = {A<2CQ), 

:. PQ' BC, PQ are concurrent. 
,', BC passes through R. 

Similarly BJ) passes through Q. 

Since {AQ'CQ] = - i = {ARDP}, 

:. QR, CD, QR! are concurrent. 

.'. CD passes through P. 

:. PQR is the diagonal point tri^gle of the quadrangle ABCD. 

:. by Theorem 68, every conic through A, B, C, D has PQR 
as a self-conjugate triangle. q.e.d. 



[ 73. 

If a conic touches a fixed line a, and has a fixed self-conjugate 

triai^le pqr, then there are three other fixed lines b, c, d, which 

touch the conic, and pqr is the diagonal line triangle of the 

»Al a first reading, these theorems may be omitled. 
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quadrilateral abed. Further, every conic touching a, b, c, d has 
pgr as a self-conjugate triangle. 

The proof is left to the reader. 

[It is only necessary to apply the Principle of Duality to the 
method of proof of Theorem 72, see Part I., pages 168-9.] 

122. Prove Theorem 73. 

123. Prove that two conies, which do not have double contact, 
hftTe one and only one common salf-conjug&te triangle. 

124. ABCD is a given quadrilateral ; a variable conic touches AB^ 
AD at B, Z>and cuts BC, DC again at /T, K ; prove that HK meets 
BD in a fixed point 

125. A variable conic passes through four fixed points ; prove that 
the tangents at these points meet on fixed lines. 

126. ABCD is a quadrangle inscribed in a conic; AC, BD meet 
at P \ any line through P cuts AB, CD aX Q, R; prove that the 
perpendiculars from R, P, Q to the line half-way between P and its 
polar are in geometrical progression. 

127. O is any point inside the triangle ABC; AO, BO, CO meet 
BC, CA, AB at D, E, F; prove thai DEF\s a self-conjugate triangle 
w.r.t. any conic through ABCO. 

128. Two chords AB, CD of a conic intersect at ; F, Q are 
tiie poles of AD, BO ; prove that F, 0, Q are collinear. 

129. What theorem is obtained from Ex. 128, by taking BC as the 
line at infinity? 

130. Given a conic, show how to construct, with the use of a 
ruler only, the polar of a given point. 

131. Given a conic, show how to construct, with the use of a ruler 
only, the pole of a. given line. 

132. Two tangents to a conic are fixed ; two others are drawn so 
as to form with the fixed tangents a quadrangle, having two opposite 
sides along the fixed tangents ; prove that one of the diagonal points 
lies on a fixed line. 

133. Two variable chords PQ, RS of a given conic meet at a fixed 
point O; a fixed line through O cuts PS, QR aX L, M; prove that 



OLTOM ' 

134. AA\ Bff are two conjugate diameters of a conic ; PQ is any 
chord ; AP, AQ meet A'Q, A'P at //, ^ ; prove that HK is parallel 
to BB'. 

135. O is the point of intersection of a pair of common chords of 
two conies Su S^ ; a line through cuts 5, at ^„ fi, and -S", at /*», Qj ; 
prove that ^+^=^^+^. 

n,g,t7cdb/G00gIc 
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136. r is the pole of a chord HK of a hyperbola, centre C ; TN, TK 
meet one asymptote at g, JP and the oiher at Q,If; prove that QR, 
QR, HK are parallel. 

137. With the notation of Ex. 136, prove that CTbisects (2^ and QR. 

138. If a parallelogram is inscribed in a conic, prove that the diagonals 
intersect at the centre of the conic. 

139. If a paralleli^ram is circumscribed about a conic, prove that 
the diagonals are conjugate diameters. 

140. Straight lines are drawn parallel to the asymptotes of a hyperbola 
through the mid-point f of a chord PF and meet the curve at g, Q. 
Prove that QQ is parallel to Pf. 

141. If two quadrangles have the same diagonal points, prove that 
their eight vertices lie either on a conic or four by four on two straight 
lines. [Use Ex. 123.J 

142. A, S are two fixed points ; PAQ is a variable chord of a given 
conic ; BP, BQ meet the conic again aX P',Q; prove that P'Q passes 
through a fixed ptoint. 

143. Two conies are inscribed in the same quadrilateral, prove that 
their eight points of contact lie on a conic. [Use Ex. 141.] What is 
the dual theorem ? 

144. PQR is a self-conjugate triangle w.r.t. a conic ; ZQX and XRV 
are chords ; prove that YPZ is a straight line. 

145. Given a conic and a point P outside it, construct the tangents 
from P to the conic, using a ruler only. 

146. ABC is a triangle inscribed in a conic ; prove that an unlimited 
number of self-conjugate triangles PQR can be drawn, such that P, Q, R 
lie on BC, CA, AB. Prove also that AP, BQ, CR are concurrent, and 
find the locus of their point of intersection. 

147. P, Q, R are the mid-points of the sides of a triangle, self- 
conjugate w.r.t. a parabola ; prove that the triangle PQR circumscribes 
the parabola. 

148. G is the centroid of the triangle ABC i prove that the pole 
of the mid-point of BC w.r.t any conic through A, B, C, G is the join 
of the mid-points of AB, AC. 

The importance of the cross-ratio theory of the conic arises 
lai^ely from the fact that the converse of Theorem 57 is true; 
which accordingly supplies a simple and fundamental descriptive 
test as to whether or not a given locus or envelope is- a conic. 
A puiely geometrical method of proof is not at all easy, and is 
therefore reserved to a later chapter (pages 251-3). By malting 
use of results, obtained analytically in Chapter III., Theorem 51, 
it is, however, possible to give a rigorous proof of a very simple 
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character. The analysis of the dual theorem that one and only 
one conic can be drawn to touch five given lines, no four of which 
are concurrent, is somewhat longer, and was consequently omitted ; 
it is, however, shown in Chapter VII. how a point equation can 
be determined from a given line equation ; and by the aid of this 
piece of work, it is easy to complete the theorem (see also p. 259). 



: 74. 

A, B, C, D are four fixed points, no three of which are collinear ; 
/■ is a variable point such that P {ABCD) is constant ; then the 
locus of /• is a conic through A, B, C, D. 




Let Q be any other position of P. 

Draw a conic through P, A, B, C, D, and if it does not pass 
through Q, let its other meet with AQ be Q. 

Then Q{ABCD)=P{ABCD} by hypothesis 

= Q{ABCD) by Chasles' theorem. 

But Q{ABCD}, Q [ABCD] have a common corresponding ray. 

.'. B, C, D are collinear, which is contrary to hypothesis, 

.'. the locus of Q is the conic through P, A, B, C, D. q.e.d. 

This theorem may be stated in another form, which is more 
often useful in rider-work. 

Ji, ^are two fixed points ; HP^, HP^, HP^, ... and AT"!, £P^, 
KP^, ... are two pencils of lines through H, K meeting at /"„ P^, 
/•j, ... . If the cross ratio of any four rays of the first pencil is 
equal to the cross ratio of the four corresponding rays of the second 
pencil, then the points P^, P^, P^, ... lie on a conic through H, K. 

A simple analytical method is indicated in Ex. 149. 
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THEOBEH 75. 

a, b, c,d are four fixed lines, no three of which are concurrent ; 
/k is a variable hne such that f{abcd} is constant; then the 
envelope of / is a conic touching a, b, c, d. 




Let q be any other position of p. 

Draw a conic touching /, a, b, e, d, and if it does not touch 
q, let the other tangent from aq be /. 

Then q [abed] = p {a6<d] by hypothesis 

=i/{abcd\ by Chasles' theorem. 
But q{abcd), q {abed) have a common correspondii^ point. 
.'. b, c, d are concurrent, which is contrary to hypothesis. 



.'. the envelope of q 



i the c 



: touching p, a, b, c, d. 

Q.E,D. 

another form, which is more 



This theorem may be stated i 
often useful in rider work. 

h, k are two fixed Hnes; h^ 
1^3, ... are two ranges of points 

/b, .... If the cross ratio of any four points of the first range is 
equal to the cross ratio of the four corresponding points of the 
second range, then the lines p^, p^^Pt^ ■■■ envelope a conic touching 
A, i. 



*A. ■Vs' ■- aiiJ ¥i< -i/s. 
1 A, i whose joins are /,, p^, 
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The following important property illustrates the application of 
the converse of Chaslea' theprem. Further examples will be found 
in Chapter IX. 



A, B are two fixed points ; /• is a variable point such that PA, 
PB are conjugate lines w.r.I. a fixed conic; then the locus of P 
is a conic through A, B. 




Draw any line AP-^^ through A, and let A-^ be its pole. Join 
BA-^^ and produce it to meet AP-^ at P-^; then AP^, BP^ are 
one pair of conjugate lines, for BP-i contains the pole A^ of AP■^. 
Similarly, construct any number of pairs of lines AP^, BA^^ ; 
AP^, BA^^; .... 

Now, since the polar of A-^ passes through A, the polar of A 
passes through A-^. 

.'. all the points ^,, A^, A^, ... lie on the polar / of A. 

Since the cross ratio of any pencil of concurrent lines is equal 
to the cross ratio of the range formed by their poles, 
A{P^P^^...\^{A,A^^...} 
= B{AjA^^...} 
= B{P^PJ'^...]. 

Therefore, by the converse of Chasles' theorem, as stated in 
the second form, the locus of /* is a conic through A, B. 

Q.E.D. 
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By taking A, B as the circular points at infinity and using 
Theorems ir, 54, we have the following: 

The locus of points, from which the tangents to a conic are at 
right angles, is a circle: called the director circle of the conic. 

149. (i) Prove that the cross ratio of the four lines «=o, u-\v=o. 



(a) If the equations of the lines I/A, HB, HC are «=o, u~\v=q, 
v=o, and the equations of H'A, H'B, jyCare tt'=o, »'-AV=o, i.'=o, 
and if HP, H'P are variable lines such that H{ABCP\ = N-{ABCP), 
prove that the locus of P is the conic \'uv' -)ij/v=o, which passes 
through H, H'. 

150. If H]ABOD}=E{ABOE), prove that the conic thronj^ 
H, K, A, B, touches HD at H. 

161. Enunciate and prove the dual theorem of Ex. 150. 

152. The sides AB, AC of the triangle ABC are fixed in position, 
and AB^AC is constant ; prove that BC envelopes a parabola. 

153. A is the pole of a fixed chord BC of a given conic ; a variable 
tangent to the conic cuts AB, AC at L, M \ prove that BM, CI- meet 
on a fixed conic, touching AB, AC at B, C. 

154. ABC is a given triangle ; /■ is a variable point on a fixed line ; 
BP, CP meet AC, AB axQ,R; prove that QR touches a fixed conic. 
Does the conic touch AB, BC or CA> 

155. A variable line L cats the sides of a fixed triangle at 
Z, T, Z ; if — i^ is constant, prove that L envelopes a parabola. 

156. The sides AB, AC of a triangle are fixed in position, and BC 
subtends a fixed angle at a given point ; find the envelope of BC. 

157. A variable tangent to a conic cuts two fixed tangents at P, Q; 
is any fixed p>oint ; PP is drawn parallel to OQ ; prove that Pf 
envelopies a parabola. 

158. /* is a variable point on the base BC of a fixed triangle ABC; 
Q, R are the feet of the perpendiculars from P to AB, AC; prove 
that QR envelopes a parabola. 

159. PQR is a variable triangle ; PQ, PR pass through fixed points ; 
QR touches a fixed conic, and Q, K lie on fixed tangents to the conic ; 
find the locus of P. 

160. A variable line, drawn from a fixed point, cuts the sides AB, AC 
of a given triangle .^££7 at P, Q; find the locus of the meet of Jg, CP. 

161. A, B are two fixed points ; PQ is a segment of constant length 
on a fixed line ; prove that AP, BQ meet on a fixed hyperbola, and 
determine the directions of its asymptotes. 
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162. P is a variable point on a. fixed line ; PQ is a segment of a 
line passing through a fixed point, which subtends a constant angle 
at another fixed point ; find the locus of Q. 

163. The sides QR, RP, PQ of a variable triangle pass through 
three fixed points D, E, F\ P lies on a fixed conic through E, F; 
Q lies on a fixed conic through F, D ; prove that R lies on a fixed 
conic through D, E. 

164. [Newton's Theorem.] POQ, FO'Q are two angles of constant 
maenitndes ; 0, 0' are fixed points ; F mores on a fixed line ; prove 
th&t Q traces out a conic through 0, O*. 

165. All the vertices, save one, of a polygon lie on fixed lines, and 
all the sides subtend given angles at given points ; find the locus of 
the remaining vertex. 

166. ABC is a given triangle ; a variable line cuts AB, AC at X, V, 
so that BX=AV; find the envelope of XY. 

167. A3CD is a trapezium of constant area ; A, D are fixed points, 
and the parallel sides AB, CD are fixed in position ; find the locus of 
the meet of AC, 3D. 

168. AB is a fixed chord of a given circle ; PQ is a chord of given 
length ; prove that AP, BQ meet on a fixed conic. 

169. ABO, PQB are two triangles inscrihed in a conic; prove 
tliat tbeir six aides touch a conic. 

[Let PQ, PR cut BC at Q, R' and AB, AC cm QR at B, C and 
prove that {BQRC\ = {BQRC\:\ 

170. /' is a variable point on a fixed line L; A, B are two fixed 
points ; PQ is a diameter of the circle ABP ; prove that the locus 
of 2 is a hyperbola, whose asymptotes are perpendicular to AB and L. 

171. ABC is a triangle inscribed in a conic ; the tangents at the 
vertices meet the opposite sides in three points on a line L; MA 
moves on the conic, B, C being fixed, prove that L envelopes a conic. 

172. A variable line passes through a fixed point ; prove that the 
line, joining its poles w.r.t. two given conies, touches a fixed couic 
inscribed in the common self'Conjugate triangle of the two conies. 

173. P is the pole of a variable line i| through a fixed point A w.r.t 
a given conic S-^; Zj is the polar of P w.r.t. another given conic 5, ; 
prove that £,, L^ meet on a fixed conic circumscribing the common 
self-co^jugate triangle of 5, and S^. 

174. A variable line moves so that its extremities lie on two fixed 
lines, and its mid-point on another fixed line ; find its envelope. 

176. AP is a variable chord of a given hyperbola. ^4 is a fixed 
point ; a line through A perpendicular to AP cuts a line through P 
parallel to an asymptote at F ; find the locus of P. 
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176. From points on a fixed line, parallels are drawn to their polars 
iv.r.t. a given conic ; find their envelope. 

177. The sides AB, AC of ^ triangle are fixed in position. If the 
circumcentre of ABC lies on a fixed line, prove that BC envelopes 
a parabola. 

178. Qiven the base and tbe difference of the base angles of a 
ttiangle. And the locne of the vertex. 

179. A variable line is drawn from a fixed point to cut two fixed 
lines AB, AC at /", Q; prove that the locus of the mid-point of PQ 
is a hyperbola, having its asymptotes parallel to AB, AC. 

180. A, S are fixed points on a conic ; P \s & variable point on 
the conic; g is a point on PB such that PAQ is constant; find the 
locus of Q. 

181. /■ is a variable point on a fixed line ; the polar of P w.r.t. a 
given conic meets another given line at Q ; find the envelope of PQ. 

182. P, Q are conjugate points w.r.t. a given conic ; PQ passes 
through a fixed point, and P lies on a fixed line ; find the locus of Q. 

183. What theorem is obtained from Ex. 183, by regarding the 
fixed line as the line at infinity? 

184. /* is a variable point on a fixed line ; O is a. fixed point ; OP 
cuts a fixed conic at Q, R ; U \s a. point such that \Pff; QR) is 
harmonic ; prove that the locus of ^ is a conic 

185. The polars of a point P w.r.t, a system of coaxal circles concur 
at 2 ; L, L' are the limiting points ; if P traces out a conic through 
L, L\ prove that Q traces out another conic through i, L. 

186. Prove that in general two straight lines can be drawn, parallel 
to a given line, such that the segments intercepted on either by two 
other fixed lines subtend a given angle at a given point. 

187. A variable circle passes through two fixed points A, B and 
cuts two fixed lines AC, AD at /*, g ; find the envelope of PQ. 

188. The sides AB, AC of a variable triangle are given in position 
and BC passes through a fixed point. Find the locus of a point 
dividing ^C in a given ratio. 

189. PQP is a self- conjugate triangle «.r.t. a given conic ; /*, Q lie 
on fixed lines, find the locus of R. 

190. Cj°i, CP^; CP^, CP, are two variable pairs of conjugate semi- 
diameters of an ellipse, the order of points on the curve being 
■''1. A. A. -^t ; If ^iP^iP* subtend a pencil of constant cross ratio 
at any point on the curve, prove that PiP-i envelopes a homothelic 
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191. From a variable point H on the side AB of a fixed triangle 
ABC, lines HP, HQ arc drawn to cut BC, AC at P, Q and make 
constant angles with AB ; the circle HPQ cuts AB again at R. Prove 
that (i) the triangle PQfi is of fixed shape ; {2) PQ envelopes a parabola 
touching ^C, BC; (3) the locus of the mid-point R' of PQ is a straight 
line L touching the same parabola ; (4) the locus of the centroid of 
PQR is a straight line touching another parabola which touches AB, L 
and all positions of RK. 

192. If a variable triangle PQR of given shape is inscribed in a 
fixed triangle, prove that the locus of the mean centre of constant 
masses at P, Q, B is in general six straight lines. What interesting 
special cases are there of this theorem ? (Use the method of Ex. 191.] 
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CHAPTER V. 
QENEBAL FBOJECTION. 

The contents of this chapter summarise the application to the 
geometry of the conic of the theory of the circular points 6rst 
developed systematically by Poncelet, in the light of his discovery 
of their connection with the foci. The existence of the real foci 
of a central conic, the name of which is due to Kepler, was known 
to Apollonius, who proved the characteristic property that the lines 
joining any point on the curve to the foci are equally inclined to 
the tangent at that point. The earliest mention of the focus of 
a parabola is found in the writings of Pappus, who enunciates the 
fundamental theorem that the distance of any point on the curve 
from the focus is proportional to its perpendicular distance from 
a fixed line (the directrix). Strange to say, however, this was 
passed over unnoticed, until attention was drawn to it by Newton 
in the Prindpia. An important advance was made by De Lahire, 
a pupil of Desargues, who saw that the directrix could be regarded 
as the polar of the focus, and the focus as a point through which 
conjugate lines are at right angles. These ideas were elaborated 
and amplified by the subsequent researches of Poncelet, Pliicker, 
Steiner and Chasles. 

The significance of the circular points at infinity has been ex- 
plained in Chapter I. They were defined on an analytical basis, 
and were employed to give expression to a definite analytical 
phenomenon (see page 26). In view of this definition, their 
geometrical usage is intelligible only in so far as it connotes an 
analytical operation. 

It is convenient to enumerate the properties which have already 
been established. The circular points at infinity will be denoted 
by lu, "'. 
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(i) Every circle cuts the line at infinity at the same two points 
".. <"' [page 25]- 

(2) Every conic, which passes through lu, <a\ is a circle. [Theorem 

.0.] 

{3) A system of concentric circles have double contact with 
each other at <u, w'. [Theorem 18.] 

(4) Any pair of lines at right angles are harmonically conjugate 
to the isotropic lines through their meet ; and conversely, any two 
lines, which are harmonically conjugate to the isotropic lines, are 
at right angles. [Theorem ii.] 

(s) If two concurrent pairs of perpendicular lines are each 
harmonically conjugate to another pair of lines, that pair must be 
the isotropic lines. [Theorem li.] 

(6) If a variable pair of lines include a constant angle, they 
form with the isotropic lines throi^h their meet a pencil of constant 
cross ratio; and conversely, if two variable lines form with the 
isotropic lines a pencil of constant cross ratio, then they include 
a constant angle. [Theorem 11.] 



[ 77. 

If C is the centre of a circle, Cia and Cia are the asymptotes 
of the circle. 

C is the pole of the line at infinity. 

.'. Cut, Cia are the tangents to the circle at la, a'. 

.'. by definition, Ciu, C*u' are the asymptotes of the circle. 

Q.E.D. 

It should be noted that this supplies another proof of (3). 
For every circle centre C touches Cm, C-i at m, a>' ; and therefore 
all circles, having C as centre, touch each other at «i, <u'. 



If a conic has two pairs of perpendicular conjugate diameters, 
it must be a circle. 

The asymptotes of the conic are harmonically conjugate to each 
pair of conjugate diameters. [Theorem 64.] 

.'. the asymptotes must be the isotropic lines, by (5); 
,'. the conic passes through <u, lu' ; 

.'. the conic is a circle. q.e.d 
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By assuming that two conies cannot cut at more than four points, 
it is possible to give another proof of this theorem. 

Let C be the centre of the conic, and F any point on the conic. 

Let PJ'^, Wg, iVg, PI'^ be the double ordinates to the two 
pairs of perpendicular conjugate diameters. Then, since these 
ordinates are perpendicular to the diameters, we have, by congruent 
triangles, CP= CP^ = CP^ = CP^ = CP^ ; 

.'. the circle centre C, radius CP, cuts the conic at five points; 
.'. the conic must coincide with the circle, q.e.d. 

THEOREM 79. 

(i) Any conic can be projected into a circle having the projection 
of any given point (not on the circle) as centre. 

(j) Any conic can be projected into a circle, and at the same 
time any given line (not touching the circle) into the line at 
infinity. 

(3) Any two points can be projected into u, to'. 




(r) Let O be the given point, and AP its polar w.r.t. the conic. 

Draw any two pairs of conjugate lines OA, OA'; OB, OB' 
through O. 

Project the angles AOA\ BOB' into right angles and the line 
AB to infinity. 

O is therefore projected into the centre of the new conic. 

Therefore OA, OA' ; OB, OB are projected into two pairs of 
perpendicular conjugate diameters. 

Therefore, by Theorem 78, the new conic is a circle, having the 
projection of as centre. q.e.d. 
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(2) Let AB be the given line; then using the process of (i), 
we obtain the required result. 

(3) Let AB be the line passing through the given points P, Q. 
Draw any conic through /•, Q, and project the conic into a 

circle and the line AB to infinity. 

Then P, Q project into the meets of a circle with the line 
at infinity, i.e. m, w'. q.e.d. 

THEOREM 80. 

(i) If a system of conies have two common points, they can be 
projected into a system of circles. 

(i) If a system of conies have four common points, they can 
be projected into a system of coaxal circles. 

(3) If a system of conies have double contact with each other 
at the same two points, they can be projected into a system of 
concentric circles. 

The proof is left to the reader. 
Corollary. 

Any two conies can be projected into two circles. 

[Any two conies have four common points, real or imt^nary.] 

In order to acquire ease in applying the method of genera! 
projection, it is best first of all to practise the reverse process. 
Starting with a known property of the circle, we proceed to deduce 
from it the analc^ous generalised property of the conic. The 
following example will serve as an illustration. 

EXAMPLE. 
Generahse by projection the theorem : if two circles cut ortho- 




gonally, the extremities of any diameter of ( 
conjugate points w.r.t. the other. 



of the circles are 
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Let A, B be the centres of the two circles S^, S^, which intersect 
orthogonally xt C, D; let Cff, CK be the tangents at C. 




Let PBQ be any diameter of 5^. 

We shall denote by dashes corresponding points in the generalised 
figure. 

Now 5;, S^, intersect at C, D and the circular points ibj, w^, 
and may therefore be projected into two conies ^j', S^ cutting at 
C\ D\ «,,', 0,,'. 

CH, CK project into the tangents C'lF, CK' to 5j', 5,'. 

Since HCK=')a', C[BK; o>,uij} is harmonic; 

therefore C'{If, K" ; Wi'wj'J is also harmonic. 

£ is the pole of ai^m^ (the line at infinity) w.r.t. S^, therefore £^ 
is the pole of Wj'ioj' w.r.t. S^. J", Q become the points of 
intersection P", Q of any line through £ with S^' and I"', Q 
are conjugate points w.r.t. S{. 

Hence the theorem (omitting the dashes) : 

Two conies 5j, S^ intersect at C, D, w,, w^; if the tangents at C 
to 5^, S^ are harmonically conjugate to Ctuj, Cta^, and if B is the 
pole of (i>,(U2 w.r.t. 5^, then any line through B is cut by S^ in two 
points which are conjugate w.r.t. 5,. 

1. Prove Theorem 80. 

2. What conic-property can be deduced from ; if two circles touch 
at A and if any line through A meets them again at /*, Q, then the 
tangents at P, Q are parallel. 
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3. Generalise by projection : if ino circles touch each other, the line 
joining their centres passes through the point of contact 

4. Generahse by projection ; if two circles intersect at A, B, the 
line joining their centres bisects AB at right angles. 

6. Generalise by projection : if each of three circles touches the 
other two, then the tangents at their points of contact are concurrent. 

6. Generalise by projection ; if two circles intersect at A, B, the 
angle between the tangents at A is equal to the angle between the 
tangents at B. 

7. Generalise by projection : angles in the same segment of a circle 

8. Generalise by projection ; the angle in a semi-circle is a right 
angle. 

9. Generalise by projection : if a variable circle touches externally 
two fixed circles at P, Q, then the tangents at /", Q to the fixed circles 
meet on a line, viz. the radical axis of the fixed circles. 

10. Generalise by projection : with the notation of Ex. 9, PQ passes 
through a fixed point, viz. a centre of similitude of the fixed circles. 

11. Generalise by projection : if a variable circle touches two fixed 
circles, the locus of its centre is two conies. 

12. Generalise by projection : if the tangents from a variable point 
/* to a fixed circle include a constant angle, the locus of /* is a con< 
centric circle. 

13. If three conies have one common chord, prove that their other 
common chords a 



11. Two conies have double contact ; prove that a chord of one which 
touches the other is divided harmonically by its point of contact and 



16. Generalise by projection : if PQ, JiS are parallel chords of con- 
centric circles, then P, Q, P, S are concyclic 

16. Generalise by projection : if L, M, N are points on the aides 
BC, CA, AB of a triangle, then the circles AMN, BNL, CLM, have 
one common point. 

17. Generalise by projection : ABC is a fixed triangle ; if a variable 
circle passes through A and has B, C as conjugate points, then the 
locus of its centre is a straight line. 

18. {ABCD} is a harmonic range ; is any point outside AD; two 
conies are inscribed in the triangles OBC, OAB, respectively, and 
intersect at two points on OD ; prove that two of their common tangents 
meet at D. 
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19. BC is a fixed chord of a given conic S ; a variable line through 
a fixed point A cuts S aX P, P and BC aX Q; Q is the harmonic 
conjugate of Q w.r.t, F, P ; prove that the locus oi Q 'i&a. conic through 
A, B, C. 

20. A variable conic passes through two fixed points A, B and 
touches two fixed lines ; prove that the locus of the pole of AB is two 
straight lines. 

21. Prove that each pair of common chords of two conies meets a 
common tangent in points which are harmonic conjugates w.r.t. the 
points of contact. 

22. Three fixed conies have double contact with each other at the 
same two points ( prove that any line Couching one of them is cut by 
the others in a constant cross ratio. 

23. Prove that a system of conies circumscribing a given triangle can 
be transformed by projection and inversion into a system of straight lines. 

"i^ A, B are two fijted points on a fixed conic ; /" is a variable point 
on a fixed straight line ; PA, PB meet the eonie again ax R, S; find 
the envelope of RS. 

26. Two triangleB ore in perepectiTe, and their six vertices lie on 
& conic S ; prove that the pole of the axis of perspective w.r.t. B is 
the centre of perspective. 

26. From a fixed point O on a conic, chords OP, OF' are drawn 
etmaUy inclined to a fixed chord OA ; prove that FF' passes through 
a fixed point. [If AB is the chord which subtends a tight angle at 
O, project A, B into w, w'.] 

^. A polygon of 2« sides is inscribed in a conic ; if the joins of 
its opposite vertices concur at a point G, prove that the joins of the 
opposite vertices of the polygon, formed by the tangents to the conic 
at the vertices of the first polygon, also concur at G. 

28. Generalise by projection : if the mid-point of a variable chord 
PQ of a circle lies on a fixed line, then PQ envelopes a parabola. 

29. A triangle is inscribed in a conic S ; two of its sides pass 
through fixed points A B ; if AB meets S at C, D, prove that the 
third side envelopes a conic, having douhle contact with S at C, D. 

30. Generalise by projection ; a variable circle passes through a fixed 
point and touches a fixed line, then the envelope of the polar of another 
fixed point is a conic. 

State also the dual of the generalised theorem. 

31. Generalise so as to obtain a theorem for two parabolas ; it is 
possible to draw two circles to touch a given circle S ax a. given point, 
and to touch a given line / which intersects S ; moreover the points of 
contact with / are harmonically conjugate to the meets of / and S. 
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32. Generalise by projection ; two circles touch at A ; PR, QS are 
two chords such that A, P, Q and A, R, S are coUinear, then PR, QS 
are parallel. 

33. Two conies have double contact at A, B; prove that the 
polars of any given point w.r.t. the conies meet on AB. 

34. A variable conic passes through four fixed points, prove that 
the meets of its tangents at these points lie on three fixed lines. 

36. ABO is a trUnsle insetfbed in a conic; prove tiiat the 
tangents at the verticea meet the opposite sides in three colUnear 
points, [If the three points are P, Q, R, project the conic into a 
circle and PQ to infinity.] 

36. H, E are the poles of two choids PQ, B8 of a conic ; prove 
that H, E, P, Q, B, S lie on a conic. 

37. Two conies touch at P and cut at Q, R; the tangent at P 
meets fi^ at T; a line through r cuts one conic ax L, M ; PL, PM 
cut the other conic at £', M" ; prove that LM passes through T. 

38. Generalise by projection : a line cuts two concentric circles, the 
first at A, B and the second at C, D \ then AB, CD have the same 
mid-point. 

39. Generalise by projection : if a variable circle touches a given 
circle and cuts a given line at a given angle, then it touches a 
second fixed circle : and the line is the radical axis of the two fixed 

40. A variable conic touches two fixed lines and passes through two 
fixed points A, B ; prove that the chord of contact passes through 
one of two fixed points J/, K \ and that \AB; HK\ is harmonic. 

41. A system of conies pass through four fixed points A, B, C, D , 
tangents are drawn from a fixed point on AB to the system ; prove 
that the locus of the points of contact is a conic through C, D. 
Write down the dual theorem. 

42. is the centre of a conic; if Cu, Otu' are conjugate lines, 
prove that the conic is a lectangnlar hyperbola. 

43. Three conies pass through four fixed points; prove that a 
common tangent to two of them is divided harmonically by the third. 

1A. P, Q are two fixed points on a fixed conic tr ; a variable conic 
5 passes through P, Q and two other fixed points, and meets <t at 
H, K ; prove that HK passes through a fixed point. 

15. Through a fixed point D, a variable conic is drawn having 
double contact with a fixed conic S ; prove that the chord of contact 
meets the tangent at Z7 on a fixed line, viz. the polar of D w.r.t. .S. 
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46. AB is a common chord of two conies; PQ, JfS are chords of 
the two conies ; if P, P, A and Q, S, B are colhnear sets of points, 
prove that PQ, RS meet on the other common chord. 

47. FroTe liy projectdon the haimonic properties of a conic 
iiuciibed in a iinadrilateral and circnmscribins a (Lnadrangle. 
[Project the inscribed quadrangle into a parallelc^am and the conic 
into a circle, and note that a cyclic parallelogram roust be a rect- 
angle.] 

48. [Briancbon's theorem.] If a hexagon ciicnuiBCTibeB a conic, 
prove that the Joins of opposite vertices ate concntrent. [If two 
of the joins meet at O, project the conic into a circle, having the 
projection of O as centre.] 

49. PAQ, PBR are chords of a 6xed circle PQR\ A, B art fixed 
points ; RS is a chord parallel to AS ; prove that QS passes through 
a fixed point. 

50. Two conies touch at .^ ; .P is a variable point on the common 
tangent a.t A ; g, * are the points of contact of the tangents from 
F to the conies ; prove that QR passes through a fixed point 

51. The chords PF, QQ; RR, SS', TV, WW of a conic are 
concurrent; if a conic can be drawn to touch PQ, QR, RS, ST, 
TW, WP, prove that a conic can also be drawn to touch P'Q', QR', 
KS-, ST, TW. IV'P'. 

62. PQR is a triangle inscribed in a fixed conic ; PQ, PR are 
fixed in direction ; prove that QR envelopes a conic having the same 
asymptotes as the given conic. 

53, The sides PQ, PR of a triangle self-conjugate w.r.t. a given 
conic cut any tangent to the conic at H, K ; H', K' arc harmonic 
conjugates of H, K w.r.t PQ, PR respectively. 

Prove that IfK' touches the conic. 

Deduce a special theorem for the parabola. 

Write down the dual theorem. 

H. Prove that the locus of the centres of hyperbolas passing through 
two fixed points and having their asymptotes parallel to two given 
lines is a straight line. 

55. j4 is a fixed point ; /* is a variable point on a fixed line ; AP 
cuts a fixed conic aX Q, R; find the locus of the harmonic conjugate 
of P w.r.t a ^■ 

66. 7" is a pole of a chord PQ of a conic 5, ; a conic S^ is drawn 
having TP, TQ as asymptotes ; prove that one pair of common chords 
of 5, and 5j is parallel to PQ. 
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67. Two conies ^i, Sf cut at A, B, C, D\ \i H is the pole of 
AB and CD w.r.t. 5, and S^ respectively, prove that there exists a 
point K which is the pole of CD, AB w.r.t. S^, S^, and that the 
six points A, B, C, D, H, K lie on a conic. 

58. A variable conic touches two fixed lines at fixed points ; PQ 
is a chord of the conic, the pole of which is fixed ; find the locus of 
/-and Q. 

69. PQR is a triangle, self- conjugate w.r.t. a conic S ; prove that 
an unlimited number of triangles can be inscribed in S, which are 
circumscribed to PQJi. 

60. A variable conic passes through four fixed points A, B, C, D 
and cuts two fixed lines AE, BF ai H, K ; prove that HK meets 
CD at a fixed point. 

61. [Pascal's theorem.] The three pairs of opposite sides of a 
hexagon, inscribed in a conic, meet at P, Q, B; prove that F, 
Q, £ are collinear. [Project the conic into a circle and PQ to 
infinity.] 

82. Two common tangents of two conies meet at A ; any two 
secants APQ, ARS cut off on the two conies the chords PR, QS ; 
prove that PR, QS meet on one of the common chords of the two 
conies, provided the proper position, of the two possible positions, of 
.S" is chosen, 

63. A variable conic passes through three fixed points uid has 
two fixed points as conjugate points ; prove that it passes through 
a fourth fixed point. 

64. If a sTstem of conies, circumscribing a fixed quadrangle, are 
projected into a system of coaxal dicles, prove that two of the 
diagonal points prefect Into the limiting points. 

65. Two conies are inscribed in the triangle ABC; FQ is one of 
their common chords ; the fourth common tangent meets BC at D ; 
AF is the harmonic conjugate of AD w.r.t AB, AC; prove that 
A{FD% PQ) is harmonic. 

66. Two conies touch the same line at P, Q and cut at A, B, 
C, D ; prove that a conic through A, B, C, D and the mid-point of 
PQ has one asymptote parallel to PQ. 

67. A tangent to a conic meets two conjugate lines AB, AC w.r.t. 
the conic, M B, C', the other tangents from B, C to the conic meet 
at D ; prove that A, D are conjugate points w.r.t. the conic. 

68. Two parabolas touch at P and cut %\ Q, R; prove that PQ, 
PR are harmonically conjugate to the diameters through P of - the 
two curves. 
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69. PQ, PQ are iwo chords of a conic equally inclined to the 
normal chord PP" ; prove by projecting Q, Q into w, la, that PQ, 
P'Q are harmonically conjugate w.r.L P'P and the tangent at P". 

70. Prove that a triangle inscribed in a conic can be projected 
into an equilateral triangle inscribed in a circle 

71. A, B are two fixed points ; P is a variable point snch tliat 
PA, PB are conjugate lines w.r.t. a fixed conic it; prove that th« 
locns of P is a conic thronjfh A, B. [Project <r into a circle having 
the projection of A as centre.] 

Dedoce, \ff taking A, B as the circolai points, that th« locns 
of a point from which the tangents to a conic are at right angles 
is a>ircle. 

72. A polygon is inscribed in a conic 5, and circumscribes a conic 
Si ; the lines joining its vertices to any given point cut ^i at the 
vertices of a new polygon ; prove that the sides of this polygon also 

73. T is the pole of a fixed chord PQ of a conic S ; a variable 
tangent cuts TP, TQ at H, K ; prove that the locus of the mid-point 
of HK is a conic, having double contact with S. 

74. Generalise by projection : a straight line cuts two circles at ^„ 
A^ and B^, B^ and their radical axis at O, then -(rB~'OA' 

75. ABCD is a given quadrilateral ; £" is a fixed point on CD; P 
is a variable point such that P[ACBE\ = P{AEBD) ; prove that the 
locus of /* is a conic circumscribing the triangle ABE, and having 
C, D as conjugate points. 

THE FOOL 
Definition. 

(i) If a quadrilateral is formed by drawing the pairs of tangents 
from the circular points at infinity, (o, u' to a conic, and if S, H; 
S, H" are the other two pairs of opposite vertices, then S, H and 
S, IT are called the foci of the conic. 

(a) Further, the lines SH, S'JT are called the principal axes 
of the conic. 

(3) The polars of the foci w.r.t. the conic are called the directrices 
of the conic ; and the chord through a focus parallel to the corre- 
sponding directrix is called the latos rectum. 

(4) If a system of conies have the same foci, they are said to 
be confocaL 
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THEOBEM 81. 

(i) Every real conic has four foci, of which two are real and 
two aie conjugate imaginaries. 

(a) Every real conic has two real principal axes, which are a 
pair of perpendicular conjugate diameters of the conic. 

(3) Every pair of conjugate lines through any focus of a conic 
are at right angles ; and conversely two perpendicular lines through 
a focus are conjugate lines. 




(i) (u, oi' are conjugate imaginaries. 

Therefore the pair of tangents <aS, loH are the conjugate imagi- 
naries of the pair of tangents lo'-S, niH, since the conic is real. 

But two conjugate imaginary lines meet at a real point. [Th. i.] 

Therefore either taS, •aS; i^H, ioH or wS, -iH; toH, <o'S meet 
at real points, but not all four pairs, since the lines SS', etc., are 
imaginary. 

Suppose, then, that the first pair meet at real points; 
.-. S, H are real. 

In that case, <oS, niH are the conjugate imaginaries of taH, la'S. 
Therefore their meets It, S' are conjugate imaginary points. 

Q.E.D. 

(a) Since S, If are real and 5', ff" are conjugate imaginaries, 
the lines SIf, S'H' are both real. [Th. !.] 
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From the theory of the circumscribed quadrilateral, the meet C 
of SH, S'H' is the pole of 0™', i.e. the line at infinity, and is 
therefore the centre of the conic. 

Also CH, CH" are conjugate lines w.r.L the conic. [Th. 69.] 

Therefore CH, Clf are conjugate diameters. 

But C{HR'; u«o'} is harmonic, therefore HCH' = ^<>. 

Therefore the two principal axes are a real pair of perpendicular 
conjugate diameters. q.e.d. 

(3) If SP, SQ are a pair of conjugate lines through S, 
S{J'(2;«Ho'} is harmonic, [Th. 54]; therefore PSQ = <)o°. 

^ Q.E.D. 

Conversely, i( PSQ = go°, S{PQ; W} is harmonic; 

and therefore SP, SQ are conjugate lines. [Th. 54.] q.e.d. 



Corollary i. 

The four directrices form a parallelogram whose sides are parallel 
to the principal axes. 

The proof is left to the reader. 

Corollary a. 

A conic is a curve which is symmetrical about each of two lines 
at right angles, viz. the two principal axes. 

This fundamental theorem is modified slightly, if the conic is 
a parabola [see Fig. 63]. 
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In this case, by hypothesis, the line mw' touches the conic, at 
H say. The lines taHH"^ <i>HS', H'CS of Fig. 62, then coincide 
with «Ku'; the points H', S' coincide with w, lu'; and C coincides 
with H. 

A parabola therefore has one focus at a finite point, one focus 
at its centre, which is the point at infinity on the curve, and the 
other two foci at the circular points. It has one finitely situated 
principal axis, which bisects all chords perpendicular to it ; while 
the other principal axis is the line at infinity. 

If the conic is a circle, a further interesting special case arises, 
which the reader should examine for himself (see Ex. 79). 

It is important that the reader should understand that Figs. 63, 
63 have no purely geometrical counterpart. As has been said 
already, the circular points at infinity (as previously defined) have 
no meaning apart from analysis. This method of establishing 
the existence of the foci of a conic is simply a statement of an 
analytical process, which can be expressed more briefly, and is 
more easily apprehended, if geometrical terms are used ; while 
the figures merely serve the purpose of indicating the substance 
of the ai^uments employed. 



[Pappus' theorem.] 
S is the focus of a conic ; /• is a variable point on the cui 
M is the fool of the perpendicular from P to the directrix, 1 

responding to S; then -=^ is constant. 




Let N be the foot of the perpendicular from any other point Q 
on the curve to the directrix. 



b> Google 



v.] GENERAL PROJECTION 137 

Let PQ meet the directrix in R, and let T be the pole of PQ. 
Now the polar of S (viz. the directrix) passes through R\ 

.'. the polar of J? passes through 5. 
Also the polar of T passes through R; therefore the polar of 
R passes through T; 

.'. the polar of R is TS; 

:. ST, SR are conjugate lines ; 

-■. RST=go'. [Theorem 81 (3).] 
But S{RT;PQ} is harmonic, since 57" is the polar of R; 
:. SR, ST are the bisectors of PSQ; 
SPPR 
SQ QR 

= ^' by parallels; 

SP SQ^ 
PM^ QN' 

,", -=— -, is constant. 

PM QKD. 

Corollary. 

If the conic is a parabola, ■W»>=i- 

Let the diameter through S cut the directrix at X and the 
curve at A, a, [a being at infinity]. 

SA is perpendicular to the directrix by Theorem Si, Cor. i. 

Further [Aa; SX} is harmonic, so that -jtv= i. 

76. Prove Theorem 81, Cor 1. 

77. ProT« that the centre of a conic bisects the line joining the 
two foci on either principal axis. 

78. Prove that all parabolas, having a common focus, may be 
regarded as inscribed in a common triangle. 

79. Prove that the four foci of a circle coincide with its centre. 
Where are the directrices ? Draw a figure, analogous to Fig. 62. 

80. Prove that the finite focus of a real parabola is a real point 

81. Prove that any conic through the four foci of a conic must be 
a rectangular hyperbola. 

82. It is said that the four foci of a conic form a triangle and its- 
orthocentre. Discuss the validity of this statement. 
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83. The centre S of a circle is a focns of a conic ; prove that S 
may he regarded as a meet of two of the common tangents of the 
circle and conic. 

84. 5,, S, are two conies inscribed in a quadrilateral ABCD; S^ is 
any conic through A, B, C, D. If 5,, A'3 are projected into confocal 
conies, prove that 5j will become either a circle or a rectangular 
hyperbola. 

86. A side BC ai a triangle ABC, self conjugate w.r.t a conic, 
meets a directrix at /" ; if 5 is the corresponding focus, prove that 
PSA^<yf. 

86. ABCD is a quadrilateral circumscribing a conic ; if the diagonals 
AC, BD meet at a focus, prove that they are at right angles, and 
that the third diagonal is a direarix. 

1 be projected into 

88. Prove that any two conies can be projected into confocal conies. 

89. Prove that a conic, and two pioints off it, can be projected into 
a. conic, its centre and one focus. 

90. Given a point .^ on a conic, and a point B off it, prove that 
the conic can be projected into a parabola having the projections of 
A^ B z& vertex and focus. 

SI. If the tangents at two points F, Q of a conic, focns S, meet 
at T, prove that TF, TQ snhtend eqnal or supplementary angles 
at S. 

92. PQ is a variable chord of an ellipse, through a focus S \ H \^ 
the other real focus ; the bisector of PHQ meets PQ at R ; prove 
that the locus of i? is a conic through S, H. [Use Ex. 91.] 

93. T is the pole of a chord PQ of a conic ; N is the foot of the 
perpendicular from T to a principal axis ; prove that NP, NQ are 
equally inclined to the axis. 

94. P\%a. point on a conic, centre C, focus S ; CP meets the directrix, 
corresponding la S, aX K ; prove that the tangent at P is perpendicular 
to SK. 

95. A chord PQ, passing through the focus 5 of a conic, meets 

the corresponding directrix at R% prove that -5-j5+-B7i=^7i- Hence 

I , KP R^ *^^ 

prove that -cp+-c(j remains constant as PQ turns about S. [Use 



96. The tangent at /* to a conic meets a directrix at R; prove 
that PR subtends a right angle at the corresponding focus. 
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97. The directrix of a hyperbola meets an asymptote CT at T ; 
.S is the corresponding focus ; the other tangent from T to the curve 
touches A a\P', prove that SP is parallel to CT. 

96. PSF, QSQ are two focal chords of a conic; QQ cuts the 
tangents at P, P" 'in li, K and the corresponding directrix in N; 
prove that KH^\ NS\ is harmonic. 

99. Prove that conies having the same focus and directrix can be 
projected into concentric circles. 

100. Two conies have a common focus and directrix ; a chord PQ 
of one touches the other at H and meets the directrix at K ; prove 
that {PQ ; HK\ is harmonic. 

101. Deduce a theorem for the parabola from : N is the foot of 
the perpendicular from a point P on an ellipse to a principal axis 
AA'; C is the centre; NQ is drawn paraUel to AP and meets CP 
at Q ; then AQ is parallel to the tangent at P. 

102. If a ssrstem of coulee pass through four givea points, prove 
that the polars of a giyen point v.r.t. the syBtem are concnrrent. 

What ia the dual theorem? 

By takmg a special case of the dual theorem, obtain a property 
of the centres of the system of conies. 

By projecting the dual theorem, obtain a property of confocal 
conies. 

103. A conic passes through three fixed points and touches a fixed 
Straight line ; prove thai the locus of the pole of the line joining two 
of the points is a conic touching each of the joins of the fixed points. 

104. Prove that it is possible to project a conic and two conjugate 
lines into a parabola, its directrix and latus rectum. 

105. Generalise by projection : the circumcircle of a triangle cir- 
cumscribing a parabola passes through the focus of the parabola. 

106. Prove that it is possible to project a conic, and a point off it, 
into a rectangular hyperbola and its focus. 

107. If a conic and one of its foci is projected into a circle and 
Its centre, prore tiiat any angle at the ibcns is unaltered in 
magnitude by pngectlon. 

Use this method of projection to deduce angle properties of a 
conic ftom a circle. \_e.g. Ex. 91, 96, iiz, etc] 

108. Assuming that the locus of a point from which a parabola is 
viewed under a constant angle is a parabola having double contaa 
with the first parabola, explain why the position of the points of 
contact is Indeptendent of the value of 6 ; and discuss the special case 
(?=5o*. 
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109. Generalise by projection : the onhocentre of a triangle, circum- 
scribing a parabola, lies on the directrix. 

110. Generalise by projection ; if a variable circle touches two fixed 
circles, centres A, B, then the locus of its centre is two conies, each 
having A, B as foci. 

111. The foci of any curve are defined as the points from which 
two of the tangents to the curve are isotropic lines. Prove that the 
inverse of a focus of a curve is a focus of the inverse curve. 

112. Two chords PQ, QR of a conic subtend equal angles at a 
focus ; prove that PR meets the tangent at Q on the directrix. 

113. A line drawn through the focus 5 of a hyperbola, parallel to 
an asymptote, meets the curve at Q ; prove that ^Q is equal to the 
latus rectum. 

114. If in Ex. 113, SQ meets the other asymptote at R, prove that 
^QR is equal to the length of the real axis. 

115. The tangent at a point P on a hyperbola, focus S, meets an 
asymptote CT at T; SP meets CT at Q; prove that QT=QS. 



A system of conies, touching four straight lines, can be pro- 
jected into a system of confocal conies. 

It is only necessary to project one pair of opposite vertices of 
the circumscribing quadrilateral into the circular points at infinity ; 
for, by definition, the projected system is then confocal. 

Q.E.D. 

Corollary. 

Any two conies can be projected into two confocal conies. 
[Any two conies have four common tangents.] 



[ 81. 

A system of conies, having a common focus 5 and a c 
corresponding directrix L, can be projected into a system of con- 
centric circles, having the projection of S as centre. 

With the usual notation, let Sm, Sm' cut Z at /*, Q. 

Then since the conies have 5 as focus and Z as directrix, by 
definition each touches Sto, Sw' at P, Q. 

If then P, Q are projected into the circular points at infinity 
each conic becomes a circle having the projection of .S as centre. 

Q.E.D. 
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NOTE ON METHOD. 

For rider work, it is useful to bear in mind to what extent 
metrical properties can be transmitted by projection. 

(1) It has been pointed out already that harmonic and cross- 
ratio properties of ranges or pencils are unaffected by projection. 

(i) If A, B, C are three collinear points, the ratio -pr^ can 
be transmitted to the projected figure, by writing it in the form 
{ABC-a }, where 00 denotes the ideal point on AB. 

And in particular, if AB = BC, it must be restated in the form 
[ABCoi) is harmonic. 

(3) The fact that an angle ABC is a right ai^le can be 
allowed for, by saying that the pencil B{AC; umo'} is harmonic. 

If the angle ABC is of constant magnitude, this must be re- 
written as S{^ioCoi'} = constant. 

(4) The condition that a conic is a circle is satisfied by saying 
that it passes through a, 01. 

(5) The condition that a conic is a rectangular hyperbola 
requires that <ii, cd' should be conjugate points w.r.t. it. 

(6) The condition that a point 5 is a focus of a conic 2 is 
equivalent to the statement that 5<u, Sm' are tangents to S. 

As has been already noted, it is frequently easier to see how 
to prove a theorem which is expressed in general, rather than 
special terms. Consequently it may be desirable sometimes first 
to generalise the given problem, and then project it afresh by a 
different method. The following example illustrates these remarks. 

EXAMPLE. 

Any circle through the centre C of a rectangular hyperbola cuts 
the curve at If, K; then one pair of common chords of the 
circle, and a conic through If, K, which circumscribes any triangle 
self-conjugate w.r.t the hyperbola, are conjugate lines w.r.t. the 
hyperbola. 

Now Ciout' is a triangle inscribed in the given circle S^, and 
it is also self-conjugate w.r.t. the hyperbola 2. 

The given theorem is therefore a special case, by projection, 
of the following : 

Each of two conies S^, S^ circumscribes a triangle self-conjugate 
w.r.t a third conic 2, and two of their common points H, K lie 



b> Google 



142 



PLANE GEOMETRY 



[CH. 



on 2; then one pair of their common chords are conjugate lines 
w.r.t. 2. 

I'roject this generalised form, so that H, K become the circular 
points at infinity. 

We then obtain : 

Each of two circles S^, S^ circumscribes a triangle self-conjugate 
w.r.t. a third circle 2, then their radical axis is conjugate to the 
line at infinity w.r.t. 2, or 'in other words, their radical axis 
passes through the centre of S. 

This last theorem is easily proved. 




Let PQR, ABC be the two triangles, and O the centre, and 
r the radius of 2. 

Then O is the orthocentre of FQR and ABC. 
Let OC meet AB at D and S-^ again at E. 
Then by elementary theorems [Part I, Th. 23, 7 1-] 
Or) = DE and OC.OD-r^; 
.-. OC.0E=2OC.OD = 2r', 
,-. the square of the tangent from to ^j = 2^, 
and similarly with S^- 

.'. O lies on the radical axis of S^ and S^. q.e.d. 
This theorem is a special case of Theorem 221. 
116. Four conies pass throng the points A, B, C, D; pioTe 
tliat the ciosB-iatio of the pencil foimed by the tangents at A 
to the conies is the s&me as that at B or or D. 
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117. From a fixed point T, the tangents TA, TB, are drawn to 
a fixed conic; PQ is a variable chord, such that T{PQ; AB\ is 
constant ; find the envelope of PQ. 

lis. Generalise by projection : /* is a variable point on a given 

CP 
circle ; C is a fixed point ; CP is produced to g so that ^y) '* <^n" 

stant ; then the locus of Q is another circle. 

119. A system of conies have double contact with each other at 
two fixed points A, B ; prove that the poles of a given liiie PQ 
w.r.t. the system lie on another line PR such that P{AB ; QR) is 
harmonic. 

120. Generalise by projection : the nine-point circle of a triangle 
touches each of the four circles which touch the sides of the triangle. 

121. Generalise by projection: the locus of the foci of ellipses 
which touch the four sides of a given parallelogram is a rectangular 
hyperbola, circumscribing the parallelogram. 

122. Three conies Si, 5j, .^3 have a common chord AB; prove that 
the locus of a point P, which is such that its polars w.r.t. S,, S^, S^ 
are concurrent, is the line AB and a conic 2 through A, B. Further, 
if 2 meets S^ in P and the tangent at P to 5, in p, prove that 
P,p',A,B form a harmonic system of points on "£,. 

123. Generalise by projection : the locus of the centre of a conic 
inscribed in a given quadrilateral is the straight line through the mid- 
points of the three diagonals. 

124. The base of a triangle passes through a fixed point A ; the 
extremities of the base move on fixed tangents to a conic, and the 
remaining sides touch the conic; AP, AQ are the tangents from A 
to the conic ; prove that the locus of the third verte.t of the triangle 
is a conic having double contact with the given conic at P, Q. 

125. If two triangles ABC, PQB are sncli that the sides of one 
are the polaiB of the vertices of the other w.r.t. a conic, prove 
that the triangles are in perspectdve. [Project the conic into a 
circle having the projection of A as centre.] 

126. Generalise by projection : if a variable circle touches a fixed 
conic at a fixed point and cuts it again at P, Q, then PQ is fixed in 



127. Generalise by projection : if a circle has double contact with a 
conic, its chord of contact is parallel to one of the axes of the conic. 

128. Generalise by projection : a variable conic is inscribed in a 
given triangle ; if one focus lies on a fixed line, then in general, the 
other focus lies on a fixed conic. 

If, however, the fixed line passes through a vertex of the triangle, 
the other focus Ties on another straight line through the same vertex. 
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129. Generalise by projection : if two conies have the same directriit, 
then their common points are concyclic. 

Deduce, by projecting the generalised form, a property of coaxal 

130. Two conies cut at A, B, C, D; a variable line through A 
meets the conies ai P, Q; prove that B',PCQD) is constant. 

131. A, B are two fixed points ; C is a fixed point on a given 
conic ; PQ is a variable chord such that C{AB ; PQ\ is harmonic ; 
prove that PQ passes through a lixed point 

What theorem is obtained by taking A, B at w, (u'? 

132. A variable parabola touches the sides of a fixed triangle ABC ; 
prove that each chord of contact passes through a fixed point. 

What theorem is obtained by projecting B, C into ui, lu'? 

133. AA', BB', OC, DD' are four concnneiit chords of a conic ; if 
P is anj other point on the conic, prove that 

P{ABCD|=P{A'B'Giy}. 

131. The joins of the meet // of two common tangents of two conies 

to any four points A, B, C, D on one of the conies cut the other at 

AiA^, B^Bi, Cid, DJ)^\ P, Pi are any two points on the eonics, 

prove that, with an appropriate selection of points, 

F{ABCD\=P^{A^BiCiDy) = Py{A^B^C^^). 

135. Generalise by projection : 3 conic has double contact with a 
circle S, at A, B, and cuts a circle, concentric with S^, at P, Q, R, S ; 
then AB is parallel to PQ and RS, and is halfway between them. 

136. p, q are two fixed lines, touching a given conic 2 ; a variable 
conic S touches p, q and two other fixed lines ; prove that the other 
two common tangents of S, 2 meet on a fixed line. [Project the dual 
theorem.] 

137. Sx, S^, S^ are three conies inscribed in the same quadrilateral ; 
P is a point of intersection of S, and S^ ; prove that the tangents at 
P to S'l, 5j are harmonic conjugates w.r.t. the tangents from P to S^ 
[Project the dual theorem.] 

138. A straight line cuts one conic in A, B and another conic in 
C, D. The tangents at A, B meet the tangents at C, D \\i F, G and 
H, K. If the conies cut each other at P, Q, R, S, prove that the 
eight points PQRSFCHK lie on a conic. 

139. Generalise by projection : O is the centre of a system of con- 
centric circles ; then the mid points of their chords of intersection with 
a given eonic S lie on a rectangular hyperbola through O and the centre 
of 5. 

140. Generalise by projection : if, from two variable points on the 
directrix, which subtend a constant angle at the focus, tangents are 
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drawn to the conic, then they intersect on one of two conies having the 
same focus and directrix. 

141. Three conies a, ,8, 7 circumscribe a triangle DEF; fi, y\ y, a ; 
a, p meet again at A, B, C; a fourth conic through £", F cuts a in 
G, N; P \.n K, L; y in M, N; if the conies ADEFG, BDEFK, 
CDBFM have four common points, prove that the conies ADEFH, 
BDEFL, CDBFN also have four common points. 

142. Generalise by projection : the director circles of all eonics 
touching four fi^ed lines are coaxal. [The director circle of a conic is 
the locus of points, from which the tangents to a conic are at right 
angles ; see Theorem 76.] 

143. Generalise by projeaion : if a variable conic has double contact 
with each of two circles, centres A, B ; then the locus of its centre is 
the line AB and the circle on AB as diameter. 

144. A triangle is circumscribed to a given conic ; two of its vertices 
move on fixed lines which meet at T\ TP, TQ are the tangents from 
T to the conic; prove that the locus of the third vertex is a conic 
having double contact with the given conic at P, Q. 

145. Prove that the asymptotes of all conies which Couch two given 
straight lines at given points envelope a parabola. 

146. //, K are fixed points on the tangent at a point F on a. given 
conic ; TP, TQ are a pair of variable tangents, such that T{PQ ; HK\ 
is harmonic ; find the locus of T, 

147. ABCP are four points on a hyperbola ; two lines through P, 
parallel to the asymptotes, meet BC, CA, AB at L, Af, N and L', M', 

N ; prove that -rFT-,= ,,, ■„ ■ 

[Project A, C into <o, m\ and prove B{LMNK)=S{IJM'N-':a').'\ 

148. The chords of contact of two common tangents to two conies 
meet at H ; prove that H is one of the diagonal points of the quadrangle 
formed by the points of intersection of the conies. 

149. Generalise by projection : the envelope of the polars of a given 
point w.r.t. a system of confocal conies is a parabola touching the 
axes of the system. 

150. A system of conies is inscribed in the triangle ABC, so as to 
touch BC at a fixed point D. Prove that the tangents at the points, 
in which any fixed line through D cuts the conies again, envelope a 
conic. [Project the dual theorem.] 

151. A, B are fixed points on two of the sides of a given quadri- 
lateral, the other tangents from A, B to any conic inscribed in the 
quadrilateral meet at P ; prove that the locus of i* is a straight line. 
[Project the dual theorem.] 
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152, TP, TQ are the tangents to two conies at one of their points 
of intersection ; A, A' are any pair of opposite vertices of the quadri- 
lateral formed by their common tangents; prove that T{PQ; AA'\ is 
harmonic. [Project the dual theorem.] 

153. [Hesse's Tlwoiem.] If two pain of opposite TertdtMs of a 
complete qiiftdTils,taral are conjugate points w.r.t. a conic, iwove 
that the third pair are also conjugate points. [Part I., Th. S6 (3) 
and p. 161, Ex. 12.] 

164. The asymptotes of two hyperbolas are parallel ; prove that their 
common chord is parallel to one of the diagonals of the parallelogram 
formed by the asymptotes, 

156. Generalise by projection : AS is a chord of a given circle, 
fixed in direction ; a point P divides AB in a given ratio ; then the 
locus of P is a conic having double contact with the circle. 

156. Generalise by projection : a variable circle cuts a fixed circle 
orth<^onally and touches a fixed straight line ; then the locus of its 
centre is a parabola, and the envelope of the radical ;ixis of the two 
circles is a conic. 

157. Generalise by projection : a system of circles pass through two 
fixed points A, B ; a fixed line AC through A meets any one of the 
circles at P ; then the tangent at P envelopes a parabola whose focus 
is B. 

Write down the dual of the generalised theiirenn, and deduce from 
it a theorem for a system of parabolas. 

X68. Generalise by projection : PQS is an equilateral triangle in- 
scribed in a circle ; three parallel lines through its vertices cut the 
circle again at P", Q, R ; then FQR is an equilateral triangle, and 
the six sides of the two triangles toiich a concentric circle. 

159. A variable parabola touches the sides of a given triangle ABC 
at P, Q, Ri AP, BQ, CP concur at ; prove that the locus of is 
a conic circumscribing the triangle ABC. [Project B, C into (a, w', 
note that R{AO ; QP)= - 1, and assume that the foot of the perpen- 
dicular from the focus of a parabola to any tangent lies on the tangent 
at the vertex.] 

160. PQ is a variable chord, of fixed direction, of a parabola ; find 
the locus of a point dividing PQ in a constant ratio. 

161. Two conies have four-point contact at A ; any line through A 
meets the conies aX P, Q; prove that the locus of the meet of the 
tangents at P, Q \s a, straight line. 
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CHAPTER VI. 

OELEBBATED' PBOPEBTIES OF THE COHIG. 

The initial theorem of this chapter was first enunciated, in 
complete generality, by Pascal (1623-1662), at the age of sixteen, 
under the name of the Mystic Hexagram. Having established it 
first as a property of the circle, he then extended it, by pro- 
jection, to the conic. The special case, however, where the conic 
d^enerates to two straight lines is contained in the Porisms of 
Euclid unproved, and was formally proved by Pappus in his great 
treatise, six centuries later. But the credit of Pascal's discovery 
must be ascribed partly to Desaigues, in whose work, as we shall 
see (page 318), the theorem is really implicitly contained, and 
upon whose ideas the fundamental principles of modern descrip- 
tive geometry are based. The dual theorem was discovered by 
Brianchon (1806), by an application of polar properties. It is 
interesting, as being the earliest professedly dual property, and 
consequently the forerunner ot the important extensions made by 
Gergonne, Poncelet and Pliicker. The property known as Pappus' 
theorem, or the "Locus ad quatuor lineas," has an interesting 
historical record. It is mentioned by Pappus as well-known : but 
no proof was given until Descartes solved It in 1659 by means 
of his discovery of the application of analysis to geometry. A 
purely geometrical solution was afterwards obtained by Newton, 
and was published in the Principia. 

Evidence of the value of the ideas of Desaigues and Pascal is 
readily obtained from the two great works of Carnot, the Geometry 
of Position (1803), and the Theory of Transversals {1806). Camot 
took a leading political part in the revolutionary changes in France 
at the end of the eighteenth century, and after his banishment 
in 1796 devoted his time to mechanics and geometry. The 
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geometrical significance of negative number occupies a prominent 
place in his writings. 

The remaining theorem of this chapter is associated with the name 
of Sir Isaac Newton* (1642-1727). He may be justly considered 
the greatest mathematical genius the world has ever known : and 
yet his researches were almost entirely completed before he reached 
the ^e of thirty, after which time he gave himself up to politics 
and theolc^. Owing to his dread of controversy, which publication 
in those days involved, it was with the greatest difficulty that he 
could be persuaded by his friends to announce his discoveries. 
The Prindpia itself was not communicated to the Royal Society 
until twenty years after it was written. Either this, or his work 

THSOBSM 86. [Pascal's Mystic Hexackam.] 
If a hexagon is inscribed in a conic, then the meets of the three 
pairs of opposite sides are collinear. 




1) ^1 3i 4i 5i 6 are the vertices of the hexagon. 

12, 45; 23, 56; 34, 61 ; are the pairs of opposite sides. 
Let L, M, iVbe their meets; let X, Fbe the meets of 16, 54; 34, 56, 

tNow 1(2456} = 3(2456}, by Chasles' theorem. 

But 1(2456} = {Z45^}, base 45, 

and 3(2456} = (^^56}, base 56; 

.-. {UsX) = [My^6). 

But 5 is a common point of the two ranges; 
.'. LM, ^Y, X6 are concurrent. 

Now iV is the meet of 4 >^ X6. 

.'. L, M, 2V are collinear. q.e.d. 

'Il has been pointed nut however by the Rev. J. J. Milne Chat this theorem 
was employed by Pappus, and in essence is due to ApoUonius. 

t In ordei to remember this proof, the reader should note that the vertices of 
the two pencils employed are two verlices of the hexagon, separated by ant vertex. 
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on Fluxions, or his optical discoveries, would alone place him in 
the front rank. As a geometer, judged by the nature of his 
methods, he is to be classed among the last of the ancients 
rather than with the first of the modern school. The modesty of 
his nature, unaffected by the European fame of his achievements, 
is illustrated by the following extracts from his correspondence : 
" I seem to have been only like a boy playing on the sea shore, 
and diverting myself in now and then finding a smoother pebble 
or a prettier shell than ordinary, whilst the great ocean of truth 
lay all undiscovered before me;" and "if I have seen farther than 
other men, it is only because I have stood on the shoulders of 
giants." 



[Brianchon's Theorem] 
If a hexagon is circumscribed about a conic, then the joins of 
the three pairs of opposite vertices are concurrent 




^' ^> 3i 4f 5i 6 are the sides of the hexagon. 
13, 45 ; 23, 56; 34, 61; are the pairs of opposite vertices. 
Let /, OT, « be their joins; let a;,_y be the joins of 16, 54; 34, 56. 
•Now i(24s6}='3{2456}, by Chasles' theorem. 

But i(2456[ = {/45a:I, vertex 45, 

and 3(^456} = (ffys&}, vertex 56; 

But 5 is a common ray of the two pencils ; 

.'. /ffj, iy, x6 are collinear. 
Now « is the join of 4)', x6 ; 

.'. /, m, ft are concurrenL q.e,d. 

* In order to temerober this proof, the reader should note that the bases of 
the two ranges employed are two sides of Ibe hex^onj separated by om side. 
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PASCAL'S THEOREM (Second Prook). 
With the notation of Fig, 67, project the line LM to infinity 
and the conic into a circle. 

Then in the new figure, iz, 45 and 23, 56 are parallel; 
-■. 143= i8o*-iJ3 

— 180° -456 by parallels 

= 4^6; 
.'. 16 is parallel to 43; 
.'. the meets of la, 45 ; 23, 56 ; 34, 61 lie on the line at infinity ; 
,', in the original figure, L, M, JV are coliinear. q.ed. 
Brianclion's Theorem may. be also proved, very simply, by pro- 
jection (see Ex. 3), In order to show the exact connection 
between the two theorems, we shall next derive Brianchon's property 
from Pascal's, by the use of poles and polars, which was the way 
in which it was actually discovered. 

BBIAHOHON'S THEOBEH (Second Proof). 

Let ABCDEF be the circumscribing hexagon ; then the polars 

a, b, c, d, e, f oi its vertices form an inscribed hexagon. Since a, d 

are the polars of A, D\ the point ad is the pole of AD. Now 

by Pascal's theorem, the points ad, be, tf are coliinear ; 

.-. their polars AD, BE, CF are concurrent. q.e.d, 

PASOAL'S THBOBEU (Third Proof). 
The following method is due to Dr. Salmon. 
Let a, b, c, d, e, f \x^ the vertices of the inscribed hexagon. 
Denote the equation of the join of a, b by ab = o, etc. 
Since the given conic circumscribes the quadrangles abed, afid, 
its equation can be written in either of the forms, 

ab .cd-X.be.ad=o or de .fa- fi-ad .fe = o, 
so that ab .cd-\ .be .adsv(de .fa- liod .fe) 

where A, /i, v are constants; 

.'. ab .ed-vde .fa = ad{}-.be~\i-v .fe). 
Now the right-hand side has linear factors; 
.'. ab .cd- vde .fa^o 
must represent two straight lines, which pass through the points 
ab, dt; ab, af at a\ cd, dt or d; cd, fa; 

.'. the join of ab, de; cd,fa is the same as the line \bc- f-v .fe = <i; 
.", the points ab, de; cd,fa\ be, fe are coliinear. q.e.d. 
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1. [Steiner's Theorem.] Prove that the Pascal lines of the 
hexagons aicdef, adcfeb, afibed are concurrent. [The odd vertices are 
kept fixed, and the even vertices are permuted in cyclic order. Identify 
the two forms of the equation of the conic, given above, with 

t,.cf-fbc.,f~o. 
The Pascal line of abcdef is \b€-^v.ft=o% and similarly for the 
others.] 

THEOBEU 87. 

(i) If the meets of the three pairs of opposite sides of a hexagon 
are collinear, then its six vertices lie on a conic. 

(z) If the joins of the three pairs of opposite vertices of a hexagon 
are concurrent, then its six sides touch a conic. 

The proof is left to the reader. 

[It may be proved, merely by reversing the argument in the 
first method, or by a reducHo ad absurdum method, assuming that 
one and only one conic can be drawn to pass through five given 
points, or to touch five given lines.] 

2. Prove Theorem 87. 

3. Prove Brianchon's theorem, by projecting the conic into a circle, 
having the projection of the meet of two of the diagonals as centre. 

4. Prove tliat tlieie axe 60 Pascal lines associated witb any six 
paints on a conic. 

5. Deduce a theorem from Pascal's property, by making two con- 
secutive vertices of the hexagon coincide. 

6. Deduce a property of a triangle inscribed in a conic ftom 
Pascal's theorem, by making consecutive vertices coincide, in pairs. 

7. Deduce ftom Biianchon a property of a triangle circumscrib- 
ing a conic 

8. If ABCDEF is a hexagon inscribed in a conic, prove that the 
meets of AC, DF; DE, BC\ AE, BF are collinear. 

9. Prove that the 60 Pascal lines associated with six points on a 
conic form sets of four concurrent lines. 

What is the dual theorem ? 

10. If the Pascal lire of the hexagon ABCDEF meets the conic at 
P, Q, prove that A\AECP\=A{DBFB}. 

11. Given six collinear points A, E, C, D, B, F, construct a point 
Pan the hne, such that \A£CP\ = {DBFP\. Prove that there are two 
such positions oi P, real, coincident or imaginary. (Use Ex 10.] 

12. Four points P, Q, R, S are taken on a conic ; PR meets QS at 
L; M\% any point ; PM, QM meet the conic at T, U \ prove that ST, 
RU, LM Aie concurrent. 

13. Deduce from Brianchon's theorem, a property of a pentagon 
circumscribing a parabola. 
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14. ABCDEF is a hexagon circumscribing a conic ; deduce from 
Brianchon's theorem, a property by making AB, BC and DE, EF 
coincide. 

15. What does Brianchon's theorem become, if two consecutive sides 
of a hexagon, circumscribing a conic, coincide with the line at infinity? 

16. ABCD is a fixed quadrilateral circumscribing a given conic ; two- 
variable tangents FQ, RS meet BQ DC, BA, DA at -P, Q, R, S 
respectively ; prove that PS meets QR on a fixed line. 

17. A variable conic passes through four fixed points A, B, C, D and 
cuts two fixed lines AP, AQ at />, g ; if CP meets BQ at N, prove that 
the locus of A'^ is a straight line. 



DEDUOTIONS FBOU THE FASCAL-BBIANCHOH FBOFEBTIES. 
THEOBEU 88. 

{i) If A, C, E ; S, D, F&te two sets of three coliinear points;, 
then the meets of AD, BC; CF, ED; AF, EB are coliinear. 

(2) If a, c,e; b, d, f are two sets of three concurrent lines ; then 
the joins of ad, be; cf, ed; of, eb are concurrenL 

f0 




\\) The hexagon ADEBCFis inscribed in the conic formed by 
the lines ACE, BDF; and therefore the meets of the opposite sides- 
are coliinear. (q.E.d.) 

(3) This is simply the dual of (t). 

It may be deduced independently, from Brianchon, by regarding 
the finite line joining the vertices of the pencils a, c, e; b, d, f, as. 
a conic — a flattened ellipse. 

Another proof is given, in Theorems 122, 123. 
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If a quadrangle is inscribed in a conic, the tangents at its vertices 
meet in pairs on the sides of the diagonal point triangle. 




The proof is left to the reader. 

[Consider the hexagon AABCCD.] 



If a pentagon ada/ circumscribes a conic, and if ee touches 
the conic at d, then ad, be, cf are concurrent. 




The proof is left to the reader. 
[Consider the hexagon abcdefi\ 

18. Prove Theorem 89. 

19. Prove Theorem 90. 

20. A, B, C, A', B, C are six points 
pairs of lines Aff, AS ; BC, ffC ; CA\ CA 
are collinear, prove that A, B, C 



plane, such that the 
parallel If A', B, C, 
also collinear. 
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21. T is the pole of a chord PQ of a conic ; PH, QK are chords 
parallel to TQ, TP ; prove that PQ is parallel to HK. 

22. If a triangle iB inscribed in a conic, prove that tlie tangents 
at the vertices meet the opposite sides in three collinear points. 

23. P, Q, R are three points on a hyperbola ; QR meets the line 
through P parallel to one asymptote at S ; PQ meets the line 
through R parallel to the other asymptote at 7"; prove that 57" is 
parallel to the tangent at Q. 

24. P, Q, R, S are four points on a parabola ; the diameters through 
Q, R meet PR, QS M /f, K ; prove that HK is parallel to PS. 

26. The sides 0,0,, OjOj, 0,0, of the triangle OiOiO^ pass 
respectively through the vertices U^, U^, U3 of the triangle f^i^ji/jj 
A^ is any point on U^U^; 0^„ O^A, meet l/^^s, U-JJ-i at A^, A^; 
prove that 0,, A^, A3 are collinear. . 

26. P, Q, R, T are four points on a conic ; QR, PT meet the tangents 
at T,Rm QD; prove that CD, PQ, RT are concurrent. By taking 
RTa.& the line at infinity, deduce a theorem for a hyperbola. 

27. -^ is a fixed point on a parabola ; diameters are drawn through 
the extremities P, Q of a. variable chord to meet BQ, SP at L, M ; 
prove that LM is fined in direction. 

28. The corresponding sides of two triangles inscribed in a conic are 
parallel ; prove that the joins of corresponding vertices are diameters. 

29. fi is a fixed point on a conic ; BP, BQ are two variable chords ; 
PN, QK are two chords parallel to BQ, BP ; prove that HK is fixed in 
direction. 

30. P is a variable point on a fixed line L; C,E are two fixed points 
and b, d two fixed lines ; JT, K, Z are the meets of b, d; b, CE ; d, CP ; 
prove that the conic through E, P, X, Y, Z cuts i at a fixed point. 

31. ABC is a triangle ; three concurrent lines AO, BO, CO meet BC, 
CA, AB at a; e, C ; any line through A meets A'ff, A'C at B", C ; 
prove that BB", CC", BC are concurrent 

32. Any straight line divides a quadrilateral into two other quadri- 
laterals ; prove that the points of intersection of the internal diagonals of 
the three quadrilaterals are collinear. 

33. A parabola is inscribed in a triangle ABC, touching SC at D ; if 
the parallelogram BACN\% completed, prove that DN\& a diameter. 

34. A conic is inscribed in a triangle, touching one side at its mid- 
point ; prove that the centre of the conic lies on a median. 

36. A conic inscribed in the triangle ABC touches AB, AC aX. H, K ; 
any other tangent to the conic cuts BC, AC ax P,Q\ prove that BK, 
QH, AP ai 
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36. The sides AB, BC, CD, DA of a quadrilateral touch a conic at 
B, Q, R, S; CB, CS meet AQ, AS at X, V; prove that A^K passes 
through B and D. 

37. T is the pole of a chord PQ of a parabola ; B is any other point 
on the curve; the diameters through P, Q meet QR, PR at H, K ; 
prove that T\% the mid-point oi HK. 

38. A, B, C are three points on a hyperbola ; BC meets one asymptote 
at Z'; a straight line AE is drawn parallel to this asymptote to cut a line 
through D parallel to AB at E. Prove that CE is parallel to the other 
asymptote. 

39. A conic touches the sides MN, NL, LM of a triangle at P, Q, R ; 
LP, MQ, NR meet at ; parallels through O ,to MN, NL, LM meet 
QR, RB, BQ at X, Y,Z', prove that X, Y, Z are collinear. 

40. PQ is a chord of a parabola ; through a point Trtn the tangent at 
P a line is drawn parallel to PQ meeting the diameter through P ax H ; 
HQ meets the curve again at R ; prove that TR is a diameter. 

41. ABC, PQR are two triangles inscribed in a conic ; AB, BC, CA 
meet QR, RB, PQ at /•„ B^, B^ ; g,, Q^, & ; R-^, R^, R^ ; prove that 
P,»2s is a Pascal line for the six points A, B, C, B, Q, B. 

42. Deduce from Pascal's theorem that if a rectangular hyperbola 
circumscribes a triangle ABC, it passes through the orthocentre. (Let 
a, j8 be the points at infinity on the curve, and let the perpendicular from 
A to BC cut the curve at H ; consider the hexagon BAHn^C] 

43. ABC, DEF are two triangles inscribed in a parabola; if ADf 

BE, CF are respectively parallel to BC, CA, AB, prove that the join 
of the centroids of ABC, DEF is a diameter of the parabola. 

44. A, B, C, D, E, F are six points such that the meets of AF, EC j 

BF, CD; AD, BE are coUinear ; prove that the meets of AE, CF; 
DF, BE ; BC, AD are also collinear. 

45. From any point on the circumcircle of a triangle ABC, perpen- 
diculars are drawn to BC, CA, AB and meet the circle again at D,E, F; 
prove that a conic can be drawn to touch AS, BC, CD, DE, EF, FA. 

46. If two triangles are in perspective, prove that the six meets of the 
sides of one with the non-corresponding sides of the other lie on a conic. 

47. A hexagon circnmacribea a conic S, and is inBcribed in a conic 
S2 ; prove that its Pascal line w.r.t. S^ and its Brianchon point w.t.t. 
8, form a side and vertex of the common self-conjugate triangle of S^ 
andSj. 

48. Given five tangents to a conic, construct their points of contact. 

49. What does Brianchon's theorem become, if two of the sides of the 
circumscribing hexagon are asymptotes of the conic ? 

50. If a conic touches AB, BC, CD, DA at P, Q, B, S, prove that 
AO, BD, FB, QS are concurrent. 
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61. The tangents at two points /*, Q on a hyperbola cut one asymptote 
at H, K and the other at H", A" ; prove that HK', fTK, PQ are parallel 

52. T is the pole of a chord PQ of a hyperbola ; TP, TQ meet one 
asymptote at H, K ; KP cuts QH at N\ prove that TN is parallel 
XoHK. 

53. A tangent at a point /" on a hyperbola, centre C, cuts the 
asymptotes a,X Jf, K ; prove that CP passes through the meet of the lines 
drawn through H, K parallel to the asymptotes, and deduce that 
HP^'PK. 

64. H, K are points on the asymptotes CH, CK of a hyperbola ; the 
tangents from H^ K to the curve meet at T\ the tangent at any other 
point P on the curve cuts TH, TK aX L, M ; prove that HM, KL, CP 



55. Prove that a conic can be drawn to touch the sides of a triangle at 
the points where the altitudes meet the opposite sides. 

66. If two ttianglBB are ia perspectdve, prove that tlie six atraiglit 
lines joining the vertices of one to tiie non-corresponding vertices of 
the other envelope a conic. 

57. The sides of a parallelogram ABCD are parallel to the asymptotes 
of a conic; prove that BA, BC and DA, DC meet the conic at the 
extremities of two chords which meet on AC. 
Constructions. 

A number of important constructions can be effected by means 
of Pascal's and Brianchon's theorems. The general method is 
illustrated by the following examples. The reader should note 
that the underlying principle is to bu!ld up one or other of the 
fundamental figures. Fig. 67 or Fig. 68. 

EXAMPLE I. 
Given five points on a conic, to construct any number of other 
points on the conic. 
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Let ABCDE be the given points. 

Draw through A, any line AP; it is required to find the point 
at which AP cuts the conic through A, B, C, D, E. 

Let AB, DE meet at L and CD, AP at N. 

Join LN and produce it to cut BC at M. 

Join EM and produce it to cut AP a.t Z. 

Then the meets of the opposite sides of the hexagon ABCDEZ 
are colli near. 

.■- the points A, B, C, D, E, Z lie on a conic. [Th. 87.] 

.■. Z is the required point q.e.f. 

EXAMPLE IL 
Given five points on a conic, to construct the tangent to the 
conic Kt any one of them. 



Let A, B, C, D, E be the given points. 

[We shall construct the Pascal line of the hexagon AABCDE.] 

Let AS, DE meet at Z, and BC, EA at M. 

Join LM and produce it to cut DC at N. Join NA. 

Then NA is the tangent at A. 

The proof is left to the reader. q.k;.f. 

EXAMPLE III. 
Given five tangents to a conic, to construct their points of 
contact. 

This is immediately effected by using Theorem 90. 
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EXAMPLE IV. 
Given three points on a hyperbola and one asympto 
construct any number of points on the curve. 




Let B, C, I> he the given points, and A the point at infinity 
on the given asymptote OA. Draw any line BP through B. 

It is required to find the point X in which BP cuts .the curve. 

[We shall construct the Pascal line of the hexagon AABXDC] 

The meet M of ABj DC is the meet of DC with a line through 
B parallel to OA. 

The meet JV of BF, CA is the meet of BP with a line through 
C parallel to OA. 

Join MN and produce it to cut OA at L. 

Join LD and produce it to cut BP at X. 

Then X is the required point. 

The proof is left to the reader. q.e.f. 

68. Prove Example II. 

59. Prove Example IV. 

60. Given four points on a hyperbola, and the direction of one 
asymptote, construct another point on the curve. 

61. Given three points on a hyperbola and the directions of both 
asymptotes, construct (i) another point on the curve, (2) one of the 
asymptotes. 

62. Given four points on a hyperbola and the direction of one 
asymptote, find the direction of the other. 

63. Given four points on a hyperbola and the direction of one 
asymptote, construct that asymptote. 
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64 Given live points on a conic, construct its centre. 

65. Given three points on a parabola and a diameter, construct 
the tangent at one of the given points. 

66. Given three points on a hyperbola and one asymptote, construct 
the tangent at one of the given points. 

67. Given five points on a conic, construct the polar of another 
given point 

68. Given four points on a conic and the tangent at one of them, 
construct the pole of a given line. 

69. Given four tangents to a parabola, construct their points of 
contact. 

70. Given three points on a conic and the tangents at two of them, 
construct the tangent at the third point. 

71> Given two points on a parabola and the tangent at one of them 
and the direction of the axis, construct the tangent at the other point. 

72. Given four tangents to a conic and the point of contact of one 
of them, construct the point of contact of one of the others. 

73. Given one asymptote of a hyperbola, two tangents, and the point 
of contact of one of them, construct the point of contact of the other. 

74. Given the asymptotes of a conic and a point on the conic, 
construct the tangent at that point. 

75. A parabola is inscribed in a given triangle and its axis is given 
in direction, find its point of contact with one of the sides of the 



THEOBEU 91. 



Theorem.] 




If the sides BC, CA, AB of a triangle cut a coni. 
Q\' Q%'> -^it -^2 respectively; then 

AR^ . AR ^ BP^ . BP^ CQi . CQ^ 
AQi . AQ^ " BRi . BR^ ' CP^ . CP^ " ^' 
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. BP,.IIP, hf,.bf, 
■■ CP^.CP, ,f,.,p. 
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CQ,.CQ, „,.„, 
AQ^.AQ, a,,. a,. 
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Denote by I, J, K, the points at infinity on £C, CA, AB. 
Project the conic into a circle, and use small letters for corre- 
sponding points in the new figure. 
/, /, K project into three collinear points (", j, k. 

^°^ -rp=\^^\CI\^ since / is at infinity, 



Similarly 

Similarly 

and 

But i>p■^ . bp^ - br^^ . br^ etc ; 

. . ^/2 ap bl^ 

-■. the given expression = ^ . ^ . ^^ 

= I, by Menelaus' theorem, 
since %, j\ k are collinear. q.e.d. 

Corollary. 

If /"i, P^; ^1, Qjj ^1, R^ are points on the sides BC, CA, 
.a r .■ 1 u .u , ^^i-^^i BP^.BP^ CQ,.CQ. 

AB of a triangle, such that ^q\_^q\ - j^^' cA-CP\ ='- 

then these six points lie on a conic. 
The proof is left to the reader. 
[Use a redu^tio ad absurdum method.] 

76. Prove Theorem 91, Corollary. 

77. What does Camot's theorem become, if the conic degenerates 
into a straight line and the line at infinity ; or into two coincident 
straight lines? 

78. Extend Camot's theorem to apply to a quadrilateral. 

79. Extend Carnot's theorem to apply to any polygon. 

80. If a conic touches the sides BC, CA, AB of a triangle at 
/-. 2,^, prove that fj.g.^=.. 
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81. By applying Carnot's tbeorem to the triangle formed by the 
asymptotes and one tangent of a hyperbola, deduce a property of the 
hyperbola. 

82. With the notation of Garnot's theorem, prove that 
Bin BA?i . sin BAPa . Bin OBQi . Bin CBQ, . sin AOB, . sin AOB2 

— sinOAP, .sin GAP]. sinABQi .sin ABQ, . BinBCBj . BinBOSf 

83. The in-circle of an isosceles triangle ABC touches BC, CA, 
AB at D, E, F; prove that the mid-points of AE, AF, BF, SD, CD, 
CE lie on a conic. 

84. If two conies are drawn to touch three straight lines, prove that 
the six points of contact lie on a conic. 

85. O, O' are two points in the plane of the triangle ABC; prove 
that the lines joining the vertices to O, O meet the opposite sides in 
six points, situated on a conic. 

86. Deduce from Carnot's theorem that, if a chord PQ of a hyperbola 
meets the asymptotes at H, fC, then HP=KQ. 

87. The tangent at any point Z? of a hyperbola cuts an asymptote 
BE at £, and a line BH parallel to the other asymptote at H. If 

BH cuts the hyperbola at F, prove that rTS^'cr' 

as. A conic cuts the sides BC, CA, AB of a triangle at A^, A^; 
J„ Bt\ Ci, Cj; if AA^, BB^, CC, ate concurrent, prove that AA^, 
BB^, CCi are also concurrent. 

89. Through any point 0, lines are drawn parallel to Che sides of a 
triangle ABC; prove that their six meets with the sides lie on a conic. 

90. Three straight lines meet the sides BC, CA, AB of a triangle 
at A^, A^, A^; B„ B^, B,; Ci, C„ C, ; if A^, B^, C^ are coUinear, 
prove that A^, A,, B,, B„ Ci, C, lie on a conic. 

91. Tangents are drawn &om the vertices A, B, C of a trisncle 
to a circle, and meet the opposite sides at Pi, Pj ; Q,, Q^ ; E,, B,. 
Prove that theae six points lie on a conic 

Oeneialise this theorem ; and enunciate the dnal property. 
(Let be the centre, and r the radius of the circle ; note that 

smBAF, .sin BAP,=sia.» BAO-sia' F,AO=^^^^, where OF is the 

perpendicular from O to AB ; and use Ex. 83.] 

92. By making ^,, gj, g, in Fig. 79 coincide with A, deduce the 
following: a conic touches AC at A and passes through three given 
points Pi, /fj, /",; its circle of curvature at ^ cuts AJf, at p; /',/', cuts 
AB„ AC at B, C; prove that Ap=AR^,^^ . -g§^. [The 
circle of curvature at a point (? on a conic is defined as the circle which 
cuts the conic in three consecutive points at 0.] 



b> Google 



VI.] CELEBRATED PROPERTIES OF THE CONIC 163 

93. A conic touches AC at A ; P^P^ is a chord of the conic, parallel 
to AC; the circle of curvature at A cms a chord AR^ of the cODiC at 

1. -4p BP, . BP. 
p; P1P2 cuts ARi at B ; prove that 4d-=-u-t dc ■ 

U, Deduce a theorem from Ex. 93, by taking B at the centre of 



[ 92. [Pappus' Theorem.] 
A, £, C, D are four fixed points on a given conic j 7' is a variable 
point on the conic; PH, PK, PX, PVara the perpendiculars from 



Now PH.AB-^2C:iAPB = PA.PB%\qAPB\ 

si milarly PK.CD = PC. PD sin CPD ; 

PY.CB = PC.PBsmCPB; PX .AD= PA . PDixaAPD; 
PH.PK AB. CD_?\ aAPB.%mCPD p. .p^r,, 
■ PX.PY' AD'CB ^mAPD.sinCPB -^i^-^^-^S ' 

■'■ ^f>F=^ff^-^^-^'^^^'='^°"^'^'- [Th. 57-] 

Q.E.D. 

poroUary. 

A, B, C, D are four fixed points; from a variable point P, 
perpendiculars PH, PK, PX, PY are drawn to AB, CD, AD, 

BC; if n„ " „„ is constant, then the locus of /* is a conic through 

A, B, C, D. 

[Use the method of Theorem 92.] 
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A£, BC, CD, DA are four fixed tangents to a given conic ; 
/ is a variable tangent; All, BX, CK, DY are the perpendiculars 



BX.DY 
The proof is left to the reader. 

[l^t p' be any other tangent ; let p, p' meet AS in Q, Q and 
CD m R, JH; let AH', BX', CK\ DY' be the perpendiculars 

to / ; prove that ^x'qB' DY'D^ ^""^ "°'^ '^''' 
{AQBQ'] = {D/?C/?].] 
Theorem 93 is due to Chasles. 

96. Prove Theorem gz. Corollary. 

96. Prove Theorem 93. 

97. AH, BZ, CE, DT are the perpendicnlorB from foni fixed points 
A, B, 0, D to a variable line p ; ^-^.^ is constant ; prove that 
p envelopes a conic, tonching AB, BC, CD, DA. 

98. fL, PM, PN are the perpendiculars from a variable point P to 

the sides of a fixed triantle 1 if „., _. , is constant, find the locus of P. 

PM . PN 

99. PA, PB, PC, PD, PE, PFare the perpendiculars from a variable 
point P on a conic to consecutive sides of a given hexagon, inscribed 

100. Extend Pappus' theorem to a polygon of 2ft sides inscribed 

101. /■ is a variable point on a hypertwla ; P/f, PK are the perpen- 
diculars to the asymptotes; prove that PH .PK is constant. 

If a parallelogram MN is formed by drawing lines through P parallel 
to the asymptotes to cut them at J/, N, prove that MN is of constant 
area. 

102. Deduce from Pappus' theorem a property of the parabola, by 
taking B, C as coincident points at infinity on the curve. 

103. AB is a fixed chord of a hyperbola ; parallels through A, B to 
the asymptotes meet at C ; PN, PK, PL are the perpendiculars from 
a variable point P on the curve to CA, CB, AB ; prove that - ^pf^ 
is constant 
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104. With aba notation of Fig. 81, if Ulo conic is a circle, prove 
that PH.PK=PX.PY. 

105. The tangents at the vertices of a triangle ASC inscribed in a 
conic form a. triangle XVZ; /" is a variable point on the curve, prove 
that the product of the lengths of the perpendiculars from P to BC. CA, 
AS is proportional to that of the perpendiculars from P to YZ, ZX, XV. 

Generalise this theorem. 

106. Extend Theorem 93 to a 2?i-sided polygon circumscribing a 

107. With the notation of Theorem 93, If the conic is a parabola, 
prove XkaX AH.OE=BZ.DT. 

108. A is the pole of a chord BC of a conic ; a,li,c are Che perpen- 
diculars from A, B, C to a variable tangent to the conic ; prove that 

a" - 

-;- IS constant. 

6c 

109. A variable line cuts two fixed lines OA, OB aX P, Q; if the 
triangle OPQ is of constant area, find the locus of the mid-point of 

110. The tangent at a fixed point S of a hyperbola meets the 
asymptotes, OC, OD at C^ D ; b, c, d, o are the lengths of the per- 
pendiculars from B, C, D, O to a. variable tangent ; prove that — ^ 



111. ABCD is a fixed parallelogram inscribed in a conic ; P is a. 
variable point on the curve ; parallels through /' to the sides meet 
AB, CD in L,M and BC, AD in H, K ; prove that ni,'^^ is constant. 

112. A conic touches the side BC of a triangle ABC at A' ; i is 
a variable tangent ; prove that the product of the distances of A and 
A' from t is proportional to the product of the distances of B and C 

113. A conic touches AB, AO at B, ; if ABO is tlie triangle of 
reference, prove titat, in areal coordinates, the equation of tiie 
conic is t^=>..^. By taking AB, AC as the isotropic lines, deduce 
Theorem 82. 
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[ 91. [Newton's Theorem.] 
If POQ, ROS are two variable chords of a conic, fixed 
direction, then the ratio ' ^ is constant. 




Take any other position O' of O. 

Draw the chords FO'Q', R'O'S in the given directions. 

Let R'S cut PQ at N; PQ, FQ' meet at a point at infinity a. 



Since Q_, Q', P, P are finite points. 



"■Q- 



Apply Carnot lo the triangle aJVO'. 

Then ^J'-JVQ °g'-°^ O-R'.OS' _ 

NR- .NS" O.Q.0.P ' O'P . O'Q' 
O'P.OQ NP.NQ 
" O'R' .0'S-~ NR' .JVS" 



Similarly 



O P. OQ NP.NQ 
OR . OS NR' :nS^ ' 

OP.OQ _ O'P' . O'Q' 
OR. OS O'R' .O'S- 



Q.E.D. 



The standard equations of the ellipse, hyperbola, and parabola 
can be deduced from Newton's theorem, by making use of the fact 
(see page 1 34) that the ellipse and hyperbola have one pair of perpen- 
dicular conjugate diameters; while the parabola has one diameter 
which bisects all chords perpendicular to it. 
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I. THE ELLIPSE AND HTPEBBOLA. 




Let ACA, BCB" be the pair of perpendicular conjugate 
diameters. Draw the double ordinate FN?", of any point P on 
the curve, to AA'. Then, by Newton's theorem, 
NF.NF CB.CB- _ 



NA.NA'~ CA.CA' 
PN^ cm 

■ ■ ~AN.NA CA^' 

pm cm . 

■■■ CA'^-CJV^ CA'- ^'"'^^ '' 
Let CJV-'X, NP=y, CA = a, CB = b; 

Then ^^t:^-^: 

which is the standard form. 



since PN= NP', etc. ; 
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' I., we know that this meets the line at infinity. 



where -g+^-o, so that, for the hyperbola, either 
negative ; while for the ellipse, a* and ^ are positive 



11. THE PABASOLA. 



M 


L 




r- 


( 






X 


L 


S 

P 


N — ► 



Let 5 be the focus, A the vertex, and LSL' the latus rectum 
of the parabola ; and let o be the point at infinity on AS. 
PNP' is any double ordinate to the principal diameter AS. 
Draw LM perpendicular to the directrix. 
By Newton's theorem, 

NP.NP SL^SV 
NA.Na SA.Sa' 
ia . FN^ S£? 

Ait"'' ■'■ ANNAS' 
SL = LM=SX=2SA; 
. PN^_^AS"-_ 
■■ AN-^iS-^"^^' 
.-. F2^^ = ^AS.AN. 
Let AN=x, NP=y, AS=a. 
Then y/^^^ax, 

which is the standard form. q.e.d. 

114. What valne of the conetant is obtained in Theorem 94, 
by taUns at the centre of the conic 7 
Hence deduce Oamot's theorem firom Newton's theorem. 



But 

Now 
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116. PQ is a variable chord of a parabola, fixed in direction ; the 

diameter bisecting PQ, cuts the curve at f and PQ at N; prove that 

Pm . ^ . 

■ ■,., IS constant. 

116. FQ, HK are two parallel diords of a hsrperbola, meeting 
an asTrnjitote at T, Z leapectivelr ; prove t^t 7F.TQ=ZH.ZK. 

117. T is the pole of a chord PQ of a conic, centre C; HK is 
another chord such that CH, CK are parallel to TP, TQ and drawn 
in the same sense ; prove that HK is parallel 10 PQ. 

lis. Two diameters of a parabola meet the curve at H, K, and a 
chord PQ at H', K ; prove that g= -^-g',;g| 

119. P is a point on an ollipsa, centre C, axes ACA', BCB' ; the 
perpendicniar from F to AA' meets AA' in N and the circle on 
AA' as diameter in Q ; prove that ^-nx- 

120. PCP", DCiy are two conjugate diameters of a conic; QQ is 
a chord parallel to DD cutting PP at N ; a line through N parallel 
to PD cuts CD XL R\ prove that QN^ = DR.RD. 

121. PF is a fixed chord of a parabola, perpendicular to the 
principal axis: a variable diameter cuts the curve in Q, PF in N, 
and the circle on PF as diameter in R; prove that -^^ is constant, 

122. T is the pole of a chord PQ of a conic ; a chord HK parallel 
to TP meets PQ, TQ at V, R; prove that RV^=RH.RK. 

123. Prove that the ratio of two focal chords of a conic is equal to that 
of the squares of the semi -diameters parallel to them, [Use Ex. 95, 
Chapter V.] 

124. P, Q, R, are three points on a parabola ; the diameters through 
Q, R meet the tangent at P in H, K ; prove that ^=^. 

125. If a conic and a circle intersect at F, Q, B, S, prove that 
the diameters of the conic parallel to FQ and B8 are eiinal ; and 
that FQ and BS are equally inclined to either principal axis. 

126. gf!? is a double ordinate to the diameter PF of a conic ; prove 



127. PQ, PR are two chords of a conic, equally inclined to the tangent 
at P ; CH, CK are the semi .diameters parallel to PQ, PR ; prove that 
PQCff^ 
PR CK*' 
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128. P Q are two points on a conic ; the ordinate PN to a principal 
axis AA' meets AQ^ A'Q at /f, K ; prove that PN^=HN.KN. 

129. AB is a fixed diameter of a circle ; Q is the pole of a variable 
chord AP; prove that the locus of the meet of AP, BQ is a conic. 

130. 7* is a point on the tangent at a point P at a. parabola ; any line 
through T cuts the parabola &t Q, R and the diameter through PmH. 
prove that TQ..TR=TfP. 

131. Two conies Sx, Jj cut at A, B, C, D ; x^, _>■, and x^, y^ are the 
lengths of the pairs of diameters of jj and j, parallel to AB, CD ; 
prove that x^ J'j=j^, y,. 

132. Two conies Sj, j, cut at A, B, C, D; from any point P on AB, 
two lines PH^K^, PH^K^ are drawn cutting j„ j, at //■„ A", and H^ 
A*! respectively ; prove that the points C, D, H^, A",, H^, A'j lie on a 

133. A* is the foot of the perpendicular from the focus 5 of a parabola 
to the directrix ; PSQ is a chord; a line through X, parallel to PQ, cuts 
the curve at H, K ; prove that XH.XK=PS.SQ. 

134. A. chord PQ of a conic subtends equal angles 
of a chord RS ; prove that it subtends equal angles at 
any chord parallel to RS, if the meet of PQ, RS lies outside the conic. 

135. The circle of curvature at a point ^ of a conic cuts a chord PK 
of the conic ax L; x, y are the lengths of the focal chords parallel to 
PK and the tangent at P ; prove that ^=~. 
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CHAPTER VII. 
BEOIPBOOATIOH. 

The Principle of Duality springs from a recognition of the fact 
that a curve may be regarded, both as the path of a moving point, 
and as the envelope of a moving line. The latter less obvious idea 
appears to be due to De Beaune (1601-1652), one of the many 
commentators on the work of Descartes. The "Horologium" of 
Huygens {1629-1695), the inventor of the watch and the earliest 
writer on the undulatory theory of light, contains some mention of 
the properties of the evolute {i.e. the envelope of the normals) of a 
parabola and cycloid : while some optical applications to caustics 
are due to Tschimhausen (1631-1708). A systematic treatment of 
envelopes was given in 1692 by Leibnitz, who shares with Newton 
the honour of the discovery of the infinitesimal calculus. The 
advantage derived from coordinating these two conceptions was 
first pointed out by Brianchon (1806); while the principle itself 
was stated very clearly by Gergonne in 1825, to whom the notion 
of the class of a curve is due. Poncelet, however, was mainly 
responsible for the important and extensive developments, which 
have made the theory one of the dominant influences in modern 
geometry. Some applications to metrical properties were given by 
Chasles and Salmon : and the complementary analytical treatment, 
by means of line coordinates, was supplied by M6bius (1790-1868), 
and Hiicker (1829). 
Definition. 

A, £, C, ... ; I, m, n, ... are any given system of points and lines 
in a plane, and 2 is any given conic in the same plane, a, b, c, ... ; 
L, My N, ... are the polars and poles of A, B, C, ... ; I, m, n, ... 
w.r.t. the conic 2. Then the system a, b, c, ..,; Z, M, N, ... is 
called the reciprocal of the given system w.r.t. the liass-conic D. 
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It follows at once from the definition that the first system is also 
the reciprocal of the second w.r.t 2, Moreover the correspondence 
thus established between the two figures is (i, i). For, to any point 
of the first system corresponds one and only one line of the second ; 
and to any line of the first system corresponds one and only one 
point of the second. A brief introductory account of the Principle of 
Duality will be found in Chapter IX. of the first part of this treatise. 
Notation. 

Small letters will be used to denote lines, and capital letters to 
denote points. Correspondence in the two figures will be indicated 
by the use of the same letter : e.g. the line / in the first system 
corresponds to the point L in the second. 

To avoid confusion, the original figure and the reciprocal figure 
will usually be drawn out separately. 

95. 
If the reciprocals of a, h lie- 
on p, then p is the reciprocal of 
ab. 

If a, b, c, d,...pass through 
£, then A, B, C, D ... lie on /. 



(i) If the reciprocals of A, B 
meet at P, then P is the recipro- 
cal of AB. 

(7) \\ A, B, C, A ...lie on /, 
then a, b, c, d, ... pass through L. 

The proof is left to the reader. 



If {abi^ is harmonic, then 
{ABCD} is harmonic. 

The cross ratio of {abed] equals 
the cross ratio of {ABCJ?]. 



(i) If {ABCI}} is harmonic, 
then {abfd} is harmonic. 

(2) Thecrossraiioof J.^5C/>} 
equals the cross ratio of {abed}. 
Definition. 

A moving point P traces out a curve Sj, and / is the polar of 
/■w.r.t. the base conic 2, then the curve Sj, generated or enveloped 
by /, is called the reciprocal of S-^ v.y.I. 2. 

It is of fundamental importance to show that, if the curve Sj is 
the reciprocal of the curve S^, then ^'j is also the reciprocal of S^, 
as previously defined ; that is to say, if we take a moving tangent t 
of Sj, then the locus of its pole 7" w.r.t. 2 is the same curve S^ 
as is obtained by taking a moving point P of S-^ and forming the 
envelope of the polar p of P w.r.t. 2. Or in other words, whether 
we regard S-^ as the locus of a moving point, or the envelope of a 
moving line, the same reciprocal curve is obtained. 
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If the curve ^ is the reciprocal of Sj w.r.t. 2^ then Sj is the 
reciprocal of S^ w.r.t. 2. 





Let A be the join qf two adjacent points A, B on 5,. 

Then, by Theorem 53, the reciprocal H oi h \& the meet of 
two adjacent tangents a, b to S^. 

In the limit, when B tends to coincide with A, h becotnes a 
tangent to S-^ and H becomes a point on S^ ; so that the reciprocal 
of a tangent to 5^ is a point on S^. 

S^ can therefore be generated from S-^ by regarding S^ as an 
envelope, q.e.d, 

TKEOBEH 98. 

The reciprocal of a conic 5j w.r.t. a base conic 2 is another 
conic S„. 





Take four fixed points A, B, C, D on S^: and let /• be a variable 
point on 5,. 
Let a, b, c, rf, / be the reciprocals of A, B, C, D, P. 
Then p{ahcd\=p\ABCD'\ [Th. 55.] 

= constant; [Th, 57.] 
.■. / envelopes a conic; [Th. 75.] 

the reciprocal of 6^ is a conic. q.e.d. 
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By assuming (from analysis), see Theorem 51, that every curve 
of the second degree, or of the second class is a conic, it is easy to 
give another proof of Theorem 98. 

Any straight hne cuts the conic S, at two and only two points. 
Therefore from every point, two and only two tangents can be 
drawn to the reciprocal S^ of Sy Therefore S^ is a curve of the 
second class, and is therefore a conic. q.e.d. 

In the following theorems, S^ will denote the reciprocal of the 
conic S, w.r.t the base-conic 2. 



(i) If a line a meets 6\ at F, Q, then the tangents from A to 5^ 
are A ? ; and conversely. 

(2) If the join of A, £ touches .S^, then the meet of a, d lies on 
S^ ; and conversely. 

(3) If A, B, C, D are the common points of ^j, S^, then a, b, 
c. d are the common tangents of S^, S^ ; and conversely. 

(4) If .S'j, 5, touch at a point A, then u is a common tangent to 
52, 5*2 at their point of contact. 

The proof is left to the reader. 



THEOREM 100. 

r of B w.r.t. S^, then A is the pole of & w.r.t. S^ 




Draw through B, a variable line /, cutting S^ Skt If, K; let the 
tangents at JI, K meet at X; then X traces out a. 

In the reciprocal figure, Z is a variable point on b, the tangents 
from which to S^ are h, k ; and the join of the points of contact 
of these tangents is x. 
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Then, by definition, the reciprocal of a is the envelope of x. 
Now the pole of x lies on i ; 

.'. the pole of ^ lies on x ; 

.'. X envelopes the pole of ^ ; 

.'. the reciprocal of a, viz. A, is the pole of fi. 

Q.E.D. 

THEOBEM 101. 

(i) If /*, Q are conjugate points w.r.t. S^, then p, q are conjugate 
lines w.r.t. S^ ; and conversely. 

(2) If PQR is a self-conjugate triangle w.r.t. 5,, then pqr is a 
self-conjugate triangle w.r.t. S^. 

The proof is left to the reader. 



: 102. 

(i) If O is the centre of the base-conic 2, the centre of 5j 
reciprocates into the polar of O w.r.t. S^, and the polar of O w.r.t. 
5', reciprocates into the centre of S^. 

(2) The reciprocal of O is the line at infinity ; and conversely. 

(3) The asymptotes of 6', reciprocate into the meets of S^ with the 
polar of O w.r.t. S^. 

{4) .5^ is an ellipse, parabola, or hyperbola, according as O lies 
inside, on, or outside S-^. 
The proof is lefi to the reader. 

1. Prove Theorem 95. 

2. Prove Theorem 96. 
.3. Prove Theorem 99, 

4. Prove Theorem 101. 

5. Prove Theorem 102, 

6. If two conies touch each other, prove that their reciprocals touch 
each other. 

7. What is the reciprocal of a common chord of two conies? 

8. What is the reciprocal of a common tangent of two conies f 

9. Two conies cut at P ; what is the reciprocal of the tangents at 
P to the conies? 

10. What is the reciprocal of two parallel tangents to a conic? 

11. What is the reciprocal of a pair of conjugate diameters of a conic ? 

12. What is the reciprocal of two parallel chords of a conic ? 
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13. P, Q are two points on a tangent A to a conic Si ; the other 
tangents from P, Q to 5, meet at R \ construct the reciprocal figure. 

14. PQR is a triangle, self- conjugate to a conic 5,, and circutnscribing 
a conic 5*1 ; what is the reciprocal figure ? 

Attention has already been directed to the fact that all descriptive 
properties occur in pairs. The application of this principle to the 
geometry of the conic depends on the fundamental properly of 
Theorem 98. The following example will illustrate the process. 

EXAMPLE. 

To obtain the dual of the following theorem : a variable conic 
touches four fixed lines, then thelocus of the poles of a given line 
is a fixed line. 




Let the variable conic 5, touch four fixed lines a, b, c, d. 

Let /be the given line, and /"the pole of/ w.r.t. S^. 

Then the reciprocal conic S^ passes through four fixed points 
A, B, C, D, and / is the variable polar of the fixed point F w.r.L 
the variable conic 5j. 

Now P traces out a fixed line g. 

Therefore / passes throtjgh a fixed point G. 

Hence we have the following : a variable conic passes through 
four fixed points, then the polars of a given point pass through a 
fixed point, q.e.d. 

At first it is worth while for the reader to draw the reciprocal 
figure of the given figure, bit by bit, and so gradually work up to the 
enunciation of the dual theorem. But after a little practice, it 
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becomes clear that the process may be made quite mechanically, 
without the necessity of referring at each stage to the figure. 

In the given enunciation, it is merely necessary to make a certain 
set of verbal changes. These are given here in two columns. When 
an element in either column occurs, it must be replaced by the 
corresponding element in the other. 



Point 


Line 


Concurrent 


CoUinear 


quadrangle 


quadrilateral 


range 


pencil 


base of range 


vertex of pencil 


join of two points 


meet of two lines 


lie on 


pass through 


locus 


envelope 


. degree 


class 


point on a conic 


tai^nt to a conic 


meets of a line with a conic 


tangents from a point to a conic 


pole 


polar 



Write down, without proof, the dual theorems of Ex. 15-40. 

15. The sides of a variable triangle pass through fixed non-coUinear 
points, and two of the vertices move on fixed lines, then the locus of the 
third vertex is a conic. 

If however the fixed points are collinear, then (he locus of the third 
vertex is a straight line. 
' 16. If a conic touches the sides BC, CA, AB of a triangle at -P, Q, R, 
then AP, BQ, CR arc concurrent. 

17. If a hexagon is inscribed in a conic, the meets of opposite sides 
are collinear. 

18. A variable triangle is inscribed in a fixed conic ; if two of its sides 
pass through fixed points, then the third side touches a conic having 
double contact with the given conic. 

19. Four conies can be drawn to touch three given lines, and to pass 
through two fixed points. 

20. Two conies can be drawn to pass through four fixed points and to 
touch a given line. 

21. Two conies touch at A and cut again at B, C; any line through A 
cuts the conies again ax P,Q; then the tangents at P, Q meet on BC. 

22. If three conies have two common points, then the six meets of 
their common tangents lie three by three on four straight lioes. 
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23. If a quadrangle is inscribed in a conic, its diagonal point triangle 
is self-conjugate w.r.t. the conic. 

24. If a variable conic passes through four fixed points, then the locus 
of the poles of a given line is a conic 

25. If the polars oi P, Q, R w.r.t. a conic meet QR, RP, PQ at P", Q, 
K, then F, Q, R are coUinear. - 

28. A, B are two fixed points ; /" is a variable point such that the 
tangents from /" to a fixed conic are harmonically conjugate to PA, PB ; 
then the locus of /* is a conic. 

27. From a variable point /*, on a common chord of two fixed conies, 
tangents are drawn, meeting the conies M. H, K \ then HK passes 
through one of two fixed points. 

28. Two conies 5„ S^ have double contact !XA,B; PQ is a variable 
chord of ^1 and touches 5, ; if // is any point on i",, then H{APBQi is 
constant. 

29. A, B, C,P,Q,R are six fixed points on a conic ; two conies are 
drawn to have double contact with each other and to circumscribe the 
triangles ABC, PQR respectively ; then their chord of contact envelopes 

30. If two triangles are self-conjugate w.r.t. a conic, then their six 
vertices lie on a conic. 

31. A, B, C, D are four fixed points on a conic ; a variable line 
through A cuts BC, CD, DB at Ef, B, C ; then {ABCiy) is constant. 

32. A system of cotiics have double contact aX A, B ; C is any other 
fixed point ; AC, BC cut any one of the conies zX.P,Q,\ then PQ passes 
through a fixed point. 

33. The tangents from a variable pwint /" to a fixed conic are harmoni- 
cally conjugate to the tangents from P to a second fixed conic ; then the 
locus of /* is a conic. 

34. A variable conic touches two fixed lines and passes through two 
fixed points ; then the locus of the pole of the join of the fixed points 
is two lines. 

36. P, Q are conjugate points w.r.t. a given conic ; the tangents from 
Q to the conic meet a fixed line at //, K. If P is fixed, then PH, QK 
meet on a fixed line. 

36. Si, 5,, 5s are three conies inscribed in the same quadrilateral ; 
/■ is a point of intersection of Si and S^ ; then the tangents at P to 
5|, Si are harmonically conjugate to the tangents from P to 5,. 

37. A variable conic passes through two fixed points and touches two 
fixed lines ; then the chord of contact passes through one of two fixed 
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38. If two conies touch at /?, and if two lines AP, AR cut the conies 
at P, R and Q, S, then the chords PR, QS meet on the common chord 
of the two conics: 

39. From two points on a common chord of two conies, tangents arc 
driiwn, one to each conic ; then the diagonals of the quadrilateral thus 
formed, each pass through a meet of the common tangents.* 

40. Two conies have each double contact with a third conic ; then the 
chords of contact and a pair of common chords are concurrent, and form 
a harmonic pencil. 



41. Reciprocate the Example on page 176, taking the centre of the 

base-conic at a corner of the quadrilateral. 

42. Reciprocate Ex. 38, taking the centre of the base-conic at A ; and 
deduce a spiecial case when APQ, ARS coincide. 

43. Reciprocate w.r.t, a base-conic, centre A : the locus of the centre 
of a conic touching three fixed lines, and passing through a fixed point 

44. If the conic S, is tlie reciprocal of l^e conic S, w.r.t. 82, prove 
that Si, S„ S, have a common Belf-coujngate triangle. 

45. Prove by reciprocation and projection ; a variable conic is in- 
scribed in a given triangle ABC, and has A, D as conjugate points, 
D being a fixed point ; prove that the conic touches another fixed 

46. Prove by reciprocation and projection, Ex. 36. 



POINT BECIPBOOATION, 

We proceed to consider a special ■ case of reciprocation, arising 
when the base-conic is a' circle. If O is the centre of the base- 
circle and k its radius, the process is called reciprocating w.r.t. O, 
and k is called the radius of reciprocation. In general, the value 
of k is immaterial; for it is easy to see that an alteration in the 
value of k merely changes the figure into a homothetic figure. 
The utility of point-reciprocation is due to the fact that the 
reciprocal of a conic w.r.t. its focus is a. circle. Three proofs of 
this will be given. The first depends on an elementary property 
found in all text-books on geometrical conies; the second follows 
logically from the present development of the subject; and the 
third is atialytical. 
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TEEOBEH 103. 
The reciprocal of a conic w.r.t. one of its foci is a circle. 
First Method. 




Let S be the focus, and / a variable tangent to the conic ; K is 
the foot of the perpendicular from S to /. SY is produced to J', 
so that SY.S/'=A^, where -4 is the radius of reciprocation. 

Then /• is the polar of p w.r.t the circle, centre S, radius k; 
.■. P is the reciprocal of/. 

Now y moves on the auxiliary circle of the conic, or, if the 
conic is a parabola, on the tangent at the vertex. 

But /" traces out the inverse curve of the locus of Y, w.r.t. S; 
therefore the locus of /* is a circle, which passes through S if 
the conic is a parabola. q.e.d. 

Second Method. 



-<~) 




Let S be the focus of 2^ and denote the circular points at 
infinity by w, m'. 
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Then Sm, Su' are tangents to 2. 
Now Sit touches the base-circle ^, centre 5, at to; 
.-. the reciprocal of i'u is to; 
.•. the reciprocal of 2 passes through w and similarly through «', 
But the reciprocal of a conic is a conic. [Th. 98.] 
Therefore the reciprocal of 2 is a conic through tu, 10'; and is 
therefore a circle. q.e.d. 

Third Method. 



Fig. 96. 

Take the focus 5 of 2 as origin and the base-line along the 
major axis. 

Then the equation of 2 is --=i+«cosff, where e is the eccen- 
tricity, and / the semi-latus rectum. 

Let A = radius of reciprocation: F is any point on 2. 

Produce Sr to Q so that SI". SQ=k^; and draw QN perpen- 
dicular to SQ. Then QN is the reciprocal of P. 

Let (r, 6) be the coordinates of P. 



Since 



l.SQ 

■ . cos 6 = 






Take a point E on the major axis, such that ES" 

Draw EN, EH perpendicular to QN, QS. 

Then £N^ JiQ =^ SQ - SJi^SQ — . cos $=^ J. 

Therefore QN envelopes a circle, centre E, radius -j, where E 
is at a distance -r- from the focus. 
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The reciprocal of a circle w.r.t any point ^ is a conic having 
one focus at S; and if S ties on the circle, then the conic is a 
parabola. 

The proof is left to the reader. 

[It is only necessary to reverse the order of the argument used 
in either of the methods given for Theorem 103.] 

General Properties. 

For the sake of brevity, i 
following pages. 



definite notation is adopted i 




The circle <t and the conic 2 are reciprocally related to each 
other by the base-circle ft whose centre is the focus 5 of 2 and 
whose radius is li; .£ is the centre, and c is the radius of (t; 
C is the centre and a, b are the semi-axes of 2; and / is the 
length of the semi-latus rectum SL of 2. 



105. 

(1) The point S and the line at infinity are reciprocals. 

(2) T)ie points at infinity on 2 are reciprocal to the tangents 
from S to tr. 

(3) The a-symplotes of 2 are reciprocal to the points of contact 
with <r of the tangents from .J to <r. 

(4) 2 is an ellipse, parabola, or hyperbola according as S lies 
inside, on, or outside cr. 

The proof is left to the reader. [Use Theorem 100.] 
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[ 106. 

(i) The point C and the polar of S w.r.t. it are reciprocals, 
(z) The directrix of - and the point E are reciprocals. 
The proof is left to the reader. 

[Note that C is the pole of the line at infinity w.r.t 2 ; and that 
the directrix of S is the polar of 5; and use Theorem loo.] 

47. Use the sAcond method of proof of Theorem 103 to show that 
the reciprocal of a p&rabola, focos S, w.r.t. S, is a circle through S. 

48. Prove Theorem 10.J. 

49. Prove Theorem 105. 

50. Prove Theorem 106. 

61. Prove that a system of parallel lines reciprocate into a system 
of points, GOlllnear witti the origin. 

52. What is the reciprocal of the extremities of a double ordinate of a 
conic w.r.t a focus 5? 

63. ABC is a triangle ; SA meets BC M.P; what is the reciprocal of 
/■w-r.ti-? 

54. What is the reciprocal of a quadrangle w.r.t a diagonal point ? 

56. A circle is reciprocated w.r.t. a point outside it ; what are the two 
parts of the circle which correspond to the two branches of the reciprocal 
hyperbola ? 

56. A conic is reciprocated v.r.t. a focns ; what is the reciprocal 
of a pair of conjugate diameters 7 

57. A line parallel to the base BC of a triangle ABC meets AB, AC 
at D, E ; what is the reciprocal figure w.r.t. A ? 

58. What is the reciprocal of two circles w.r.t a centre of similitude ? 
69. Reciprocate w.r.t. A : two circles touch at .^ ; a line BAQ meets 

the circles at P,Q; then the tangents at P, Q are parallel. 

60. Given four points S, A, B, C, prove that in general, four conics 
can be drawn through A, 3, C having .S' as focus ; and that three of the 
conics are hyperbolas with A, B, C not all on the same branch ; while 
the remaining conic may be an ellipse, parabola, or hyperbola having 
A, B, Con the same branch. 

61. Two conics touch at A, cut at B, C, and have a common focus S ; 
if S lies on SC, what is the reciprocal figure w.r.t. 5? 

62. O is the circumcentre of the triangle ABC ; P, Q, B are the poles 
of BC, CA, AB w.r.t. another circle, centre O ;. prove that O is the 
incentre or an excentre of the triangle PQR. 

63. A conic touches two fixed lines and has a given focus ; find the 
locus of its centre. 
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61. Three conies have a, common focus ; prove that the meets of the 
common tangents of the conies, taken in pairs, are coUinear. 

65. If two conies have a common focus, prove that a pair of common 
chords will pass through the meet of the directrices corresponding to 
that focus. 

66. A variable conic touches two fixed lines and has a given focus ; 
prove that its directrix passes through one of two fixed points. 

67. Reciprocate (i) w.r.t. C, (ii) w.r.t. any point : the locus of the centre 
of a variable circle, which touches a fixed circle, centre C, and also a 
fixed straight line, is a parabola, focus C 

68. Three conies have a common focus, and each pair intersect at four 
real points : prove that their common chords form four groups of three 
concurrent lines, each of the three being a common chord of a different 

69. A variable conic 2 touches internally each of two fixed eonics at 
variable points P, Q. If the three conies have a common focus, prove 
that the pole oi PQ w.r.t. 2 lies on a fixed line. 

70. Reciprocate w.r.t. (i) A, (ii) any point ; 5,, 5j are two fixed circles, 
centres A, B ; & variable circle 2 touches 5„ S^ ; then the locus of its 
centre is two confocal conies. A, B being the foci. 

71. Two parabolas have a common focus. From any point on their 
common tangent, two other tangents are drawn to the parabolas. Prove 
that another parabola, with the same focus, can be drawn to touch the 
last two tangents, and the line joining their points of contact. 

72. PQ is a double ordinate of a parabola ; if the line joining P to the 
foot of the perpendicular from the focus S to the directrix cuts the curve 
again at P", prove that FQ passes through S. 

73. A variable parabola touches a fixed conic and has its focus at one 
of the foci of the given conic ; prove that its directrix touches a fixed 

74. /* is a point on a parabola, focus S ; SP and the tangent at P 
meet the directrix in M, M'. The joins of M, M' to the vertex meet the 
curve again at 2, g' ; prove that QQ is a focal chord. 

75. PQ is a variable chord of the auxiliary circle of an ellipse, and 
touches the ellipse ; prove that the locus of the pole of PQ w.r.t. the 
auxiliary circle is a similar ellipse. [The auxiliary circle is the circle 
having the major axis as diameter.] 

76. Reciprocate w.r.t. any point : two chords PQ, PR of a conic are 
parallel to a pair of conjugate diameters, if QR is a diameter. 

77. If two of the six meets of four tangents to a parabola lie on the 
axis, prove that the remaining four are equidistant from the focus. 
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107. 

(i) With the previous notation, ^=-7- 

(a) If the perpendicular through S to ES meets cr at I^, then 
. *« 
'=5F 




Fio. ,3. 



(i) Produce JZ to ^ so that SZ.SQ-^A^i and draw Q/iT 
perpendicular to SQ ; QJV is therefore by definition a lai^ent 
to (t; let J^ be the point of contact, so that ENQ^^o". 

But QN is parallel to ES, and EN is parallel to QS. 



.-. f=distance of E from QN=SQ'-^ 



SL^ I' 



(a) /f reciprocates into a tangent to 2, parallel to the major 
axis. But the distance of this line from S is -p-^. 



With the vaxxaX notation, prove that a= 



79. Prove that the eccentrlcitT of 2 oQtialB --. 

80. What arc the reciprocals of the extremities of the axe 

81. What is the recittrocal of the second focos of £7 
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82. What is the reciprocal of the foot of the perpendicular from S 
to the corresponding directrix? 

83. What is the reciprocal of two conjugate points on the directrix, 
'Corresponding to Si 

84. What is the reciprocal of Hie minor axLs of 27 

85. What is the recipiocal of a system of coaxal circles w.r.t. a 
point on their radical axis? 

86. Prove that a system of equal circles reciprocate into a system 
■of conies, having a common focus and equal latera recta. 

87. Prove that the major axis of an ellipse, which is the reciprocal 
■of the circumcircle of a triangle w.r.t. its incircle, is equal to the 
in radius. 

88. Reciprocate w.r.t. O : through a fixed point 0, a variable line 
is drawn, cutting a fixed circle aX P, Q; then OP . OQ is constant. 

89. Reciprocate w.r.t. : OA is a fixed diameter of a circle OP A ; 
y is the foot of the perpendicular from to the tangent at P ; then 

■OI»=OY.OA. 

90. Two coaxial parabolas have a common focus S ; prove that the 
sum of their latera recta equals ^SP, where P is one of their common 
points- 
Si. Two conies with the same focus and directrix are such that 

triangles can be inscribed in one and circumscribed to the other ; 
prove that the eccentricity of one is twice that of the other. 

92. A variable conic of given focus and latus rectum passes through 
a fixed point ; prove that the directrix passes through one of two 
fixed points. 

93. Two conies, having a common focus S, intersect at two and 
only two real points P, Q; H, K are the poles. of PQ, w.r.t. the 

■conies ; prove that H, S, K are collinear. 

94. / is the incentre and r the inradius of an equilateral triangle 
ABC; a hyperbola is drawn to circumscribe the triangle and to have 
one focus at /; prove that its eccentricity = |, and that its latus 

95. A variable conic has a given focus S, and touches two fixed 
lines OA, OB ; prove that its minor axis envelopes a parabola, of 
which 6' and a line through are focus and directrix. 

96. Prove that four conies can be drawn to circumscribe a given 
triangle, and to have a given point S as focus ; and that there exists 
another conic S, having S as focus, and touching these four conies ; 
further, if o- is the conic inscribed in the given triangle, with S as 
focus, the latus rectum of 2 is double that of o-. 
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97. Reciprocate w.r.t. P : 7" is the pole of a chord 2^ of a circle 
PQR 1 PL, PM, FN are the perpendiculars from P to QR^ TQ, TR ; 

then PL*=PM.PN. 

98. Reciprocate w.r.t. O: /" is a variable point on a fixed circle 2 ; 
f is a fixed point ; a point P" is taken on OP such that OP . OP" is 
constant ; then the locus of /*" is a circle, unless O hes on 2, in 
which case it is a straight line. 

99. PQR is a triangle circumscribing a parabola, focus S ; if ^ is 
the point of contact of PQ, prove that SR . SR" = SP . SQ. 

100. A focal chord PSQ cuts the corresponding directrix at R ; 
prove that {PQ;RS) is harniooic. 

101. Reciprocate w.r.t. O: the envelope of the polars of a fixed 
point O, w.r.t. a system of equal circles passing through a fixed point, 

102. is I 
major axis of the 
equal to OA. 

103. PQ is a variable chord of an ellipse, eccentricity e, subtend- 
ing a right angle at the focus S ; prove that the locus of the pole of 

PQ is a hyperbola, parabola, or ellipse, according as e>, =, <—^ 

V2 

101. Reciprocate w.r.t. any point : a fixed circle cuts a variable 
circle belonging to a given coaxal system at /", Q ; then PQ passes 
through a fixed point situated on the radical axis of the system. 

105. Reciprocate w.r.t. any point : A, B, C are the centres of three 
circles, each of which touches the other two ; if A\ B, C\ are the 
corresponding points of contact, then AA', Bff, CC, are concurrent 

106. H is the orthocentre of a triangle ABC; 5, is a conic having 
H as focus and AB as directrix ; 5g is a conic having H as focus 
and AC as directrix; if .S'l, S^, touch BC, prove that their minor 
axes are equal. 

107. The four conies circumscribing the triangle ABC, and having 
a point S as focus, cut, two by two, at the six points 5ij, i>[,, ... ; 
prove that each of the three conies having S as focus, one side of 
the triangle ABC as directrix, and passing through the opposite 
vertex contains two of the points D. 

108. A, A' ; B, ff ; C, C are the pairs of opposite vertices of a 
quadrilateral circumscribing a parabola, focus S; prove that 
SA . SA'=SB . SB-^SC. SC. 

109. The sides of a triangle ABC touch a parabola at P, Q, R; if 
S is the focus, prove that SA .SB .SC=SP .SQ.SR. 
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If the lines p, q are the reciprocals of the points P, Q w.r.t 
a point S, then the angle PSQ is equal to the angle between /, ^. 




SF, SQ are, by definition, perpendicular to /, . 
.-. PSQ^nngle between/, q. 



Q,E.D. 



110. A is the foot of the perpendicular from O to a line BC; what is 
the reciprocal figure w.r.t. O? 

111. What iB the rodprocal of a triangle w.r.t. its orthocentre 7 

112. A line parallel to the hypotenuse BC of the right-angled triangle 
ABC cats AB, AC at P, Q; what is the reciprocal figure w.r.t. ^? 

113. What is the reciprocal of two orthogonal circles (i) w.r.t any 
point, (ii) w.r.t. a point of intersection ? 

111. What ia the reciprocal of a parabola w,r.t. a point on the 
directrix? 

115. What is the reciprocal of a conic w.r.t. a point on the 
director circle 7 

116. O is a point on the circumcircle of the triangle ABC; A'BC is 
the reciprocal of -45C w.r.t. ; prove that 0,A\B, C are concyclic. 

117. A\ S, C are points on the sides BC, CA, AB of a triangle, such 
that the circles on AA', BS, CC as diameters have a common point ; 
prove that A', B, C are collinear. 

118. An asymptote CE of a hyperbola meets a directrii at £ ; 5 is the 
corresponding focus ; prove that C£S=go°. 

119. Two parabolas have a common focus S; prove that their common 
tangent subtends at .S' an angle equal to the angle between their axes. 
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120. Two chords PR, QR o( a conic meet the directrix at L, M ; 5 is 
the corresponding focus ; prove that LSM=<jo° ±\PSQ. 

121. Two sides of a triangle are given in position, and the third side 
subtends a constant angle at a 6xed point ; find its envelope. 

122. Reciprocate w.r.t. : two tangents to a. conic from a point T 
meet a fixed line at /*, g ; if PQ subtends a right angle at a fixed point 
O, the locus of r is a conic. 

123. Find a point O such (hat (he reciprocal of a given triangle w.r.t. 
O is a similar triangle. 

124. Find the envelope of a variable clioid of a conic, subtending 
a constant angje at the foctu. Find also the locns of its pole. 

126. PQR is a variable triangle circumscribing a conic, focus S; if 
PSQ is constant, find the locus of A 

126. If two parabolas have a common focus, prove that their common 
chord bisects the angle formed by their directrices. 

127. 7* is a variable point on a fixed tangent to an ellipse ; Q is a 
point on the other tangent from 7" to the ellipse, such that TQ subtends 
a right angle at the focus ; prove that the locus of g is a straight line. 

128. T is the pole of a chord PQ of a conic, focus S ; PQ meets the 
directrix at P ; prove that SP, ST are the bisectors of the angle PSQ. 

129. Two parabolas, having a common focus S, cut at P, Q; prove 
that their common tangent is parallel to a bisector of PSQ. 

130. From any point P on a common tangent to (wo ellipses, which 
have a common focus S, tangents are drawn to cut the other common 
tangent at g, ^ ; prove that QSP is constant 

131. T is a point on the tangent at a variable point P on a parabola : 
if STP is constant, find the locus of P. 

132. If two parabolas have a common focus, and their axes in opposite 
directions, prove that they cut orthogonally. 

133. Find the locus of a point from which tangents to a fixed parabola 
are inclined at a constant angle. 

134. Reciprocate w.r.t. ^ : 7" is the pole of a chord AS of a circle, 
then TA£= TEA. 

135. Reciprocate (i) w.r.t. the focus, (ii) w.r.t. the vertex : if a chord 
PQ of a paratiola subtends a right angle at the vertex, then the locus ot 
its pole is a straight line, parallel to the directrix. 

136. A conic, inscribed in the triangle ABC, touches BC at A' ; if 5 
is a focus, prove that BSA'+ASC= 180°. 
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137. Reciprocate w.r.t. any point ; the locus of points from which 
tangents to an ellipse are at right angles is a circle, concentric with the 

138. is a fixed point on a conic ; FQ is a variaUe chnd. If 
POQ>go°, prove tb&t PQ passes tbront^ a fixed point. 

139. Prove (hat the opposite sides of a quadrilateral, circumscribing 
an ellipse, subtend supplementary angles at a focus. 

140. If two parabolas have a common focus, prove that the line 
joining the focus to the meet of the directrices is perpendicular to ihe 
common tangent. 

141. Two parabolas have a common focus, and their axes in opposite 
directions ; a straight line parallel to the axis meets them in P, F" ; 
prove that the tangents at P, F intersect on the common chord and . 
subtend equal angles at the focus. 

142. From any point on the common tangents of two parabolas, 
having a common focus, two other tangents are drawn ; prove that they 
make with each other a constant angle. 

143. Reciprocate w.r.t. B : two circles cut aX A, 3 ; a variable line 
through B cuts the circles again at /", g ; then PAQ is constant. 

144. Reciprocate w.r.t. : AB is a diameter of a circle AOPB ; 
then APB=go°. 

145. FroTe that the locus of the foot of the perpendicular from 
the focus of a parabola to a Tarialile tangent is a straight line. 

146. ABCD is a quadrilateral circumscribing a conic; the diagonals 
AC, BD meet at a focus ; prove that AC is perpendicular lo BD, and 
that the directrix is the third diagonal. 

147. Reciprocate w.r.t. the focus, Steiner's theorem : the orthocentre 
of a triangle formed by three tangents to a parabola lies on the directrix. 

148. 5 is a focus, C the centre, and CE an asymptote of an hyperbola ; 
the tangent at a variable point P on the curve cuts the directrix in T; 
g is a point on the directrix such that QST-=ECS\ prove that PQ, 
envelopes a parabola. 

149. The tangents from a variable point /* to a conic meet the 
directrix in conjugate points ; find the locus of P. 

160. Reciprocate w.r.t. any point : PQ, is a chord of a circle ; then the 
angle between PQ, and the tangent at P is equal to (he angle in the 
alternate segment. 

151. Reciprocate w.r.t. any point: P, F \ Q, Q ^.\f! two pairs of 
inverse points w.r.t, a circle 2 ; then P, F, Q, Q lie on a circle, ortho- 
gonal to 2. 



b,GoogIc 



VII.] RECIPROCATION igt 

152. PQ,PJiiiie two chords of a rectangular hyperbola; if QPJt=^% 
prove that the tangent at P is perpendicular to QP. 

153. The tangent at any point P of a hyperbola cuts an asymptote 
at T; and a line through P parallel to that asymptote cuts the directrix 
at A'; prove that AT subtends a right angle at the corresponding 
focus. 

154. A triangle PQP circumscribes a piarabola, focus S ; lines are 
drawn through P, Q, P making equal angles with SP, SQ, SP respec- 
tively ; prove that they are concurrent 

155. SP is drawn through a focus ^' of a hyperbola, parallel to an 
asymptote, and cuts the curve at P ; prove that the tangent at P meets 
the other asymptote on the iaius rectum produced. 

156. Two vertices A, B gI the triangle JSC arc Hxed. The bisector 
of the angle £AC meets SC at a point on a fixed line. Find the locus 
of C. 

157. T is the pole of a chord PQ of a parabola, focus S ; prove that 
the triangles TPS, QTS are similar. 

158. Reciprocate w.r.t. S: PQ is a focal chord of a parabola, focus S ; 
two circles are drawn through .S" to touch the parabola at P, Q respec- 
tively ; then they cut orthogonally. 

159. P is any point on an ellipse ; PSQ is a focal chord, PCP" is a 
diameter ; prove that the pole of P'Q lies on the auxiliary circle. [Use 
the property assumed in Th. 103, method (i.)] 

160. D is any point on the circumcircle of an equilateral triangle 
ABC; prove that a parabola can be described having D as focus, and 
touching AB, BC, CA at their meets with DC, DA, DB respectively. 

161. j", 52 are two points on a focal chord of a parabola ; Pff. PK, 
Qff, QJCavc the tangents from P, Q to the curve ; prove that the angles 
P/fQ, PKQ are equal or supplementary. 

162. T is the pole of a chord PQ subtending a constant angle at the 
focus i" of a conic ; a line harmonically conjugate to PS w.r.t. PQ, PT 
meets 57" at K ; find the locus of K. 

163. Two parabolas have a common focus and axis -, a straight line is 
drawn through the focus ; prove that the tangents at its meets with the 
parabolas form a rectangle, one diagonal of which passes through the 
focus, while the Other is perpendicular to the axis. 

164. On the tangent PT at any point P on a conic, a length PT is 
measured so as to subtend a right angle at a fixed point inside the conic ; 
prove that the locus of T is the polar reciprocal w.r.t. O of the envelope 
of normals to the conic. 



b> Google 



PLANE GEOMETRY 



THBOBEU 109. 



(i) A system of conies, having a common focus, can be recipro- 
cated into a system of circles ; and if the latera recta of the conies 
are equal, the circles are of equal radii ; and conversely. 

(2) A system of conies, having a common focus and a common 
corresponding directrix, can be reciprocated into a system of 
concentric circles; and conversely. 

The proof is left to the reader. 

[Reciprocate w.r.L the focus and use Theorems 107, 106.] 

THEOBSH 110. 

(i) A system of confocal conies can be reciprocated into a 
system of coaxal circles. 

(3) A system of coaxal circles, reciprocated w.r.t. a limiting point, 
becomes a system of confocal conies. 

(i) Reciprocate w.r.t. one of the foci; then the conies become 
circles. But a system of confocals have, by definition, four fixed 
common tangents; 

.'. the reciprocal system of circles have four common p>oints. 

[Two of these are the circular points and the other two lie on 
the radical axis.] 

.■. the reciprocals are coaxal circles. q.e.d, 

{2) Let Z, Z' be the limiting points. Draw L'JI perpendicular 
to £Z'. 

Then Z'lf is the polar of Z w.r.t. each circle of the system. 

Reciprocate w.r.t. Z, 

The circles become conies, having one focus at Z, 

But L'lf, the polar of the origin w.r.t. each coniq reciprocates 
into the centre of each conic. 

Therefore the reciprocals are conies having a common focus and 
centre, and are therefore confocal conies [p. 137, ex, 77J, q,e.d. 

Corollary. 

The radical axis reciprocates into the second focus; and the 
second limiting point reciprocates into the minor axis. 

[The radical axis is midway between the origin Z and the line 
Z'/f, which becomes the centre.] 
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It is interesting to apply s more fundamental method of proof 
to Theorem ■ 10. 




S, H\ S\ H' are the pairs of foci of a system of confocals ; % 
il' are the circular points at infinity. 

Denote the lines Si, 5ft', H% Mil' by a, b, c, d. 

Reciprocate w.r.t. ,S'. 

The reciprocal of 50 (or a) is the point il, since the line 511 
touches any circle, centre S, at iJ, We denote this by A, in the 
ordinary way ; similarly the reciprocal of SH' (or b') is fl', which we 
denote by B. 

Consequently in the reciprocal figure, A, B denote the circular 
points at infinity ; and the lines lu, <»' are the reciprocals of fl, H' ; 
the lines c, d become points C, 1} on 10, m ; the joins of C, D ; C, 
B; A, D; are h, A', s'. 

Any confocal, (since it touches a, b, c, d), becomes a conic through 
A. B, C, D, i.e. a circle through C, D. 

Hence the reciprocal system is a set of coaxal circles having 
CD or A as radical axis. The radical axis is therefore the reciprocal 
of the second focus. 

Moreover the point-circles belonging to this system are the 
isotropic pairs of lines ACS, BDS and AMD, BMC, which yield 
the point-circle S and the point-circle M; where M, the meet of 
AD, BC. is the reciprocal of m, the join of ad, be or 5', H', i.e. 
the minor axis. The limiting points of the coaxal system are 
therefore the focus S, taken as origin, and the reciprocal of the 
minor axis. 

Since the figures are reciprocal in every respect, either may be 
regarded as generating the other, by reciprocation. 

165. If two confocals intersect, prove that they est ortltogonally. 

166. A system of conies have a common focus and a common 
correspoDding directrix; prove that the polars of any given point w.r.l. 
the system are c 
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167.1. iTangtnts are drawn to a. conic from ttbo variable points on 
its directrix, whidi subtend a constant angle at .the. corresponding' 
focus ; prove that their meets lie oi) one of two conies, with the same 
focus and directrix. 

168. A system of conies have a common focus, and touch each of 
two parallel lines ; prove that the corresponding directrices are con- 
current ; that the centres are collinear ; and that the asymptotes envelope 
a circle, 

169. Reciprocate w.r.t. any point : if a variable circle touches two 
fixed circles, the polar of its centre w.r.t. one of the fixed circles 
Mivelopes a circle. 

170. Reciprocate w.r.t. A : tangents are dr^wn ffom a fixed point 
^ to a system of concentric circles, centre C; then the locus of the 
points of contact is a circle on AC as diameter. 

, 171. What is the reciprocal of two homothetic contcs, having a 
common focus, w.r.t. that focus? 

172. A line drawn through a liniicing point Z. of a coaxal system of 
circles cuts one of the circles at A, B. The tangents at A, B cut 
another circle of the system at P, Q and R, S respectively ; prove that 
PLR=Qts. 

173. Two parabolas have a common focus and perpendicular axes ; 
if the latus rectum of one is double that of the other, prove that triangles 
can be inscribed in one and also circumscribed to the other. [Assume 
the result of Th. zo6.] 

174. Reciprocate w.r.t. a focus : if tangents are drawn to a system 
of confocal conies from a fixed point on the major axis, the paints of 

.175. A system of hyperbolas have a common focus and a common 
corresponding directrix ; find the envelope of the asymptotes. 

176. Prove that confocal conies of reciprocal eccentricities intersect 
at the extremities of their latera recta. 

177. Reciprocate w.r.t. S: a system of pai ^bolas have a common focus 
i' and a common tangent ; then the points of contact of the other 
tangents from a fixed point on the common tangent, lie on a circle 
through S. 

178. Reciprocate w.r.t. L: P, Q are conjugate points w.r.t. two 
drcles of a given coaxal system ; then they are conjugate points w.r.t. 
every circle of the system and if Z is a limiting point, FLQ=^', 

179. (i) A system of similar conies have a common focus S% prove 
that their reciprocal w.r.t. 5 is a set of circles, such that the radius of 
any one is proportiona to the distance of its centre from S. 
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(2) If a system of similar ellipses with a common focus 5 touch a 
tixed line, prove that the envelojw of the corresponding directrix is 
another similar ellipse, with its centre on' the given line. snd. one focus 
at -y- ,.-::■' 

180. Reciprocate w.r.t. any point : a variable conic has double contact 
with a fixed conic ; if the chord of contact is fixed in direction, then the 
locus of its centre is a straight line. 

181. Reciprocate w.r.t. any point: a variable circle passes throi^b two 
fixed points, then the polar of a fixed point passes through another fixed 

182. Prove that the locus of the pole of any tangent to the director 
circle of a conic w.r.t. that conic is another c 



183. Two conies have a common focus 5. an 
ing directrix : a tangent at .P to one meets the other ax Q, Jf ; prove 
that QSP=PSR. 

184. SL is the semi-latus rectum of a parabola, focus S ; an ellipse is 
drawn through .5* to have four-point contact with the parabola at L ; 
prove that it touches the axis of the parabola. 

185. A variable circle passes through two fixed points A, B and 
cuts two fixed lines through A '\xi. P, Q\ find the envelope of PQ, 
(Reciprocate w.r.t. 5.] 

186. One arm of a constant angle passes through a fixed point ; the 
vertex moves on a fixed line ; find the envelope of the other arm. 

187. 5 is a focus of the conic o-, ; o-j is a conic having S as focus and 
any tangent of <ri as the corresponding directrix ; if <Tj touches the minor 
axis of tr,, prove that the conies are of equal eccentricity. 

188. The conies S^, S^ have a common focus and equal eccentricities : 
if the directrix of 5j is an asymptote of 5j, prove that the minor axis 
of 5, is an asymptote o 5j. 

189. The tangents from a variable point P to two parabolas having 
a common focus and axis are at right angles ; prove that the locus of P 
is a straight line. 
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If S^ and S^ are two given conies, there exists i 
conic S, such that J,, S^ are reciprocal w.r.t, S. 




Project Sj and S^ into two conies S\, S\ having a common 
centre and the same principal axes. [If fQJi Is the common self- 
conjugate triangle, this is effected by projecting QH to infinity 
and QJ'X into a right angle.] 

Let A\CA^. B\CB^ and A\CA^, B\CB^ be the principal axes 
of y„ S^. 

Take points A, A' ; B, ff oa CA^, Cb-^ such that 

CA^^CA'^=CA^.CA^ and cm=CB'-=CB.^. CB,. 

Let S' be the conic having A'CA, BCB as principal axes. 

Then the reciprocal of S\ w.r.t. S' passes through A^, A'^ B^, 
B'j and has A^A\, B^^ as principal axes, and therefore coincides 
with S\; 

.'. S\ and S\ are reciprocal w.r.t. S. 

Therefore, projecting back, there exists a conic ^ w.r.t. which 
S^ and S^ are reciprocal. Q.E.D. 

Corollary. 

The three conies 5], 5^, 5 have a common self-conjugate triangle. 

190. If .?„ Si are two conies such that 5, is its own reciprocal w.r.t. 
5,, prove that 5|, S^ have double contact with each other. 

19L If a rectangular hyperbola is reciprocated w.r.t. a point O, 
prove that O lies on the director circle of the reciprocal conic 

What special case arises, if O lies on the rectangular hyperbola? 

192. What is the reciprocal of a system of conies passing through 
four fixed points w.r.t. a vertex of the common self- conjugate triangle ? 



b> Google 



vii.J RECIPROCATION 197 

193. Reciprocate w.r.t. C: a variable circle is drawn through a fixed 
point and its radius is equal to that of a fixed circle, centre C; then 
the envelope of the common chord of the two circles is a conic, one 
of whose foci is at C. 

194. The centre C of a circle 5, is a vertex of a square circumscribing 
a circle S^ ; prove that the reciprocal of .Si w.r.t .S'l is a rectangular 
hyperbola. 

195. PQ is a variable chord of a rectangular hyperbola, subtending 
a right angle at a fixed point O, not on the curve ; prove that PQ 
envelopes a parabola, having O as focus. 

196. Reciprocate w.r.t. H: the orthocentre H o( a triangle inscribed 
in a rectangular hyperbola lies on the curve. 

197. Reciprocate w.r.t. O : if a conic touches the sides of a triangle, 
and passes through its circumcentre O, then its director circle touches 
the circum circle. 

198. A variable conic touches three fixed lines and its director circle 
passes through a fixed point ; prove that the conic touches another fixed 
line. [Use Ex. 196.} 

199. Prove that the reciprocal of a parabola w.r.t. a parabola is a 
conic with one asymptote parallel to the axis of the second parabola. 

200. Reciprocate w.r.t. a focus : the envelope of the polars of a given 
point w.r.t. a system of confocal conies is a parabola touching the 
axes of the system. 

201. Pairs of perpendicular chords are drawn through the vertex A 
of a conic : prove that the locus of the pole of the line through their 
other meets with the conic is a straight line, perpendicular to the axis. 
[Reciprocate w.r.t. AJl 

202. If a fixed line meets a system of concentric drclea, prove 
that the tangents at the points of intersection envelope a parabola. 

203. Prove that the envelope of chords of an ellipse which subtend 
a right angle at the centre is a concentric circle. 

201. Prove that a conic reciprocated w.r.t O becomes a rectangular 
hyperbola if, and only if, O lies on its director circle. 

205. (1) Prove that any two conies can be redpiocated into 
rectangular hypeibolas. [Use Ex. 204.] 

(2) Hence prove that the director circles of a sirstetn of conies 
tonching fonr straight lines are coaxal. 

206, Reciprocate w.r.t any point ; P is a point on a rectangular 
hyperbola, centre C; the tangent at P meets an asymptote at T; 
then PTC=PCT. 
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207. / is a variable tangent to a fixed conic. P is the centre of the 
circle, which is the inverse oi p w.r.t. a fixed point 0; prove that the 
locus of /• is a conic. 

208. Prove that the reciprocal of a hyperbola, eccentricity e, w.r.t. 
a parabola having a common focus and directrix, is an ellipse of 
eccentricity -, with the same focus and directrix. 

209. Two conies 5,, 5s have the same asymptotes OA, OB \ the 
polar of a variable point on 5, w.r.t. 5, meets OA, OB M P, Q; prove 
that the triangle OPQ -is of constant area, 

210. A hyperbola and a parabola have a common focus and touch 
one another ; and their common chord, length 2C, passes through the 
focus; if z/^laius rectum of parabola, prove that the eccentricity of 



Che hyperbola is Js±4JL 



211. What is the reciprocal of a system of conies, touching four 
fixed lines, w.r.t. a vertex of the common self-conjugate triangle? 

212. Reciprocate w.r.t. O : if a conic is inscribed in a fixed triangle 
and passes through a fixed point O, the locus of its centre is a conic 
touching the sides of the triangle formed by joining the mid-points of 
the sides of the fixed triangle. 

213. Reciprocate w.r.t. O : O is a point inside a circle, centre A ; 
the locus of the mid-points of chords of the circle, which subtend a 
right angle at O, is a circle, whose centre is at the rnid-point of AO. 

214. Reciprocate w.r.t. D: the centre of the rectangular hyperbola 
ABCD lies on the auxiliary circle of the conic which touches the 
sides of the triangle ABC, and of which D \% a. focus. 

215. With the focus of a hyperbola as centre, a circle is drawn, 
touching the asymptotes. P is the pole w.r.t. the hyperbola of a 
tangent to the circle ; if this tangent meets the directrix at Q, prove 
that PQ touches the circle. 

216. P is the pole of a chord QR of a conic S ; prove that there 
are an unlimited number of conies, having PQR as a self-conjugate 
triangle, which are their own reciprocals w.r.t. S. 

217. The incenlre of a triangle self-conjugate to a hyperbola is at 
one of the foci ; if e is the eccentricity, and / the semi-lalus rectuni, 
prove that the inradius= jT~ 

218. A system of conies have a common focus and corresponding 
directrix: prove that the normals to the conies at the extremities of 
the latera recta through the common focus touch a fixed parabola. 
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, 219. If the conic i"=Z.* is reciprocated w.r.ti the conk .9=0; i-=0 
being the equation of a given line ; prove that, if the reciprocal fif 
any point P on 5=i' touches the reciprocal conic at F, then PF 
passes through a fixed point. 

220. Find the condition that icy^c* may be its own reciprocal w.r.t. 

221. Each of the conies 5,, 5g is its own reciprocal w.r.t. the 
other ; prove that they have double contact with each other, and that 
they. are also self-reciprocal to any conic having double contact with 
i'l and .9j at separate points of contact. 

Analytical Treatment. 

It is beyond the scope of this treatise to develop, or even to 
sketch the general theory of the inter-relation of point- and line- 
cobrdinat^s. But, by taking a special case of a simple algebraic 
character, it is possible to indicate quite briefly the manner iii 
wluch the Principle of Duality presents itself in analysis. 




Ox, Oy are two rectangular ax^. With the notation of page 
24, let the coordinates of any point be (- . -) where x, y, s are 
connected by the relation x+yi-si=i. 

Let any straight line cut Ox, Oy at A, B, and denote OA, OB 

by|,- respectively, where f + 'j + f=i- 

The equation of AB is therefore x^ +>)) = z^ 
Now the line AB is known if ^, jj, { are given. 
Consequently we shall call (g, -i\, f) the coordinates of thaliite ^^. 

If k^ ti C ^^^> but always satisfy the equation 

where a, 6, c are constants, we obtain a system of/Unes, having 
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£, 1), ( as coordinates ; and each of these lines passes through 
the point, given by x j^ s i 

Consequently, we shall call a^+hf^ci the equation of the point, 
determined by this system of concurrent lines. 

We now clearly have the analytical elements of a dual principle. 

FOEHT-OOOBDINATES. LIKE-COOBDIHATEB. 

(/, g, k) is a point. (/ g, h) is a line. 

fx+gy = hz is a line. /S+gV = ^ 's a point. 

Further the point {/,g,A)\ies on the line<ja: + ^=« if a/+ig=£/i: 

while the line {/, g, h) passes through the point af + ^=<rf if 

af^bg={h: for the coordinates of all lines through the point 

af +^ = <^ must satisfy this equation, by the definition. 

Similarly the points (x-^, y■^, s,); {x^, y^, z^); (x^, y^, Sg) are 

■ *i -''i *i : 

coUinear if ^ ^2 y^ Zj 1 = : while the lines (f,, i?,, fj); (f^.^aiQ; 

' ^8 J» % I 

1 il -Jl il I 

(Ssi 78- Q ^'■e concurrent if f^ .)„ C^ i = o. 

It is therefore clear that if any descriptive property is proved 
concerning the disposition of a system of points and lines in a plane, 
an exactly similar reciprocal theorem holds for the corresponding 
system of lines and points ; for it is merely necessary to substitute 
coordinates of lines for coordinates of points, and equations of points 
for equations of lines in the previous analysis. 

222. Find the point -equation of the line whose coordinates are 

<i. i, i) 

223. Find the point-coordinates of a point whose line-equation is 
(■) rf-3l+4t-Oi (3) sS-!f. 

224. Find the line-coordinates of the lines whose point-equations are 
(i)y=mx+cj!; (2)ax + 6y = o; (3) -t-o ; (4) J^coso-H^-sin o=/jr ; 
(5) --(.■^=-; (6) the line at infinity, «=o. 

225. Find the line-equations of the points whose point -coordinates are 
([) o, I, o; (2) 3, 0,-1 ; (3) the origin; (4) the point at infinity on 
y=2x; (s) the point at infinity on y=z. 
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226. Find the point-coordinates of the fixed point on the variable line 
whose line-coordinates are i=2+3t, 17=3 — 2/, where / varies. 

227. Find the line-coordinates of the line traced out by the moving 
point, whose point-coordinates are (1+/, 1—2'), where t varies. 

228. Find the lineK:oordinates of the line joining the points, whose 
point-coordinates are (2, 3); (-4, 5). 

229. Find the line-equation of the meet of the lines, whose point- 
equations are zx+iy-^x, y+2y=7z. 

230. Prove that the line-equations a^+^-i-ci=o, a^-\-lnf+di'-iy 
represent points collinear with the origin. 

231. Prove that the lines whose coordinates are (f,, i^i, (,X (it, iji, d) 
are parallel if i'=^. 

232. Given the line-coordinates of three lines, determine the condition 
that the lines are concurrent. 

233. Given the line-equations of three points, determine the condition 
that the points are collinear. 

The introduction of a and f has been made, in order to secure a 
complete representation of elements, finite and ideal, in the x, y 
plane. Thus the line at infinity is represented by the equation e— o; 
and the line-equation of the origin is i=o. It often happens 
however that this wider scope of interpretation is of little value to 
the problem in hand, and merely serves to complicate the analysis. 
When therefore it is more convenient, z and { will be omitted ; and 

in that case x, y, £, i; will stand for -, -, %, --, respectively. 

234. (i) Any point on the join of the points (^i, y^), (x^, y^) can be 
represented by I ' , 1 * ■ ^.V ^ ]' ''*'' ^ suitable value of X. 

(3) Any line through the meet of the lines (i,, t),), (^j, ij,) can be 
fkt^_ Vi±^,\ f„ ^ 3„it^ye value of K. 




/Ikf^i 5l±^i' 



b> Google 



303 PLANE GEOMETRY [CH^ 

POINT BEOIPBOaATIOH. 

Consider now the base-circle ar*+y^=i. 

Let ($ivy^^ the line-coordinatesof the polar of any point {x',y). 

Then (^, r{) are the coordinates of the line xx' ■i-yy=j. 

Suppose that («', y') traces out the curve /{x, y) = o. 

Then the coordinates (£, t))- of its polar satisfy the equation 

Now this line (|, ij) envelopes the reciprocal of the curve 
/(^' y) = ° w-r-t. the circle a:'+y = i. 

Consequently /(f , v) = ° is the line-eanation of the redj^rocal of 
nx,y) = o w.r.t j:»+y=i. 

The following example illustrates the method for deducing the 
point-equation from a given line-equation. 

EXAMPLE. 
To find the point-equation of the reciprocal of the conic 

ax^-^2hxy. + 6^-{-2g»+2fy+c=o w.r.t. the circle x^+y'=i. 
The line-equation of the reciprocal is 

Let (^, ij) be the coordinates of any line through the point {x, y'). 

Then ^x- + 7,y^t (r) 

If this line (^, ij) also touches the reciprocal, we have 

of»-(-aAfij-l-V + 2^^ + =A + ^=o {2) 

Eliminating y\ from (i) and (2) we have 
^(e^^ - ihxy -H ^jc'2) -t- 2^{gy'^ -f^y ^hy'- ix') -t-^y"' +2fy'i-i = o. 
Now if {x', y') lies on the reciprocal curve, the two tangents that 
can be drawn from it to the curve are coincident: and therefore, 
in this case, the quadratic in ^ must have equal roots. 

. ■ . {ay'^ - 2hx'y + (>a:'^) (9^* + 2fy Arb) = {gy'^ -fxy + hy- bx')^. 
Simplifying, and dividing through by y'\ we obtain as the locus 
of (a:',/): 

xi{bc-p) + 2xy{fg-ch)+yHac-g-^)^2x{fk-bg) 

-2yigh-a/)-\-ah-fe^o; 
or, with the usual notation, 

Axi + 2ffxy-¥By^- 2Gx-2Fy-i-C^o, 
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where A, B, C, F, G, H, are the cofactors of a, 6, c, /, g, h, in 
the determinant \ a k e\ 

\h b f\ 

\ g f c\ Q-K-F. 

If S-^x, y) = o, S^ix, y) = o, denote the point-equations of two 
conies, vre know that any given conic through their four common 
points is represented by an equation of the form ^j-i-A5'2 = o, 
where X is a suitably chosen constant. 

In precisely the same way, if 2,(^, »() = o, 2j(f, jj) = o denote 
the line-equations of two conies, it follows that any given conic 
touching their four common tangents is represented by an equation 
of the form i;,-HA2j = o, for a suitable value of the constant A. 

Now the coordinates of the isotropic lines j'= ±ix + d are given 

by -^.=— ^ = ^, so that the coordinates of all isotropic lines are 

subject to the relation ^■\-if = o, or in other words, the equation 
of the pair of circular points at infinity is ^■(-»)^ = o. 

But confocal conies are, by definition, a system of conies touch- 
ing two fixed pairs of isotropic lines. 

Consequently, if 2(^, i) = o is the line-equation of any conic, 
then any given conic confocal with it is represented by an equation 
of the form 2(f, i)) + X(|2 + i)*) = o, for a suitable value of the 
constant A. 

It is interesting to verify analytically the theorem that the 
reciprocal of a system of coaxal circles w.r.t. a limiting point is 
a system of confocal conies. 

Take the origin at one limitii^ point, and let {a, o) be the 
coordinates of the other. 

Then x*+^ = o and {jc-a)*+y = o are two circles of the 
coaxal system. 

Therefore any other circle of the system is represented by 
k{x'-\-y^) + {x-af-vf = Q. 

Therefore the line equation of the reciprocal w.r.t. x'^-\-y'^=i is 

M? +>)') + (^ -")* + '?' =o- 

which represents one of a system of confocal conies, by our 
previous work. q.e.d. 

The reader should note that this is simply the analytical 
statement of the mode of proof adopted on pages 192-3. 



b> Google 



204 PLANE GEOMETRV [CH. vii. 

236. Find the line -coordinates of the common tangents of the circles 

237. Find the line-coordinates of the common tangents of the conies 
2J*+lr'=l i jr' + 2y=l. 

238. Find the line-equation of the reciprocal of the conic 2^:"-^)^= i 
w.r.t. the circle jr^^-vy = j ; and deduce its point -equation. 

239. Find the line-coordinates of the tangents from the point (2, 3) 
to the conic whose line-equatioD is S*+zfTj-H3V='- 

240. Find the line-equation of the reciprocal of j:'+3rv+2y-2j-=4 
w.r.t. the conic jc*+^=i ; and deduce its point-equation. 

211. Write down the general line-equation of .■ parabola. [Note tliat 
it touches the line at infinity; S=o, '•)=o-] 

242. If £=0 is the line-sqaation of a conic and if a=0, P=0, y=0, 
8 =0 are the line-equations of fonr points, interpret geometrically the 
eqoationB a)£-'k.ap=0 (2)S'ka==0; (3)£-k<»=0; (4) £-'k=0; 
(S)<^-k. 116=0; where k is a constant. 

243. Calculate the line-equation of the system of confocat conies given 

244. Prove that the general point-equation of a conic confocal with 

ax'-(-2hiy+br*=I is (a+X)x=+2hxy-Kb-«-X)r«-i-^::^±^±^=0. 

[Calculate the line-equation of the given conic ; deduce the geneial 
equation of a confocal ; and then turn it back into point-coordinates.] 

245. (0 Find the line-equation of the pole of $, r) w.r.t. the conic 
whose line-equation is a^ + 2A$ri + fiti^ + 2g$ + 2/r) + c=o. 

(z) Hence find the equation of the centre of the conic. 

(3) Taking the general equation of a conic touching four lines in 
the line-form a$-k .y8=o, prove that the locus of the centres of conies 
touching four fixed lines is a straight line. 

246. Work out an analytical proof of Brianchon's theorem, in line- 
coordinates, similar to that of Pascal's theorem in point -coordinates 
on page 150. ■ 
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CHAPTER VIII. 
HOHOaEAiraiO BANOES AND PENCILa 

It has already been pointed out that a knowledge of the funda- 
mental property of the cross ratio of a pencil of four concurrent 
lines dates back to Pappus, but that the general theory of ranges and 
pencils is essentially modern. It is ditScult to estimate the precise 
contribution of Desargues and his followers, few in number but 
of great ability. As the method of projection came into more 
general use, greater attention was naturally directed towards the 
theory of cross ratios. And these researches were crowned by 
the comprehensive Giometrie Supirieure of Chasles, published in 
1852. This treatise, of remarkable originality, brings to the theory 
of homography a generality of statement and a sense of power, 
which place it among the greatest books of the last century. His 
discovery of the double points of cobasal homographic ranges leads 
him to an ingenious method of solving a wide group of constructions, 
and the general theory of involution, which is seen to be a special 
case of homt^aphy, provides a new means of introducing imaginary 
elements into pure geometry. To weigh however the influence of 
Chasles on the progress of geometrical research, it is necessary to 
take into account his invaluable historical investigations of the 
work done in former centuries, contained in his Aperpt Historique, 
which doubtless stimulated his own thought, as well as that of his 
contem poraries. 

For convenience of reference, we shall first enumerate certain 
cross ratio properties which have been previously enunciated. [See 
Part I. pages 52, 103-107.] 

(1) The cross ratio of the range The cross ratio of the pencil 
formed by four collinear points A, formed by four concurrent lines a, 
B, C, D i, iABCn) . <•!, -^^. _ ,, . . . „ _ .i.»<.«n?»' 



\ah denoies the i 
with a.'] 



b> Google 



306 PLANE GEOMETRY [CH. 

(a) If the joins of corresponding If the meets of corresponding 

points of two 4-point ranges are rays of two 4-ray pencils are 

concurrent, the ranges are equi- collinear, the pencils are equi- 

(3) If two equicross 4-point If two equicross 4-ray pencils, 
ranges, on different bases, have with diifer«nt vertices, have a 
a self-corresponding point, the self-corresponding ray, the meets 
joins of the other corresponding of the , other corresponding rays 
points are concurrent. are coltinear. 

(4) {ABCD\ is unaltered in {a6cd\ is unaltered in value, if, 
value, if, when any two letters are when any two letters are inter- 
interchanged, the other two letters changed, the other two letters are 
are also interchanged. also interchanged, 

(5) If {ACBD) = {ADBC), the If {acbd]-'{addc), the pencil 
range {AB ; CD) is harmonic. {ab ; cd) is harmonic. 

(6) If^, 5, Care three fixed col- If a, b, c are three fixed c<mi- 
linear points, and if k is a constant, current lines, and if .4 is a constant, 
then there '\& one and only one point then, there is one and only one line 
X such that {ABCX\=k. x such that {abcx)=k. 



AKALTTIOAL TBEATHENT OF HOMOaBAPHIO BAHGES. 

(I.) A, B, C are three fixed points on a base /; A', B", C are 
three fixed points on a base t; O, O are fixed points, taken as 
origins on /, /'. 

X is a variable point on I; X' is the point on /' for which 
{ABCX'\ = {ABCX-'\. 

It is required to find the relation connecting the positions of X, X'. 

Let OA = a, OX=x; 0'A' = a', 0'X' = x; eta 

^; but CX=x-c, etc.; 



AX.CB A'X'.CB' 

;. it ^-~ ^ = k' , ~ ^. 1 where k, k' are constants. 

.'. pxx' + qx + rx' + s = o, 
where p, q, r, s are constants ; which is the required relation. 

Q.E.F. 

(II.) O, Cf are fixed origins on the fixed lines /, /'; X, X' are 
variable points on /, /', subject to the condition 

pxx +qx-\-ri!^ ^-s^o, 
where OX=x, OX' = x'; p, q, r, s being constants. Then the 
range formed by any four positions of X is equicross with the range 
formed by the four corresponding positions of X'. 
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Let Xj, x^, x^y ±4 b« th« coordinates of any four points on /, 
and let x\, ^^,-x^, x\ bie the corresponding .points on /'. 

Now .----1 (»i-*i)(».-«.) 

But .T, = - ^^L±-^. by definition. 

' ■ ' /»!+? 

. Tlierefore 

■ ^ _^ =.^^^l±i rx'^.-^s {rx\ + s){px\'^q)'{rx\-i-i)[px \-i-q). 

l.fx\-rf)(.px, + q)' 
Similarly ^., - ,, . («.-».K>"-?'-) etc. 

Therefore, after simplifying. 

We may prove (II.) in another way; 

■With the same notation as before, let ^, ^' be any pair of points 
such that {x^x^^) = [x\x'^-^}. . 
This relation is identically satisfied by 

Now by (I.), the relation reduces to the form 

The values P:Q:Ji:S are then determined uniquely, in terms 
of jjj, x^, jTj, x\, x\, x\, by substituting^ for |, ^ their three pairs 
of values. 

But the equation fxi^ + gx-{-rx' + s = o is satisfied by the same 

three pairs of values JZJ }> ^t^- 

.'. P:Q.Ji:S=p:g:r.s. 
Therefore the value of f arising from {^\^'¥''^) = {xlX^^^) 
is the same as the value of x arising from px^x' ■^■qx^ + rx' + s = a 
and is therefore equal to x\; 

:. {x^X^^^)={x\x^'^\}. Q.E.D. 

Definition. 

\iA,B,C,...X,...;A',ff,C,...X',..., are two ranges of points 
on the same or different bases : and if the cross ratio of any four 
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points P, Q, H, S of one nmge is equal to that of the four corre- 
sponding points F", Q, K, S of the other, the two ranges are said 
to be homoKxaphic. 

In (I.), it is proved that any pair of corresponding points K, X 
of two given hom<^;raphic ranges are connected by a relation of 
the form /ja:' + 4?jr + r*' + J — o, where/, q, r, s are constants, and 
X, :^ denote the distances of X, X from fixed origins on the bases. 
Conversely, in (II.), it is proved that, if two ranges are generated by 
a pair of points X, X moving so that their distances OX=x, 
OX = x\ from fixed origins O, O on the two bases are connected 
by a relation of the form px:^ + qx^rx! -¥1 = 0, where ^ q, r, s are 
<»nstants, then the two raises are homographic. 

These two results may be stated in one theorem ; 

The existence of an equation of the fonn pxx' -i- qz + rx' + s = 
is the necessaiy and snfflGient condition that two tangea, generated 
trom it, are homographic 

The fundamental characteristic of the homographic relation is the 
fact that it sets up a one to-one correspondence. To any point of 
either range, there corresponds one and only one point of the other 
range. This is put in evidence very clearly by the relation, which 
is linear in each of the variables x, x ; but it is embodied, with equal 
precision, in the cross-ratio property on which the definition is based. 

1. OABC, OA-ffC are two lines, such that OA = i, OB^i, OC=i 
and 0A'= I, OS^^, 0C'=6. Prove that the equation determining the 
homographic ranges {ABC ...},{'4',B',C,...) is xx'+^-yx' -3=0. 

2. In Ex. I, if the two lines coincide, with OA on OA', determine 
another point besides A on the line, which correspionds to itself in the 
two ranges. 

3. Two homographic ranges are de5ned by the relation 

determine the points in the second range corresponding to 

x=-l, -)-l, o, eo and jr= -2, +3, -3, +3. 
Verify that the cross ratio of each set of four points is the same as the 
cross ratio of the corresponding points. 

4. With the relation of Ex. 3, if / andy are the points on /, /' which 
correspond to the points at infinity on /', / respectively, and if X, X arc 
a variable pair of corresponding points, prove that XI .X'J is constant 

6. Determine the relation defining two homographic ranges on the 
same base, such that the points 2,-5 correspond to themselves in the 
two ranges and the point -3 in the first corresponds to the point i 
in the second. 
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the y-range ; prove that A'A = 
8. With the notation of I 
pxx^+qx-*rr)^+s=o, prove that A'A'^ 
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6. Two homographic ranges, on the same base, with the same origin, 
are defined by the relation xx" -x-^ +(1=0. Find the points of the 

' second range corresptonding to the points o, ±1, ±2, =0 of the first, and 
find the points of the first range corresponding to the points o, ± i, ± 3,so 
of the second. 

Prove that there are two points a, ;8 on the base which are self- 
corresponding for the two ranges. 

7. Two homographic ranges, on the same base, with the same origin, 
are defined by the relation xr'-^-4jr'+6=o ; a is any point on the 
base at distance ^ from the origin ; A\ A are the two points which 
correspiond to o according as it is regarded as a point of the *-range or 

3(f-a)(i-3) 
«"i)«-4) 

8. With the notation of Ex. 7, if the homographic relation is 
(?---)[tf-Kg+r){-n) 

■ (/'{+(■)(/'{+') 
Hence prove that the necessary and sufficient condition that, if X^ X' 
are any pair of corresponding points in the first and second range, then 
also X', X are corresponding points in the first and second range, is q=r. 
Deduce this also from first principles. 

9. With the notation of Ex. 6, if /andy are the points corresponding 
to the point at infinity regarded as belonging to the jr'-range and .r-range 
respectively, prove that a/, ^f are of equal length. 

10. Two homographic ranges {ABC ...), {A'B'C ...] are connected by 
BC _ CD 

"'a'b' sc ciy" 

11. OAB is a straight line; OA=a, OB=b\ determine the relation 
defining the homographic ranges {0-4 00 ..,}, \-b BO ...\ MX, X ; 
Y, y are any two pairs of corresponding points, prove that 

{Axyy'\^\BX'y'y). 

12. Prove that the result of Ex. 9 holds good for any two cobasal 
homographic ranges. 

13. If the j--range and the r'-range are connected by the relation 
fixx'+yx+rx^+s=o, and if the jr-range and the Arrange are connected 
by the relation J^xx°+Qx+Rx''+S=o, find the relation between the 
y-range and the y-range. 

If two ranges are homographic to the same range, prove that they are 
homographic to each other. 

14. With the notation of Ex. 13, if the three ranges are cobasal and 
if the same two points are self-corresponding in the two pairs of ranges, 
prove that |=g^=i. 
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15. Two homographic ranges are determined by Che relation, 

pxx'+fx+rx'+s-o ; 
prove that the points at infinity in the two ranges correspond to each 
other, if and only if ^=o. 

16. a, ;8 are the two self- corresponding points of the two ranges on the 
same base, referred to the same origin, determined by 

if X, A" are a variable pair of corresponding points, prove that {aXpX') 



17. With the notation of Ex. i6, find the condition that {a0; XX) 
is harmonic. 

18. Two homographic ranges, whose bases are the .r-axis and ^-axis, 
are defined by the relation xy-x- 4^+6=0. Find the points /", fi* 
corresponding to the origin for the two ranges. 

U ff, a" ; S, S" are any other two pairs of corresponding puints, prove 
that JfS', JfS, meet on PQ. 

If /, y correspond to the points at infinity on the two bases, prove that 
PQ: is parallel to //. 

19. With the notation of Ex. 18, if the homographic relation is 
xy-fix-gy-\-r—o, prove that ^^S", KS, meet on the fixed \\nt px-Vqy^r. 

20. P, P are a pair of corresponding points of the ranges determined 
hy pxx^ ■\-q{x-\-xr)-\-s=o ; if the coordinates of P, P are the roots of the 
equation a:^-\-zbx-k-c=o, prove \\:\M.p€->rsa = iqb. 

ME, Faje the self-corresponding points of the two ranges, prove that 
{PP'; EF) is harmonic. 

21. Two cobasal homographic ranges 

{ABCI'x, D...\,{A-ffC«>J'iy...\, 
are defined by xx" +qx-\-rx'-\-s=o. If the origin is transferred to the 
mid-point of If, prove that the relation becomes xxf-'g'{x-:ir)+s'=o, 
where IO=0/=g' and /=-IO.Off, (7 being the point of the jt' -range 
which corresponds to in the ^-range. 
If E, F are the self- corresponding points, deduce that 
ECfi= OF^=IO . 0O=0J' . oa. 

DOUBLE POINTS. 

Consider two homographic ranges on the same base, defined 
by tbe relation pxni -vqx^-rx' ■vs = ^, referred to the same origin. 

A pair of corresponding points coincide If x^x'; in which case, 
px'-\-{q + r)x-\-s = o. 

This equation gives two values for x, which are real, coincident; 
or imaginary, according as (g + rf-4ps>, =, <o. 
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Definition. 

If a point on the common base of two homographic ranges 
corresponds to itself for the two ranges, it is called a doable point. 

(III.) Two homographic ranges on the same base have always 
two double points which may be real, coincident or imaginary. 
And if there are more than two double points, then every point 
is a double point. 

Since the equation px^ ^ (? + r)x + j = o is of the second degree, 
there are always two double points. If, however, there are more 
than two double points, we have a quadratic satisfied by more 
than two values of x, and therefore each coefficient must be zero ; 

so that the homc^raphic relation becomes 

which means that every point is a double point, a case of small 
interest. Q.k.d. 

(IV.) If E, F are the double points, and if A, A' are a variable 
pair of corresponding points, then {EAFA\ is constant. 
Let B, B" he any other pair of corresponding points. 
With the usual notation (p. 206), from II., we have 

{EAFJ3] = {EA'ES} ; 

■■ {b-e){a-f) {b--e)(a'-f)' 

:. {EAFA') = [EBPff) ; 

.'. {EAFA'] is constant. q.e.d. 

f+pe r+pf 

23. With the usual notation, if {EAFA'\ is harmonic, prove that 
f = »■. State and prove the converse. 

(V.) If one of the double points is at infinity, the ranges are 
similar, i.e. the line joining any two points is proportional to the 
line joining the corresponding points. 

By hypothesis x^as must satisfy the equation 
px' + {^ + r)x + s = o; 
.'. ^->-o must satisfy the equation / + (? + r)^ + f^ = o. 
This requires that p = o. 



22. With the usual notation, prove that {EAFA'}= 
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If >. y' I *i ^ denote two pairs of corresponding points, 
qy-\-ry' ■\-s = a and cb + «' + j = o; 
.-. q(y-z)-vr(y- -^) = o; 



(VI.) If two ranges on the same base are similar, the point at 
infinity is a double point. 

Let A, A' be a fixed pair and X, X' a variable pair of cor- 
responding points. 

Then, with the usual notation, ,~'^, is constant ; 

.■. x-rjf'^s, where r, s are constants; 

.', one double point is at infinity. q.e.d. 

24. Two similar ranges are defined by the relation gx+r)^—s; find 
the condition that the second double point is (i) at infinity, (a) at the 
origin. What is the geometrical interpretation of the former case? 

25. Two similar ranges, situated on the lines OA, OA', are defined 
by the relation qx-\-rx' = s', referred to the common origin O. If /", 
/" are a variable pair of corresponding points, find the locus of the 
mid-point of PF. 

26. Prove that a variable tangent to a parabola generates similar 
ranges on two fixed tangents. [With the fixed tangents as axes, the 
equation of the parabola may be written •Jax+>/6y=i.] 

ANALTTIOAL TBEATHENT OF HOUOaBAPHIC FSNCIL8. 

The properties of homc^raphic pencils may be treated in a 
similar manner. 

Let y = m^x, y = m^, y^m^x and Y=M^X, Y=M^, Y=M^ 
be two sets of three concurrent lines referred to the same or different 
axes. To a variable line y = m^x of the first set, we make a line 
y^AftX of the second set correspond, choosing it so that the 
cross ratios of the two sets of lines are equal. 

J/i is therefore given by 

{Mt - Mi){M^ - Ms) " (Ml - MiKjw, - m^y 
This leads to a relation of the form pAft.mt + qJtfi, + rm^ + s=o, 

where /, ?, r, s are constants. 
This relation has the characteristic property, that to any value of »»», 

there corresponds one and only one value of M,, and conversely. 

The correspondence is therefore one-to-one, (i, i) or homographic 
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Conversely, if any two pencils of concurrent lines are connected 
by a relation of the form 

pM. m + qM-^ rm + s^o, 
the cross ratio of any four lines of one pencil is equal to that 
of the corresponding four lines of the other. 

This is proved in precisely the same way as the similar theorem 
for ranges (page ^o^}. 

It should be noted that the two pencils intercept on the lines 
x=i, X=i, ranges "whose corresponding points are determined 
by y = m, Y^M. Hence any theorem relating to ranges can be 
transformed into a property of pencils. 
Definition. 

If two systems of concurrent lines are so related that the cross 
ratio of any four rays of one system is equal to the cross ratio of the 
corresponding rays of the other, then the two systems are said to 
form homogr&phic pencils. 

From our previous work we have the following important theorem r 

The existence of an equation of the form pBIm -(- qH -H nn + b = 
is the necessary and sufficient condition that two pencils, generated 
from it, are homographlc. 

27. Determine the homographic relation, for which y=x,y=%x,y=yc 
a^d Y=X, y=^X, Y'=6X are sets of corresponding lines ; and find 
the lines corresponding to y—o and J-=a 

If the axes of reference coincide, find the two rays which are self- 
corresponding for the two pencils. 

28. The relation defining two homographic pencils is 

Mm + M-in+i=o; 
find the four rays corresponding to X=o, )=o, y=X, V^ -X; and 
prove that they form a harmonic pencil. 

29. pMm + qAf + rtH + s = o is the homographic relation, connecting 
two pencils, with the same vertex and axes ; y — Hx, y = kx correspond 
to sxff line y^ix, regarded as belonging to the w-system and M-sysKm 

,«pee.iv.lyi prove th.l g- i -'-« ' " [y^j^'j ^ffiJ. 
Deduce a theorem for pencils defined by the relation 

30. If each of two pencils is homographic to a third piencil, prove 
that they are homographic to each other. 

31. OE, OF are the two self-corresponding rays of two pencils, 
defined by pMm+qM+rm+s=o, referred to the same axes ; 0/", OP' 
are any pair of corresponding rays ; prove that 0{EPFP'} i; 
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Consider two homographic pencils, with the same vertex, defined 

by the lelMion pMm + ^M+r)n+s = o, referred to the same axes. 

A pair of corresponding rays coincide if M=m, in which case, 

This equation gives two values for m, which are real, coincident, 
or imaginary, according as (g + rf - ^s>, =, <o. 
Definition. 

If a ray through the common vertex of two homographic pencils 
corresponds to itself for the two pencils, .it is called a double ray. 

(VII.) Two homographic pencils with the same vertex have 
always two double rays, which may be real, coincident, or imaginary. 
And if there are more than two double rays, then every ray is a 
double ray. 

The proof is left to the reader (see page 211). 

(VIII.) If e, / are the double rays, and if a, a' are a variable 
pair of corresponding rays, then {ea/d} is constant. 

The proof is left to the reader (see page 211). 

(IX,) An angle POP' of constant magnitude rotates about a 
fixed vertex ; then the rays OP, OP' generate homographic 
pencils, having as double rays the isotropic lines through O. 

Let y — J\/x, y — mx be any two positions of OP, OP'. 

By hypothesis, - — ^^= constant = »:, (say); 

.■. £Afm-M+m + c=o; 
.■. the rays generate homographic pencils. 
The double rays are found by putting M^m^/i; 

.-. cfi.^ + c=o; ,'. /n*=-j since e^o. 
[If ir«o, the lines OP, OP" would coincide.] 
.-. ii= t-f^t = ±1 ; 
.•. y = ix; y'~ - ix are the double rays. q.e.d. 

(X.) If the isotropic lines are the double rays of two homographic 
pencils with the same vertex, then corresponding rays are inclined 
at a constant angle. 

Let the homographic relation ha pAfm + qM-\-rm-^s = o. 
Then the double rays are given by //ii^+(^ + '-)f + ^ = o- 
But by hypothesis, this is the same as /**+i=o; 
.'. p = s and ? + r = o; 
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.-. the homographic relation becomes/(J/« + i) = r{^-ffi); 

I + Mm ^ 

(XI.) {ij If I'OJ^ is a variable angle of constant magnitude, and 
if Of, 0/ are the isotropic lines through O, the pencil 0{PIP'J\ 
is of constant cross ratio. 

(z) Conversely, if the pencil 0{P/P'J] is of constant cross ratio, 
where 01, OJ are the isotropic lines through 0, the angle POP 
is of constant magnitude. 

In either case 01, OJ are the double rays of the homc^raphic 
pencils generated by OP, OP". The first part therefore follows 
from (Vlll.) and the second part from (X.). 

The reader will find no difficulty in giving a direct analytical 
proof, see Ex. 32, 33. 

32. Prove that the cross ratio of the lines y=mx, y=ix, y=7tixy 

y^—ix is constant, if — — , is constant; and prove that they form 

a harmonic pencil \{ y=mxt y=-a^x are at right angles. 

33. If the cross ratio of the lines y=ntx, y=ix, y=>n'x, y= —ix is 
constant, prove that y=mx, y=m'x are inclined to each other at a 
constant angle. 

34. If the cross ratio of the lines y=MX, y—tx, y=m'x, y= -ix is k, 
prove that the angle between the lines y=mx,y=m'x is — .log^ radians. 
[This result is due to Laguerre.] 

36. Prove VII. 36. Prove VIII. 

37. If Ui^OjX+iiy+Cj, Us = a^ + 6^+ej, prove that the pair of 
lines «[-Wk5=o, K,-Aaj=o generate homographic pencils, if X. 
varies; and that »]=o, u^=o are the double rays. 

38. Enunciate the dual of Ex. 37, by using line coordinates. 

39. Use Ex. 37 to prove Theorem 143. 

40. y=mx, y-^=»ix arc two variable lines OP, AP, passing 
through the origin and the fixed point (o, ;6) respectively. If they 
make a constant angle with each other, prove that OP, AP generate 
homographic pencils, having the isotropic lines in each pencil as 
corresponding rays. Find the equation of the locus of P ; and interpret 
these results geometrically. 

41. Two homographic pencils, whose vertices O, A are the points 
(o, o) and (o, ^), are defined by the relation pMm-irqM-\-Tm-\-s = o. 
If a variable pair of corresponding rays meet at P, prove that the 
equation of the locus of P is py' + (g + r)xy+sx*--p8y-r^=o, which 
represents a curve of the second degree, passing through O, A. 
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OEOMETSIOAL TBEATUENT OF HOHOaBAPEIC RANGES. 
THEOBEM -112. 

A, B, C are three fixed points on a base I; A', £", C are three 
other fixed points on a base /'. It is possible to construct in one 
and only one way, pairs of points P, P \ Q, ^;...on /, /' such 
that the cross ratio of any four of the points A, B, C,...P, 
Q,...is equal to that of the corresponding points of the rar^e 

a;b, c.-.P', Q',.... 



Take any two points F, f" on AA'. 

£", C- are the meets of VB, Vff ; VC, V'C ; and /' is the 
join of B", C". 

Take any point P on /; let P" be the meet of VP and l'\ and 
P the meet of VP" and /'. 

Similarly, if Q, R, S, ... are any points on /, construct the cor- 
responding points Q", R", 6", ...on 1° and Q, R, y, ...on /'. 

Then {PQRS) = V{PQRS) - {P'(XP'S'\ = V{P'Q:S^S') 
= {PQRS'). 

The construction is therefore always possible. 

Again, ^ASCP).{ABCF). o, f^^.^J^ 

If then the position of P is given, - ^ is fixed ; and therefore 

there is one and only one position of P. 

Hence the construction is possible in one and only one way. 

Q.E.D. 
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OEOUETBICAL TREATMENT OF HOMOOBAPHIC PENCILS. 
THEOBEH 113. 

a, d, e are three fixed lines through a vertex L ; a, b\ if are three 
other fixed lines through a vertex L'. It is possible to construct in 
one and only one way, pairs of Unes p, p' \ q, g' ;■■. through L, L', 
such that the cross ratio of any four of the lines a, h, c,...p, 
q,...\% equal to that of the corresponding Unes of the pencil 
a\ H, i!,...p\ q- .... 




Take any two lines v, v' through aa'. 

b', c' are the joins of vb, jfb' ; v£,7/(f; and L" is the meet of b', c'. 

Take any line p through L ; let p" be the join of vp and Z", 
and /' the join of w'/' and Z'. 

Similarly, li q, r, s, ...are any lines through Z, construct the cor- 
responding lines q", r", s',... through Z" and q', r', s', ... through Z'. 

Then {pqrs}=v{pqri)^{p"q"r"f}=7l{p"q'r"s') 
= {/VVV}. 

The construction is therefore always possible. 

4™~:„ fVA'^vi f™A-*i „ sin a'^'. sin t'^' sina^.sin^ 
Again, \a c p \ — \aocp\ or ^= L._ 

sin dp' . sin ^V sin ap . sin cb 

If then the position of p is given, £iIL££. is fixed : and therefore 
sin dp' 
there is one and only one position of /'. 

Hence the construction is possible in one and only one way. 

Q.E.D. 
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THEOEEM 114. 

If two ranges {A, £,...P,...}, {A', ff, ...F", ...) are each 
homographic to a third range {A■^, B■^, ... P-^, ...), then they are 
homographic to each other. 

Yoi {PQJiS) = {PyQ^Ji^S^) and {F'QJi:S'} = [P^Q^S^S^) ; 
.-. {PQPS} = {P'QS'S] , 

.-. the ranges {A,... P, ...}, {A', ... P', ...} are homographic. 

Q.E.D. 



THEOREM 116. 

Homc^raphic ranges reciprocate into homographic pencils. 
The proof is left to the reader ; use Theorem 96 (2). 

If the bases /, i' coincide, Theorem iiz is still true, for it is 
only necessary to take an auxiliary base /, (for preference through 
A), and to construct on it a range A^, 5,,C, , ... /'j, ... homographic 
to the range A, S, C,...P,...s.nA then to construct on /' the 
range A', B", C, ... homographic to A-^, £^, C,,.... 

Using the definition of two homographic ranges (pages 207-8), 
Theorem 112 may be stated as follows : Homogiaphlc tauges on the 
same or different bases exist and are determined uniquely, when 
three given points on one hase correspond to three given points on 
the otJier base. 

Definitions. 

(i) Two ranges are said to be in perspective, if the joins of 
corresponding points are concurrent. 

(2) Two ranges (A), {A') are said to be projective, if one or 
more ranges (^j), (A^), (^g), ...can be found, such that each of 
the ranges (A), (Ai), (A^), (Ag),...(A') is in perspective with the 
range following it in the sequence. 
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: 115. 

If two pencils {a, S,...p,...}, {a, b',...p',...\ ate each homo- 
graphic to a third pencil {fl]! ^i, "Ai ■■■}> then they are homographic 
to each other. 

For {A-'-^l-l/rfiV,} and {/?Vj'} = {A?i''i^i} i 

■'■ {/?«} = {/?Vj'} ; 
.". the raises {a,..,/,...}, {«', .../', ...} are homographic 

Q.E.D. 



THEOBSU 117. 

Homographic pencils reciprocate into homographic ranges. 
The proof is left to the reader. 

If the vertices Z, U coincide, Theorem 113 is still true, for it 
is only necessary to take an auxiliary vertex Zj (for preference on 
«), and to construct through it a pencil Oj, b^, f,, .../,, ...homo- 
graphic to the pencil a, b, c, ...p, ... and then to construct through 
U the pencil d, b\ ^....homographic to a^, dy, c^,-.-. 

Using the definition of two homographic pencils (page 213), 
Theorem 113 may be stated as follows: Homogiaphic pencils with 
the same or different vertices exist mid are determined uniquely, 
when three given lines through one vertex correspond to three 
given lines thiongh the other vertex. 

Definitions. 

(i) Two pencils are said to be in perspective, if the meets of 

corresponding rays are collinear. 

(2) Two pencils (a), (a') are said to be projective if one or 
more pencils (aj), (a^), (a3)...can be found, such that each of the 
pencils (a), (oj, (a^), (aj)...(a') is in perspective with the pencil 
following it in the sequence. 
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THEOBEM 118. 

Projective ranges are homographic : and conversely homographic 
rat^;es are projective. 

The proof is left to the reader. 

[Use Theorem iiz. If /, /' are distinct, only one auitiliary range 
(Ai) is required : if however /' coincides with /, two auxiliary ranges 
(.^i), {A^) are needed.] 

THEOBEH 120. 

If two homographic ranges on different bases have one self- 
corresponding point, they are in perspective. 

The proof is left to the reader. 

[Use (3) on p^e 206.] 

IHEOBEH 122. 

If two homographic ranges 

{A, B,...F, Q,...), {A\ ff,...!", Q,...} 
have different bases /, /'; thenthe meet of PQ, P'Q lies on a 
fixed straight line. 




Case 1. If the ranges are in perspective, let AA', BB, ...PF', ... 
meet at the point O, and let V be the meet of /, /' and H the 
meet of PQ, P'Q. 

By the harmonic property of the quadrilateral, V{PP' ; OH) is. 
a harmonic pencil. 

But VP, VO, yP" are fixed lines; 

.-. VI/ is a fixed line; 
.-. the meet of PQ', P'Q lies on a fixed hne. q.e.d. 
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119. 

Projective pencils are homographic : and conversely homographic 
pencils are projective. 

The proof is left to the reader. 

[Use Theorem 113. If L, L' are distinct, only one auxiliary 
pencil (Oj) is required ; if however Z' coincides with L, two auxiliary 
ranges (oj), {a^ are needed.] 

THEOBEH 121. 

If two homographic pencils with different vertices have one 
self-corresponding ray, they are in perspective. 

The proof is left to the reader. 

[Use (3) on page ao6.] 

THBOBEM 123. 

If two homographic pencils {a, b, ...p, q, ...}, {a', b\ ...p', q', ...} 
have different vertices L, L' ; then the join of /^, p'q passes through 
a fixed point. 




Case I. If the pencils are in perspective, let aa', bb', ...pp', ... 
lie on the line 0, and let v be the join of I., L and k the join 
of pq\ p'q. 

By the harmonic property of the quadrangle, v{p^ ; ok} is a 
harmonic range. 

But vp, vo, vp' are fixed points ; 

-■. vh is a fixed point; 
.'. the join cX pq', p'q passes through a fixed point, q.e.d. 
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Case II. If the ranges are not in perspective, the meet of /, /' 
is not a self-corresponding point in the two ranges. 

Denote the meet of /, /" by C or D" according as it is regarded 
as belonging to (A) or {A') ; C", D denote the points corresponding 
to C, D. 

Now P{P'QCiy) = P'{PQCD), by hypothesis. 

These have a self-corresponding ray PP". 
:. the meets of PQ, P'Q; PC, P'C; Piy, P'D are collinear. 

But the meet of PC, PC is C and the meet of Piy, P'D is D. 
:. the meet of PQ, P'Q lies on CD, 
which is a fixed line. q.b-d. 

Case I. may also be proved as follows : 

Since O is the meet of PP", QQ; the meet of P'Q, PQ lies on 
the polar of O w.r.t. the conic formed by the fixed lines 1{ = PQ) 
and t{^PQ)\ and therefore lies on a fixed line. 

Definition. 

If {A,...P, Q,...), {A\..,F, Q,..) are two homographic 
ranges on different bases, the straight line which is the locus of 
the meet of PQ, P'Q is called the cross-axis of the two ranges. 

We follow Dr. Filon in adopting what is a more suggestive name 
than the term "homographic axis," which is ordinarily employed. 
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Case II. If the pencils are not in perspective, the join of Z, Z' 
is not a self-corresponding ray in the two pencils. 

Denote the join of Z, Z' by c or d' according as it is regarded 
as belonging to {a) or {a'); ^, d denote the rays corresponding 
to c, d'. 

"iiav p[f'g'c'd'}=p'{pqcd), by hypothesis. 

These have a self-corresponding point pp'. 

.'. the joins o{ pg\ p'q\ pd, p'c; pd\ p'd are concurrent. 

But the join of pxf, p'c is i/ and the join of pd', p'd is d. 
.'. the join of pq', p'q passes through c'd, 
which is a fixed point q.e.d. 



Definition. 

If {a, .,./, q, ...}, \a\ ...p', q\ ...} are two homc^aphic pencils 
with different vertices, the fixed point which lies on the join of 
pq', p'q is called the croBa-centre of the two pencils. 

We follow Dr. Filon in adopting what is a more suggestive name 
than the term "homt^raphic centre," which is ordinarily employed. 
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42. Prove Theorem ii6. 

43. Prove Theorem 117- 

44. Prove Theorem 118. 

45. Prove Theorem 1 19. 

46. Prove Theorem 120. 

47. Prove Theorem 121. 

48. A, B a.re fixed points ; /* is a variable point on a fixed line ; 
AP, BP meet another fixed line in /■„ P^ ; prove that i*,, P^ generate 
homographic ranges, and find two positions in which P^ P^ coincide. 

49. \A, B,...P,...\, {A', B',...P',...} are two homographic ranges 
on different bases ; O, O are any two fixed points on AA' ; find the 
locus of the meet of OP, OF. 

50. 0{A,B,C,...P,...\ <y\A,B', C',.../', ...I are two homographic 
pencils ; any two fixed lines AX, AX' cut OP, OP at P, P" ; prove 
that PP" passes through a fixed point. 

51. The sides Q/f, RP, PQ of a variable triangle pass through fixed 
points A, B, C; P,Q move on fixed straight lines ; prove that AR, BR 
generate homographic pencils. 

62. P is a variable point on the common base of two homographic 
ranges {A^, Jj, ...}, {A^, B^...\; P^ and Pi are the points corresponding 
to P according as it is regarded as belonging to the first or second 
range ; prove that P-, and Pj generate homographic ranges. 

53. A, B are two fixed points ; a line through A meets two fixed 
lines at /",, P^ \ prove that BP^, BP^ generate homographic pencils, and 
determine the two positions in which BP^, BP^ coincide. 

54. A, B, C ; A', B", C are two sets of three collinear points; prove 
that the meets of AB", A'B ; BC, BC; CA', CA are collinear. 

55. If in Ex. S4, AA\ BB', CC concur at O, and if BC, BC meet 
at A-t, prove that OAi is divided harmonically by AB, A'B. 

66. A, B, H, K are four fixed points ; X \i a. variable point on HK \ 
AX, BX cut a fixed line at A\ B ; HA', KB meet at Y ; prove that 
the locus of r is a straight line, concurrent with AB, A'B. 

67. P, P" are two variable points on a fixed line / such that the 
circle through O, P, P cuts / at a fixed angle, O being a fixed point ; 
prove that P, P generate homographic ranges. 

58. PQR is a variable triangle of given shape inscribed in a fixed 
triangle ; prove that its vertices generate homographic ranges on the 
sides of the fixed triangle. 

59. A variable conic touches the sides AB, AC of a given triangle 
ABC and cuts BC at two fixed points ; prove that its points of contact 
with AB, AC generate homographic ranges. [Use projection.] 
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60. A variable conic toncheB four fixed lines ; prove that its points 
of contact generate homogiaphic ranges, [Project the dual property.] 

61. OA, 0£, OC are three fixed lines \ F, G, H are fixed points on 
OC; a variable line is drawn through H cutting OA, OB in /", Q ; 
X, Y are the meets of PF, QG and PG, QF respectively ; prove that 
X, V move on fixed lines through O and that 0{XPyQ) = {FOC//}^. 

62. Z> is a fixed point on the base BC of the triangle ABC; prove 
that the diagonals of the quadrilateral formed by two fixed lines through 
D and two variable lines through B, C, which meet on AD, pass 
through fixed points on BC. 

DOUBLE FOINT& 
Notation. 

If [A, £,...P,...}, [A', £',...F',...} are two homographic 
ranges on the same or different bases /, /'; we shall denote the 
points at infinity on /, /' by /, /' and the points corresponding to 
them on l\ I by f, I. 

li I, i" coincide, E, F will denote the double points (if they exist) 
of the two raises. 

THEOBEM 124. 

(r) If P, P" are a variable pair of corresponding points of the 
two homographic ranges (A), {A')i then Pl.Pf is constant. 

(2) Conversely, if /, J" are fixed points on the fixed lines /, l\ 
and if P, i*' are a variable pair of points on /, l' respectively, such 
that PI . P"/ is constant ; then P, P" generate homi^raphic ranges. 

(1) By hypothesis, [PIQJ) = {P'rQf) ; 

■ ^^- Q/- ^^' ■ ^f 
■■ pj.Qi pf.Qr' 

But ^/ = i = 7y7i. since _/; P are points at infinity. 

■ ^-Qf. 

■ QI Pf 

.-. PI.Pf=QI.Qf; 
:. P/.P"/' is constant. q.e.d. 

(2) To prove the converse, it is only necessary to reverse the order 
of argument in (i). Analytically, the theorem is almost self-evident. 
Corollary. 

If /, J' coincide, and if .£ is a point on / such that 
EI.EJ' = A1.AJ\ 
then £ is a point which corresponds to itself in the two ranges, 
i.e. is a double point. 
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If the lines lA, /A' are rotated in opposite directions about 
/, y through a right angle, into the positions la, /'a' ; then the 
circle on aa as diameter cuts the common base at two points E, J^ 
(real, coincident or imaginary), which are self-corresponding points 
for the two ranges. 




Join Ea, Ed; 

Since aa' is a diameter, aEd " 90* ; 

,*. the triangles laE, /'Ea' are similar ; 

■ ^_fZ'. 

■ /« Ef 

:. EI.Ef = Ia.dJ' 

•^AI.A'J', by hypothesis. 
Therefore by Theorem 124 Corollary, £ is a double point of 
the two ranges. 

Similarly F is also a double point. 
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If the circle does not meet the base at real points, the above 
proof breaks down, but, by the Principle of Continuity, it follows 
that the intersection of the base and circle yields two imaginary 
double points. Q.E.D. 

This simple and ingenious construction for the double points of 
two honif^aphic ranges on the same base is due to Professor 
A. Lodge. In order to carry it out, the positions of / and / must 
be first determined. We shall therefore next show how to obtain 
/, y if three pairs of corresponding points are given. 

Construction for I, J'. 




Let A, A'i B, B" ; C, C be the given pairs of corresponding 
points on /. 

Draw through A any line /,, and cut off AB^, AC^ equal to 
A-B', A-C. 

Let BB^, CCy meet at V. 

Draw V/.y, KT parallel to /, /, respectively, to meet l^, laXj^, I. 

Cut off A'J' on / equal to AJ^ ; then /and/' are the required 
points. 

The proof is left to the reader. q.e.f. 

Professor Lodge has also pointed out how simply Figures no, iir 
yield a method of generating the homc^raphic ranges, if /, J' and a 
pair of corresponding points are given. 

Take any point t on the circle in Fig. no or Fig. in. 

Let enr, die meet the base in B, I". 

Then it is easy to see that the triangles a/B, P'J'd are similar ; 

" a/ B/" 
:. BI.FJ' = aI.fa- = AI.AJ-, 
.'. B, B aie a pair of corresponding points. Q.E.F. 
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If E, F are the double points of the cobasal homographic ranges 



Q,...}, {A; S,...!^, C-}. then {PEPF} \ 



{A, 
constant 

By hypothesis, {PEQF}~{PEQF); 

. PE.QF ^PE.QF^ 
' ' PF. QE PP. QE ' 
. PE . PF _ QE . QF . 
" PF.FE QF.QE' 
:. {PEFF} = {QEQF}; 
:. {PEFP} is constant. q.e.D. 

Corollary. 

If E, F are two fixed points, and if P, P are a variable pair 
of points on EF, such that {FEPF} is constant, then P, P" 
generate homographic ranges, having E, F as double points. 

It is only necessary to reverse the order of the argument in the 
proof of Theorem 126 to see this. 



127. 

If the points at infinity on the bases /, /' of the homographic 
ranges {A, B, ...P,...}, {A', B", ... P, ...} correspond, then the 
ranges are similar. 

By hypothesis, {PQP'>a} = {PQIi'<K-} ; 
■ i'Q--g°o P'Q.P!<» 



Px 


.JIQ 


P-^'.RQ' 


But 


^=0 






JIQ 


-W 




^ = 





.'. the ranges are similar. 

Corollary. If two ranges are similar, the points a 
their bases correspond to each other. 



Q.E.D. 

infinity on 
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THEOBEM 128. 

Two homographic pencils with the same vertex have two double 
rays, real, coincident or imaginary. 

The proof is left to the reader. 

[Consider the homt^raphic ranges formed by the pencils on 
any transversal.] 

THEOREM 129. 

If e, / are the double rays of the homographic pencils 
[a, 6,...p ...}, [a, l>, ...p' ...}, which have a common vertex, then 
{pep' f) is constant. 

And conversely, if e, f are two fixed lines and /, p' a variable 
pair of lines through ef, such that {pep'f) is constant, then /, /' 
generate homographic pencils, having e, / aa double rays. 

The proof is left to the reader. 

[Consider the ranges formed on any transversal.] 

63. Prove Theorem 124(2). 

64. Prove the Construction for /, /' on page 227. 

65. Prove Theorem 126 Corollary. 

66. Prove Theorem 127 Corollary. 

67. Prove Theorem 12B. 

68. Prove Theorem 129. 

69. Determine by a ruler and compass construction the positions of 
(i) /, y ; (2) E, F for the cobasal homc^raphic ranges, defined by the 
pairs of points x=a, ^ =\ ; x=(>, x'=o ; x= - 2, x'=^. Compare your 
results with the positions determined by analysis. 

70. If E is at infinity, prove that the ranges are similar. 

71. U' is a dianidter of a circle, centre ; a variable tangent to 
the circle cats the tangents at I and 3' to the circle in P, F ; prove 
that (1) the triangles OIF, FJO are similar ; (2) IF . JT' is constant ; 
(3) F, F* trace ont homographic ranges. 

72. With the usual notation, prove that EI=J'F. 

73. With the usual notation, if 0' is the point of the (A') range 
which corresponds to the mid-point of IJ', regarded as belonging 
to the (A) range, prove that 02^=01^=10 . 00'=0J' . 00'. Deduce 
that the double points are real, if does not lie between J' and 0'. 

74. Deduce from Ex. 73 another method of constructing the double 
points. 
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THEOREM ISa 
If {A, B,...}, [A', £"...} are two homographic cobasal ranges, 
there exist two positions of a point Z, such that the pencils 
L{A, if,...}, L{A\ -ff, ...} can be superposed; i.e. corresponding 
rays are inclined to each other at a constant angle ; and these two 
positions of L are real, if, and only if, the double points of the 
ranges are imaginary. 



Let £, ^ be the double points, and denote by tu, i»' the circular 
points at infinity. 

Let Mia, Foi meet at L and Eta, Jua meet at Z', 

Then the isotropic lines are the double rays of the homographic 
pencils Z{A, £,...), Z{A', £',...}. 

.'. corresponding rays make a constant angle with each other. 
[Th. II, and Th. 129.] 

.'. i is one of the required points ; and similarly £' is another 
possible position. 

Further, if £, F are imaginary points, they are conjugate imagi- 
naries, and therefore the lines Eia, Fia' are conjugate imaginary lines. 

. . their meet Z, and similarly Z', are real points. 

But if E, F are real, there cannot be any other real point on 
the hues E<a, Fo> ; and therefore Z, and similarly Z', are (con- 
jugate) imaginary points. q.e.d. 

76. In Theorem 130, prove that L' is the reflection of L in the 
common base of the ranges. 

76. Two homographic ranges on the .tr-axis are determined by the 
relation x:if -iax-^a^+^=o, find the coordinates of the two positions 
of the point L of Theorem 130. 
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77. Repeat Ex. 76, for the relation xx'-2as:+a^-S'=o. 

78. Prove that two homographic pencils with a common vertex 
can be projected into pencils in whicli corresponding n^B are 
inclined at a constant angle. 

79. A, B are two fixed points ; P, P" are a pair of variable points on 
AB such that (i) ^j : p^ or (2) A-^-^+f*^^ is constant ; A, ^ being 
constants ; prove that P, P" generate homographic ranges. Determine 
the double points in each case. 

80. If two homographic pencils have different vertices, prove that 
there are two pairs of parallel corresponding rays. 

81. Find the form of the homographic relation connecting two cobasal 
ranges, if their double points coincide at the origin. 

82. With the usual notation, prove that AP.J'P is proportional to 
A'P, where A, A' are fixed. 

83. With the usual notation, prove that -p-p is proportional to -prp- 

84. With the usual notation, prove that -■-p+- j.p. = i' 

85. \i\A,B,...P,...\,\.-^\B!,...F,..Aai^ two homc^raphic ranges, 
prove that there are two pairs of corresponding points P, P such that 
AP., A'F, irrespective of sense, are equal. 

86. With the usual notation, prove that 

AP „r: SP „ . CP .„ 

-^^.BC\^p.CA-\-^p.AB=o. 

87. E, F are the double points of the ranges determined by 
x:^ —x—2J^ —\=o\ the points A, B arc determined by x=o and x=% ; 
A', ff are the corresponding points ; prove that the circles whose 
diameters are EF, AB", A'B are coaxal. 

DD nr.i, .u 1 . .■ I. EB.EC AB.A'C , 

88. With the usual notation, prove that ~eW~EC~ A'ff ~ AC ' "*"'^* 

prove that the circles whose diameters are EF^ BC, ffC are coaxal. 

89. Deduce &om Ex. 88 a method of constructing the double 
points, given three pairs of corresponding points. 

90. If xx'+fx+rx'~i-s=o is the relation connecting the ranges 
iA, B,...), {A', B",...}, referred to origins A, B respectively; prove 
that q=~BJ\ r=-AT, s=A/.B'A: 

91. If is the mid-point of //', and if O" is the point corresponding 
to O, prove that ^p q^ is constant. 

92. A, B sjc two fixed points on a circle 2; /* is a variable point 
on 2 ; prove that AP, BP generate homographic pencils. Determine 
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the ray in the pencil, vertex A, corresponding to the ray BA in the 
pencil, vertex B. 
What does Theorem 133 give when applied to this result? 

93. If in Ex. 92, any transversal L is drawn cutting the circle at 
real points and cutting AF, BP at P^, P^ ; determine the double points 
of the homographic ranges generated by /*[, /*, on L. 

What is the condition that the double points (i) coincide, (2) are 
imaginary ? 

94. Deduce, from Ex. 93, that every straight line meets a circle at 
two points (real, coincident, or imaginary). 

95. A variable tangent to a fixed circle, centre 0, cuts two fixed 
tangents to the circle at /",, P^; prove that (i) P\OPx is constant; 
(2) /■] and /*( generate homographic ranges. 

What points in these ranges correspond to the meet of the two fixed 
tangents ? 

96. With the notation of Ex. 95, if any point L is taken outside the 
circle, determine the double rays of the homographic pencib generated 
by ZPi, LP^. 

97. Deduce, from Ex. 96, that from every point two tangents (real, 
coincident, or imaginary) can be drawn to a circle. 

98. If one double point of the cobasal homographic ranges \A, B, ...}, 
\A', E,...\ is at infinity, prove that the radical axis of the circles, 
whose diameters are Aff, A'B, passes through the other double point. 

99. Given three segments AA\ SB", CC on a straight line, determine 
a point O, such that AOA' =BOB'=COC. 

100. With the usual r 



101. With the usual notation, prove that 

AB.CD AC.DB AD.BC _ 

A'ff "^ A'c * A-iy ~°- 

102. The double points of two cobasal homographic ranges coincide 
at E; Ai is any point on the base ; A, A' correspond to A^ when 
regarded as belonging to the first and second range respectively ; 
prove that {EA-^; AA') is harmonic. 

Two constructions for obtainii^ the double points of cobasal 
homc^raphic ranges have been given (see page 326 and Ex. 74); a 
third will be found on page 244. 

The following examples illustrate their use in performing a wide 
group of constructions. 

The method is known as construction by Trial &nd Error, or 
the method of false poeitions. 
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EXAMPLE I. [PONCELET'S Problem]. 

To describe a quadrilateral, such that its four sides pass through 
given points, and its four comers lie on given lines. 




Let A, £, C, D he the four fixed points, and K^, Aj, \^, \^ the 
four fixed lines. 

Through A, draw any line cutting X^, Aj at Pj, P^; join BP^ 
and produce it to cut A, at P^; join CP^ and produce it to cut 
Xj at P^; join DP^ and produce it to cut A, at P. 

Similarly, take any number of tines through A and construct the 
sets of points d, 4- Qi' Qi< Qy ^i- ^2. ^a- A. S! ;■■■■ 

Then 

= )/;. C,.-} = c{A,e8.--} = {i'4. C.-- } 
=D{p,,Q„..-\ = {p,q,...y, 

.'. {i'l, Qi, ■:}, {P, ^, ...} are homc^raphic ranges on A^. 
Let E, F be the double points of the two ranges. 
Then either AE or AF may be taken as a side of the required 
quadrilateral ; and then the remaining sides are at once determined. 

Q.E,F. 

The method is general, and applies with equal ease to the case 
of an H-sided polygon, whose sides pass through fixed points and 
whose «-corners lie on fixed lines. 
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The practical application of this method will provide the reader 
with an exercise in drawing of by no means a simple character. 
We give below the complete construction for Poncelet's Problem 
in the case of a triangle. 



ABC is a fixed triangle \ X, Y, Z are fixed points. 

It is required to inscribe a triangle in ABC, such that its sides 
pass through X, Y, Z respectively. 

/•is any (convenient) point on BC; /'Kmeets AB at i*,; XP^ 
meets AC at P^; P^ meets BC at P. 

To avoid unnecessary complications, only small parts of the lines 
PY, etc., are drawn in the figure. 

We have now to determine the double points of the homographic 
ranges, generated by P, P ; and so we first find /, f. 

Through Y draw a line parallel to BC to cut AB at /^ ; X/^ 
cuts AC Sit Z^; J^Z cuts BC at the required point/'. 

Through Z draw a line parallel to BC to cut AC at /jj XI^ 
cuts AB at /,; I^Y cuts BC at the required point /. 

Rotate the lines IP, fP in opposite directions through a right 
angle into the positions Ip, J'p'. 

On pp' as diameter describe a circle cutting BC at E, F, so 
that E, F are the required double points. 

Let EY, FY cut AB at E-^, Fj and let E^X, F^X cut AC at 
E^, F^ ; then E^, F^ must cut BC at E, F. 



b> Google 



VIII.} 



HOMOGRAPHIC RANGES AND PENCILS 



.'. ££,£2 ^"d ££i£i are the two triangles, which satisfy the 
given conditions. Q.E.r. 

To acquire familiarity with the nature of ihe construction, the 
reader is advised to attempt this problem for himself. 



EXAMPLE 11. 
To inscribe in a given triangle a rectangle of given area. 





If PQJiS is the required rectangle, draw QN parallel to AB, 
then PQNB is a parallelogram equal in area to the rectangle. 

Hence it is only necessary to determine a point Q on AC, such 
that the parallelc^ram, formed by BA, BC and lines through Q 
parallel to BC, BA, is of given area. 

Take any point P^ on BA and cut off BP^ from BC so that 
the completed parallelt^ram P^P-J'^ is of the given area, and 
produce i^/'j, P^^ to meet AC at /„ /g. 

Similarly construct the sets of points d, Q^, Q^, q-^, q^; Ji-^, H^, 
-*a. '■p '■». - ■ 

By hypothesis BPy.BP^ = con%xxaX. = BQ^.BQs=...; 
:. the ranges {P^, Q-^, ...], {P^, Qs< ■■■} are homographic; 
.'. byparallels, the ranges {^,,^1, ...}, (/g, ^g, ...} are hom(^;raphic. 

Let e, / be their double points. 

Then either e 01 f can be taken as a vertex of the required 
rectangle. q.e.f. 

103. {A, B,...P,...), {A', B',...P',...\ are two homographic ranges 
on different bases /, /' ; through a given pioint, draw a line to cut / 
and /' in corresponding points. How many solutions are there? 

104. With the notation of Ex. 103, if a, ;8 are two given points, draw 
two lines aP, ffP to intersect on a given circle through a, /3. 
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106. With the notation of Ex. 103, find the positions of P, P such 
that PP subtends a given angle at a given point. 

106. A, B are fixed points on the fixed lines /, m ; through a given 
point O, draw a Une to cut /, m at P, Q such that AP.BQ has a 
given value. 

107. Through a given point, draw a line to cut two given lines at 
points subtending a given angle at a given point 

108. Find a segment of a given line, which subtends angles of given 
size at each of two given points. 

109. Find two points P, Q on two fixed lines, such that PQ subtends 
angles of given size at each of two fixed points. 

110. Given three fixed lines /, /', m, find two points P, P on I, l' 
respectively, such that PP subtends a given angle at a given point 
and has a projection of given length on m. 

111. Given four fixed lines /, /', m, ni, construct a line cutting /, /' 
at P, P, such that the projections of PP on to, to' are of given lengths, 

112. Find a point D in the base BC of a triangle ABC, such that 
the incircles of ABD, ACD may touch AD at the same point. 

113. With the notation of Ex. 103, if a, ^ are two fixed points, 
construct points P, P ; Q, Q such that the angles PaQ, P^Q are of 

114. With the notation of Ex. 103, construct points P, P ; Q, Q 
such that PQ, PQ are of given lengths. 

115. a, ^ are fixed points on the common base of two homographic 
ranges \A, B,...P,...}, {A', P,...P,...}; construct the pair of points 
P, P, such that ia$; PP] is harmonic. 

116. Through a given point draw two lines to cut off, on two given 
lines, segments of given lengths. 

117. {A, B,...}, {A', B',...) and {a, d,...\, {^, ^,...} are two pairs 
of homographic ranges on four distinct bases. Determine the pairs of 
points P, P ; q, ^ such that Pq, P</ meet at a given point. 

118. If in Ex. 117, the four bases are coincident, determine a pair of 
points a, a' which are corresponding points in both pairs of ranges. 

119. Through a given point, draw two lines which cut off from two 
fixed lines, segments subtending given angles at given points. 

120. Describe a triangle PQP< so that its sides pass through given 
points, P, Q lie on fixed lines, and PRQ is of given magnitude. 

121. Generalise Ex. 120 for an »-sided polygon. 

122. A, B ait fixed points ; /, m are fixed lines ; find a point P on 
/ such that PA, PB cut off from to a segment of given length. 
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123. A ray of light starts from a given source and is reflected suc- 
cessively at n lines ; if its final path makes a given angle with its initial 
path, construct its initial path. 

124. Given a triangle ABC, a point D on BC and a point E on AD, 
And the points of contact with AB, AC of a conic inscribed in the 
triangle ABC and passiti^ through D, E. 

125. Describe a quadrilateral, so that its four comers lie on fixed 
lines, two of its sides pass through fixed points and the other two are 
in a given direction. 

126. Show how to determine a pair of parallel straight lines, which 
pass through fixed points, and cut two fixed lines in points collinear 
with a given point. 
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CHAPTER IX. 
HOMOaBAFHIO PBOFEBTIES OF THE OONIO. 

Fj, y^i '^' ^' ''' -^' ^' ••■ ^^ * system of points on a conic. 

By the fundamental cross ratio property, the pencils 
V^{A, B, C, ...}, rj{^, £, C, ...) 
are homographia 

It is therefore unnecessary to specify the particular position of 
the point F on the conic, when dealing with cross ratio properties 
of the pencU y{A, B, C, ...}. 
Definitions. 

(i) A system of points A, B, ... on a conic is called a range of 
points on the conic or a ttuige of the second order. 

(2) If two ranges of points on a conic, A, B, ... ; A', B, ... are 
such that the pencils V{A, B, ...}, V{A', B", ...) are homographic, 
V being any point on the contc, the ranges are said to be homo- 
giaphic. 

THEOBEU 131. 
Two homographic ranges of points on a contc exist and are deter- 
mined uniquely, when three pairs of corresponding points are given. 



Let A, A' ; B, B ; C, C be the given pairs of points ; and let 
V be any other point on the conic. 

Then by Theorem 113, two homographic pencils exist, and are 
determined uniquely, by the pairs of rays VA, VA' ; VB, Vff ; 

vc, vc. 

Let the other points of intersection of any other pair of rays VP, 
VB" of these pencils with the conic be P, P. 
Then P, P are a pair of corresponding points on the conic. 

Q.R.D. 
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CHAPTER IX. 
HOMOaSAFHIC PBOPEBTIEB OF THE CONIC. 

v^, Vji a, i, c, d, e, ...are a system of tangents to a conic. 

By the fundamental cross ratio property, the ranges 
v^[a, b, c, ...}, v^\a, b, c, ,.-} 
are homographic. 

It is therefore unnecessary to specify the particular position of the 
tangent v to the conic, when dealing with cross ratio properties of 
the range v{a, b, c, ...]. 
Definitions. 

(1) A system of tangents a, b, ... to a conic is called a jteacil of 
tangents to the conic or a pencil of the second order. 

(2) If two pencils of tangents to a conic, a, b, ... ; a', b', ... are 
such that the ranges v{a, <4, ...}, w{a', ^', .■■} ^^e homographic, v 
being any tangent to the conic, the pencils are said to be homo- 
graphic, 

THEOBEU 132. 
Two homc^raphic pencils of tangents to a conic exist and are 
determined uniquely, when three pairs of corresponding tangents 
are given. 



Let a,a'; b, b' ; c, e' be the given pairs of tangents ; and let v 
be any other tangent to the conic 

Then by Theorem 11 a, two homographic ranges exist, and are 
determined uniquely, by the pairs of points va, vd ; vb,vV ; vc, vc'. 

Let the other tangents from any other pair of points vp, vp' of 
these ranges to the conic be /, /'. 

Then p, p' are a pair of corresponding tangents to the conic. 

Q.E.D. 
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THBOBEH 133. 

(i) If {A, B, ... />, Q, ...}, {a; B, ... r, Q, ...} are two homo- 
graphic ranges of points on a conic, there exist two points E, F, 
(real, coincident, or conjugate imagjnaries) on the conic, which are 
self-corresponding for the two ranges. 

(2) The meet of PQ, rQ lies on the fixed hne EF. 




(r) Take any point fon the conic. 

By Theorem 128, the pencils V{A, B, ...}, V{A, B, ...) have 
two double rays. 

Let the other points of intersection of these double rays with 
the conic he E, F. 

Then E, F are clearly self-corresponding points for the two 
ranges of points on the conic. Q.E.D. 

(2) Since E, F are self-corresponding points, 
P{PEFq'\^P'{PEFQ\. 

These two pencils have a self-corresponding ray PP". 

:. the meets of ^E, BE; PF, BF; PQ, BQ are coilinear. 

.'. the meet of PQ, BQ lies on the fixed line EF. 

This fixed line is necessarily real, since 

A,B,...P..., A', B,...B 
are assumed real ; and therefore its points of intersection E, F, with 
the conic are either real, coincident, or conjugate imaginaries. 

Q.E.D. 

Definition. 

With the notation of Theorem 133, E, F are called the double 
points of the two homc^raphic ranges of points on the conic ; and 
the line EF is called the cross-axis of the two bomographic ranges. 
[See page 222.] 
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THEOBEU 1». 

(1) If {a, b, ,../, q, ...}, \a', b\ --.p', q\ ...} are two homi^raphic 
pencils of tangents to a conic, there exist two tangents e, f, (real, 
coincident, or conjugate imaginariesj to the conic, which are self- 
corresponding for the two pencils. 

(2) The join of /?', p'q passes through the fixed point ef. 




(i) Take any tangent v to the conic. 

By Theorem 125, the ranges v[a, l>,...],v{a, l>',...) have two 
double points. 

Let the other tangents from these double points to the conic 
be *,/ 

Then e, f are clearly self-corresponding rays for the two pencils 
of tangents to the (jonic. q.e.d. 

(a) Since «, / are self-corresponding rays, 
p{p-€fg'] ^p-{pefq). 

These two ranges have a self-corresponding point pp'. 

.'. the joins of pe, p'e ; pf, p'f; pq', p'q are concurrent. 

.'. the join of pq', p'q passes through the fixed point ef. 

This fixed point is necessarily real, since 
a, b,...p ..., a, b', ...p' ... 
are assumed real ; and therefore the tangents e, / from it to the 
conic are either real, coincident, or conjugate imaginaries. 

Q.E,D. 

Definition. 

With the notation of Theorem 1 34, e, f are called the doable lines 
of the two homographic pencils of tangents to the conic, and the 
point tf is called the croBS-ceutre of the tno homographic pencils. 
[See page Z23.J 
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It should be noted that Pascal's theorem i 
Theorem 133. 



Let ABCDEF be a hexagon inscribed in a conic. 

Consider the homc^raphic ranges of points on the conic, deter- 
mined by {A, C, E), {D. F, B). 

By Theorem 133, the meets of AS, BE; BC, EF; CD, FA 
he on a straight line, the cross-axis; which is Pascal's property. 

Q.E.D. 



THBOBEH 136. 

Homc^raphic ranges of points on a conic project into homo- 
graphic ranges of points on the projected conic : double points 
project into double points: and the cross-axis into the cross-axis. 

The proof is left to the reader. 



THEOREM 137. 

nomographic ranges of points on a conic reciprocate into homo- 
graphic pencils of tangents to the reciprocal conic : double points 
reciprocate into double lines : and the cross-axis into the cross- 
centre. 

The proof is left to the reader. 
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It should be noted that Brianchon's theorem is a special case 
of Theorem 134. 



Let abcdef be a hexagon circumscribing a conic. 

Consider the homc^raphic pencils of tangents to the conic 
determined by {a, c, e\, {d,f, b}. 

By Theorem 134, the joins of ai>, de; be, ef; cd,/a pass through 
a point, the cross -cen tre ; which is Brianchon's property, q.ed. 



THEOREM 136. 

Homographic pencils of tangents to a conic project into homo- 
graphic pencils of tangents to the projected conic: double lines 
project into double lines : and the cross-centre into the cross-centre. 

The proof is left to the reader. 



[ 13S. 

Homt^raphic pencils of tangents to a conic reciprocate into 
homographic ranges of points on the reciprocal conic : double lines 
reciprocate into double points : and the cross-centre into the 
cross-axis. 

The proof is left to the reader. 
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If {-4, ^, C, ...} isa range of points on a conic, and if {a,li,t:, ...} 
is the pencil of the tangents to the conic at these points, the range 
{^, B, C, ...} and the pencil {a, b, c, ...} are homographic \i.e. any 
section of the pencil V{A, B, C, ...} is homographic to the range 

„{«,»,.,...)]. 

The proof is left to the reader. 
[Use 'I'heorem 57,] 

THEOBEU 110. 

If {A, B, C, ...} is a range. of colUnear points ; and if {a, b, c, ...} 
is the pencil of concurrent lines, formed by their polars w.r.t. any 
conic; the range {A, B, C, ..-} and the pencil (a,b,c,...} are 
homographic [i.e. any section of the pencil is homographic to the 
range]. 

The proof is left to the reader. 

[Use Theorem 55.] 

Double-Point Construction. 

The property of the cross-axis, estkblished in Theorem 133, 
affords another method of determining the double points of two 
cobasal homographic ranges. 




Let {A,B, C,...}, [A\B, C ...) be the two ranges. 
Draw any circle or conic, and take any point Fou it. 
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Let VA, VB, VC, VA, VS, VC cut the conic again at a, i, <■, 
a\ b\ c". 

Let alf, a'i meet at y and be', b'e meet at o. Let ay cut the 
conic at e, '/. Join Ve, Vf, and produce them to meet the base of 
the given ranges at E, F. 

Then E, F are the required double points. 

The proof, is left to the reader. q.e.f. 

[Use Theorem 133.] 

1. Prove Theorem 135. 

2. Prove Theorem 136. 

3. Prove Theorem 137. 

4. Prove Theorem 138. 
6. Prove Theorem 139. 

6. Prove Theorem 140. 

7. Prove the Construction on page 344. 

8. The base of a variable triangle inscribed in a given conic is fixed, 
prove that the sides generate homt^raphic pencils. 

fl. One vertex of a triangle, self-conjugate w.r.t a given conic, is 
fixed ; prove that the other vertices generate homographic ranges. 

10. AP, AF are a variable pair of conjugate lines through a fixed 
point A w.r.t. a given conic ; prove that they generate homographic 
pencils, and determine the double rays. 

11. APQ is a triangle inscribed in a given conic ; A is fixed and 
PAQ is of constant size; prove that the tangents at P, Q generate 
homographic pencils of tangents to the conic. 

12. Two conies St, 5j, have double contact at B, C ; A \s the pole 
of BC ; tangents are drawn from a variable point on AB to Si, 5j to 
cut AC at Pi, P, ; prove that Pi, P^ generate homographic ranges and 
determine their double points. 

13. /„ la are two fixed lines ; /"i is a variable point on /, and /"j is 
a point on /j conjugate to /"j w.r.t. a fixed conic 1 prove that Pj, /j 
generate homographic ranges. 

14. The sides QR, RP, PQ of a triangle pass through fixed points 
A, B, C; P lies on a fixed conic through B, C ; Q Ues on a fixed conic 
through C, A ; prove that BR, AR generate homographic pencils. 

15. AB is a fixed chord of a circle ; PQ is a variable chord of 
constant length ; prove that AP, BQ generate hom(^raphic pencils. 

16. A variable line paases through a fixed point ; prove that its 
poles w.r.t. two given conica generate homographic ranges. 
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17. A is one of the common points of a system of coaxal circles ; 
prove that any two lines through A are cut homograph ically by the 
circles. Generahse this theorem. 

18. One vertex of a variable triangle circumscribing a given conic 
is fixed ; prove that the other vertices generate homographic ranges. 

10. Two conies have double contact 3.t B, C; a variable line through 
B cuts the conies at /", Q; prove that CF, CQ generate homographic 

20. Two variable lines are conjugate w.r.t. a given conic ; if each 
passes through a fixed point, prove that they generate homographic 

21. A, B are fixed points on a hyperbola ; /* is a variable point on 
the curve ; PA, PB meet an asymptote at /"i, /",; prove that /"„ P^ 
generate homographic ranges. Where are the double points? Deduce 
that PJ'i is of constant length. 

7^ A, B are two fixed points on a parabola ; /* is a variable point 
on the curve ; parallels to PA^ PB are drawn through a fixed point 
to cut a fixed diameter in /•„ P^; prove that F-i, P^ generate homo- 
graphic ranges and that P^Pi is of constant length. 

23. From a fixed point O, a line OP is drawn parallel to a variable 
tangent p of a given parabola ; prove that the pencil generated by OP is 
homt^iraphic to the pencil of tangents to the parabola, generated by^. 

24. Generalise by projection : — if a variable line through the centre of 
a given circle cuts the circle M. P, P" ; then P, F generate homt^iraphic 
ranges of points on the circle, 

26. Generalise by projection : — if a variable tangent to a given circle 
cuts a given concentric circle aX P, P" ; then F, F" generate homc^raphic 
ranges of points on the circle. 

26. Given five points A, E, C, D, E ; show how to detenniae tiie 
points in which the come through A, B, 0, D, £ cuts a givra line 1. 

[Consider the ranges formed on / by A{C, D, E\, B{C, D, £(.] 

27. Show how to determine the directions of the asymptotes of the 
conic passing through five given points. 

28. Show how to determine the points of intersection of a given line 
with a conic, when three points on the conic and the directions of its 
asymptotes are given. 

29. HK is a fixed diameter of a given conic ; a Tariable tangent 
meets the tangents at H, E in P, P; prove that HP.EP' is 
constant. [Use Theorem 124.] 

30. A variable tangent to a hyperbola, centre C, cuts the asymptotes 
at ^1 G i prove that P, Q generate homographic ranges, and deduce 
that CP.CQ is constant. [Use Theorem 124.] 
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31. ABCD is a fixed parallelogram, circbmscribing a given conic ; a 
variable tangent cuts AB, AD M P, Q; prove that BP . DQ is constant 
(Use Theorem 124.] 

32. A variable pair of coiiJii£at« diameteiB of a giren conic meet 
iihe tangent at a fixed point P in Q, Q'; prove tliat Q, Q' generate 
liomograptiic ranges, and deduce that PQ.PQ' Is constant. [Use 
Theorem 124.] ■ 

33. Two fixed conies 5i, 5, meet at A, B, C, D ; a^ variable line 
through A cuts Si, Sf at P„ P, ; the tangents at -P„ -P, to Sj, 5, meet 
BC at Qi, Qti prove that Qi, Q^ generate homographic ranges. 

THBOBEH 141. 

(i) If {A, B,...P), [A','ff,...P'} are two homt^raphic ranges 
of points on a conic, the joins AA', Bff, ... of corresponding points 
envelope a conic having double contact with the given conic at 
the double points E, F of the two ranges. 

(a) Conversely, if two conies have double contact At E, F, s. 
variable tangent to one cuts the other at a pair of points P, P", 
which generate homographic ranges of points on the conic, with 
£, F us double points. 




(r) Project E, .f into the circular points at infinity. 

Then the conic becomes a circle, and the cross-axis of the 
projected homt^raphic ranges {a, *,.../,...}) {<»') ^\..-P',—] is 
the line at infinity, since EF was the former cross-axis. 

,'. ad', db are parallel. 

.'. chord 1111' = chord hb'. 

.'. aa =bV = <c' = ...=pp' = — 

.'. the lines na', bb', cc' ... touch a concentric circle. 

.'. in the original figure, AA'., ££",... envelope a conic having 
double contact with the given conic at E, F. Q.E.D. 
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(2) The proof is left 10 'the reader. 

[Project E, F into the circular points at infinity.] 

Corollary. 

If a variable chord PP of a conic passes through a fixed point 
O, then P, P generate homographic ranges of points on the conic, 
having as double points the points of contact of the tangents from 
O to the conic, 

[Project the conic into a circle, having the projection of O as 
centre-] 

It will appear later (page 298) that the homographic ranges in 
the Corollary belong to a very special type, viz., involution ranges. 



THEOREM 112. 

(i) If {a, b,..-p,...\, ja', b\ ...p', ...\ are two homographic 
pencils of tangents to a conic, the meets ad, bb', ... of corresponding 
tangents lie on a conic having double contact with the given conic 
at the points of contact with the conic of the double lines e, f of 
the two pencils. 

(a) Conversely, if two conies have double contact, the tangents 
from a variable point on one, to the other, generate homographic 
pencils of tangents to the conic, with the tangents ;, / at the points 
of contact as double lines. 

The proof is left to the reader. 

[Prove it by (i) reciprocating Theorem 141, (a) projecting the 
points of contact of e, f into the circular points at infinity.] 

Corollary. 
From a variable point /" on a fixed line, tangents /j, p^ are drawn 

to a given conic, then /j, p^ generate homographic pencils of 

tangents to the conic. 

[Project the conic into a circle and the fixed line to infinity.] 
It will appear later (page 199) that the homographic pencils in 

the Corollary belong to a very special type, viz., involution pencils, 

34. Prove Theorem 141 (3). 

36. Prove the Corollary of Theorem 141. 

36. Prove Theorem 142, by each of the methods suggested. 

37. Prove the Corollary of Theorem 142. 
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38. //' is a point of intersection of two given conies S„ S3 ; a 
variable line through N cuts S„ i\ at P^, /"j ; prove that Pj and F, 
generate homographic ranges of points on ^i and 5j. 

39. P is a variable point on a common chord of two given conies 
Si, 5ji FPi, PPi are tangents from P to A',, S^; prove that they 
generate homographic pencils of tangents to S, and 5',, 

40. A fixed circle cuts a variable circle of a given coaxa.1 system at 
P, Q i prove that P, Q generate homographic ranges of points on the 
fixed circle. Generalise this theorem. 

41. S, C are a fixed pair of conjugate points w.r.t. a given conic S ; 
/■ is a variable point on S ; BP, CP meet 5 again at /*,, /",; prove 
that /*!, P3 generate homographic ranges of points on the conic. 
Determine the position of the double points. 

42. A variable conic passes through four fixed points ; prove that 
the tangents at these points generate homographic piencils. 

43. If \A, B,...\, {A', B,...\ are two homographic ranges of points 
on a conic ; prove that the tangents at A, A'; B, B' ; etc., meet the 
cross-axis in homographic ranges. 

44. j4, 5 are two fixed points ; PAQ, is a variable chord of a given 
conic ; BP, BQ meet the conic again at Z', Q ; prove that F, Q 
generate homographic ranges of points on the conic. 

iS. A BTstem of conicB pass thioagh foot fixed points; A, B 
are any two othei pointe ; prove tliat the polars of A w.r.t. the 
^Btem of conies fotm a pencil homographic to the polars of B 
w.r.t. the syBtesL 

46. AB, AC are a fixed pair of conjugate lines w.r.t. a conic S\ a 
variable tangent to .i" cuts A£, AC at P, F ; prove that the other 
tangents from P, F to S generate homographic pencils of tangents 
to S. 

47. ..4 is a fixed point ; PQ is a variable chord of a given circle S ; 
if the circle APQ cuts 5 at a constant angle, prove that P, Q generate 
homographic ranges of points on i". 

48. Show how to inscribe in a given conic a triangle, such that 
each of its sides passes through a given point, [Use Theorem 141 
Corollary.] 

49. Show how to inscribe in a given conic an «-sided polygon, such 
that each side passes through a given point. 

50. PQR is a variable triangle, inscribed in a given conic ; PQ, PR 
pass through fixed points ; find the envelope of QR. 

51. PQRS is a quadrilateral circumscribing a conic ; P, Q, R lie on 
fixed lines ; find the locus of .S". 
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52. M, B,...P...), {A', B',...P'...} are two homographic ranges of 
points on a conic ; show how to detennine the pair of points P, P 
whose Join passes through a fixed point. 

53. A variable triangle is inscribed in a given conic ; two of its sides 
are fixed in direction ; find the envelope of the third side. 

54. \a, b,...f...\, ja', d^j.-.p'...) are two homographic pencils of 
tangents to a conic i find the envelope of the polar of the meet oi p, p'. 

55. A variable triangle circumscribes a conic ; two of its vertices lie 
on fixed lines ; prove tjiat the points of contact of its sides generate 
three homographic ranges of points on the conic. 

56. /■ is a variable point on the side BC of a triangle ABC in 
which are inscribed two given conies Sj, 5^ ; PT^, PT^ are the Other 
tangents fi-om P to .9,, 5j ; prove that AT^, AT^ generate homo- 
graphic pencils : and determine the double lines. 

57. Two conies S^, S^ have double contact with each other ; the 
tangents from a variable point on Si to S^ meet .S\ again at P, Q\ 
prove chat P, Q generate homographic ranges of points on 5,. 

58. ABC is a fixed triangle inscribed in a conic ; PQ is a variable 
chord such that A{BCPQ} is constant; find the envelope of PQ. 

59. A, B, C, D and p, q, r, s are the common points and common 
tangents of two conies, prove that the range of points A, B, C, D on 
one is equicross with the range of tangents /, q, r, s to the other. 

60. Two conies 5,, S^ have double contact aX A, B \ a variable 
chord PQ of 5, touches S^ ; find the locus of the meet of AP, BQ. 



It is convenient at this stage to insert purely geometrical proofs 
of the important converse theorems, relating to homographic ranges 
and pencils, referred to on pages 116-7. The reader will note that 
no property is assumed in their proof, which was established after 
Theorem 57 ; but on account of their intrinsic difficulty, it seemed 
better to make use of the analytical results of Chapter I., to 
secure an easier, but It^ical, method. The proofs given below 
are taken from Chasles' treatise on "Conic Sections" (1S65), and 
are attributed by him to Delbalat. 



b> Google 



IX.] HOMOGRAPHIC PROPERTIES OF THE CONIC 251 

THEOSEM 143. 

If two pencils y[A, B,...P, Q, ...), W{A, B,...P, Q,...\ 

are homographic, but not in perspective, the meets .^, .3,.../', Q.. of 

corresponding rays lie on a conic, which passes through the vertices 

V, W ci\ the pencils. 




Since the pencils are not in perspective, the ray VW is not 
self-corresponding in the two pencils. Let VT in the f^pencil 
correspond to WV in the If'-pencil. 

Draw any circle 2 to touch VT at V and let it cut VW, VA, 
VP at W, A', P'. Let JVP, iVP' meet at P^ 

Now W{V,A,...P)^V[T,A,...P) 

= v{v,a;...p'} 

■=PV[V, A',...P], by Theorem 57. 

But these pencils have a self-corresponding ray WW V. 

:, they are in perspective. 

.-. the meets A^,...P^, of WA, W'A-;...WP, W'P' ; lie on a 
line /, (say). 

Let VW, VP, meet / at W^, P^. 

Now rotate the figure out of its plane n about the line / into 
a plane tt and denote corresponding points by small letters. 

Then, since P^, Pg, W^ are unaltered by the rotation, cor- 
responding sides of the triangles vp'w', VPW meet on /. 

.'. the triangles i^W, VPW ays in perspective [Theorem 47]; 
.'. Vv, Ww', Pp' are concurrent. 

Let Vv, Ww' meet at 12. 
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Then Pp' passes through fl. 

.■. similarly, A^, Bl>, Ce',...fass through fl. 

Now the points a', b', if, .../', ... He on the circle <t, i.e. the circle 
obtained by rotating the circle 2 from 11 to v. 

Therefore the points A, B, C, .../',... lie on the projection of 
the circle tr w.r.t on the plane H, which is by definition a 
conic. 

Moreover, since v, tv' lie on o-, the conic passes through F, W. 

Q.E.D. 

If the reader draws Fig. 125 for himself and then folds the 
paper with the crease along /, he will see more clearly the nature 
of the projection. 



[ 144. 

If two ranges [A, B,...P, Q,...), {A\ B,...F, q ...\ are 
homographic, but not in perspective, the joins AA', BJ^,...PF', 
QQ,..,oi corresponding points envelope a conic, touching the 
two bases a, a' of the ranges. 







Since the ranges are not in perspective, the meet If of a, a! is 
not a self-corresponding point for the two ranges. Let JT in the 
a'-range correspond to H in the oj^nge. 
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Draw a circle o- in a plane r, different from the plane 11 of a, a, 
to touch a' at I/'. Let the tangents to c from j4', B", ...J^, ... 
meet the tangent to a- from 1/ in a, h, ...p, 

Then {B,A,B,...P,...) = {H',A%B-,...F',...) 

'={H, a, b, ...p,...], by Theorem 57. 

But these ranges have a self corresponding point I/. 

Therefore Aa, Bb, -..Pp, ...are concurrent, at li say. 

Now consider the projection of the figure in plane tt on plane 
n w.r.t. fi. 

HP, Hf, aA', l>B',...pP',... project into ffP, HP, AA', 
BE,...PP,.... 

Also by definition, o- projects into a conic 

Therefore AA', .5^, ... Z*^, ...envelope a conic, which also 



touches HP, HP, i.e. a, a'. 




Q.tD. 


61. A variable point P lies 


n a given conic S; Q\ 


5 a point such 




at two fixed points 01 


a 5; find the 


locus of Q. 






62. i' is a variable point on 


a fixed diameter of a a 


nic ; iV is the 



foot of the perpendicular from P to its polar ; prove that the locus of 
A' is a rectangular hyperbola. 

63. AB is a fixed chord of a given conic 5 ; from a variable point P 
on the tangent at A, another tangent is drawn, touching S &i Q; find 
the locus of the meet of BP, AQ. 

64. If in Theorem 144, the conic is a parabola, prove that the 
langes are similar ; prove also the converse. 

65. /■ is a variable point on a fixed tangent PT to a parabola ; PPj 
is the other tangent from P ; PP^ is drawn, making a given angle in a 
given sense with PP^ ; prove that it envelopes a parabola, touching 
PT. 

66. ABC is a triangle ; A is fixed, B moves on a fixed line and ABC 
is of constant size ; find the envelope of BC. 

67. B, K are the poles of the chords PQ, RS of a conic ; prove that 
H, K, P, Q, R, S lie on a conic. 

68. A triangle circumscribes a given conic ; two of its sides are fixed 
in position ; find the locus of its circumcentre. 

69. A, B, C are three fixed points ; a circle is drawn through A, B 
and another circle through B, C; if their radical axis is fixed, prove 
that the tangents at A, C meet on a fixed conic. 

70. AP, AQ, two variable conjugate lines w.r.l. a given conic, pass 
through a fixed point A and meet a fixed line at /", Q; if PQR is an 
equilateral triangle, find the locus of R. 
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71. HK is a fixed chord of a parabola ; a variable line PQ perpen- 
dicular to the axis cuts HK at P ; the polar of P cuts PQ at Q ; find 
the locus of g. 

72. AB is a given arc of a circle ; P^-, P^ are variable points on the 
arc AB such that the arc BP^ is double the arc AP^; if ^P„ BPi 
meet at P, prove that the locus of /" is a hyperbola. Deduce a method 
of trisecting an angle, with the aid of a conic. 

73. A variable chord PQ of a fixed conic passes through a fixed 
point O ; prove that the polar of w.r.t. the circle on PQ as diameter 
envelopes a parabola. 

74. If a quadrangle is inscribed in a conic, prove that the tangents 
at its vertices, and one pair of opposite sides touch a conic. 

75. A variable line / passes through a fixed point ; P is its pole 
w.r.t. a given conic ; prove that the perpendicular from P to I envelopes 
a parabola. What happens if the fixed point lies on an axis of the conic ? 

76. The base of a triangle passes through the meet of two common 
tangents to two given conies, and the ends of the base lie one on each 
conic. If the sides pass through fixed points, one on each conic, find 
the locus of the vertex. 

77. AB is a given chord of a fixed conic ; the tangent at a variable 
point P on the conic meets the tangent at yJ in Q; find the envelope 
of the line through Q, parallel to BP. 

7a /■ is a variable point on a fixed line ; PQR is a line, fixed in 
direction, cutting two fixed lines at Q, ^ ; X is the harmonic conjugate 
of P w.r.t. Q, P ; prove that the locus of JT is a hyperbola, having one 
asymptote parallel to the fixed direction. 

79. Through a fixed point 0, a variable line is drawn, cutting two fixed 
lines at /", 2 ; find the locus of a point, dividing PQ in a constant ratio. 

80. A variable line / meets two fixed lines in points which are con- 
jugate w.r.t. a given conic ; find the envelope of /. 

81. A variable point lies on a fixed line ; its polars w.r.t. two given 
coaxal circles meet at Q ; prove that the locus of (2 is a conic. 

82. The base QR of a variable triangle PQR is a chord of a given 
conic .S" ; PQ, PR cut S again at fixed points ; if QR passes through a 
fixed point, find the locus of P. 

83. -4 is the pole of a fixed chord BC of a given conic ; two variable 
parallel tangents to the conic cut AB, AC at P, Q respectively; find 
the envelope of PQ. 

84. Z> is a variable point on the base BC of a given triangle ABC; 
a parallel through D to AB cuts AC aX E ; a parallel through E to BC 
cuts AD at M ; prove that the locus of ^ is a parabola through C, 
touching AB at A, with its axis parallel to BC. 
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85. A variable polygon is inscribed in a given conic, and all its sides, 
save one, pass through fixed points ; find the envelope of the remaining 

86. A straight line passes through a fixed point ; prove that the join 
of its poles w.r.t. two given conies envelopes a conic, inscribed in the 
common self- conjugate triangle of the given conies. 

87. A, B are two fixed points on a conic S ; the base QR of a variable 
triangle PQR is a chord of S and touches a given conic having double 
contact with S ; if PQ, PR pass through A, B respectively, find the 
locus of P. 

SS. j4, B are fixed points on a conic -V ; J'' is a variable point on S, 
and C is any other fixed point. If V{A, B, C, D} is constant, find the 
envelope of i^D. 

89. PQR is a variable triangle, inscribed in a fixed circle ; PQ is of 
constant length and PR passes through a fixed point ; find the envelope 
of QR. 

90. Frore tliat a i>encil of diametetB to a conic ia homographic 
to the pencil of their conjugate diameters. 

91. (i) A, B, Q U are four points on a conic, centre O ; E, F, G, ff 
are. the mid-points of AB, SC, CD, DA ; OE, 0F\ 0G\ OH" are 
parallels through O to AB, BC, CD, DA. Prove that 

OKE F G H\= 0{E F G H% 
[Use Ex. 90.] 

(2) A Tariable conic passes thiongh four fixed points; prove 
that the locos of its centre is a conic passing throng the diagonal 
points and the mid-points of tlie six sides of the iiaadraiigle 
formed b^ the foor fixed points. [Use (1).] 

92. 133456 is a hexagon inscribed in a conic ; prove that the points 
152; (13, 24) ; (23, 41) ; (15, 26) ; (25, 16) ; lie on a conic. 

93. A tangent at a variable point /• on a parabola meets a fixed 
tangent at Q ; find the locus of a point dividing PQ in a constant 

94. /", i^ are conjugate points w.r.t.' a given conic ; P moves on a 
fixed line and PP subtends a constant angle at a given point ; find 
the locus of F. 

95. The bases of two homographic ranges meet at O ; P, P" are a 
pair of corresponding points ; find the locus of the mid-point of PP'. 

96. /■ is a variable point on a fixed line ; its polar w.r.t. a fixed 
conic meets another fixed line in Q ; find the envelope of PQ. 

97. PQR is a variable triangle inscribed in a given conic ; if its 
centroid is a fixed point, prove that the sides of the triangle touch a 
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In Chapter IV. (page 118), the following theorem [Theorem 76] 
was proved : 

A, B are two fixed points. If /* is a variable point, such that 
PA, PB are conjugate lines w.r.t. a fixed conic, then the locus 
of /* is a conic, through A, B. 

96. In Theorem 76, prove that the conic-locus cuts the given conic 
at the point of intersection of the polars of A, B with the given conic 

99. In Theorem 76, prove that AB has the same pole w.r.L both 

100. a, b are two fixed lines : P is a variable point on a ; Q is the 
point on b conjugate to P w.r.t. a given conic ; prove that PQ, 
envelopes a conic having the same polar of ab as the given conic. 

101. A, B are the poles of two chords PQ, RS respectively of a given 
conic ; prove that the six lines AP, AQ, PQ, BR, BS, RS touch a conic. 

102. Prove that the conic loctu in Theorem 76 breaks up into 
two straight lines, if AB touches the given conic ; that one of 
these lines is AB, and the other is the Join of the points of 
contact of the other tangents ttom A, B to the given conic. 

THEOBBU 14fi. 
The locus of a point from which the tai^ents to a central conic 
are at right angles is a circle, concentric with the conic. 




Let TP, TQ be a pair of perpendicular tangents to a conic, 
centre C Denote the circular points at infinity by <i>, w'. 

Then T>o, Tia are harmonically conjugate w.r.t. TP, TQ, 
since PTQ = go°. 
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.■, Tlf, Till are conjugate lines w.r.t. the conic (Theorem 54). 
.'. by Theorem 76, the locus of 7" is a conic through lu, w'. 
,', the locus of r is a circle. 
And by symmetry, the centre of the circle must be at C. 

Q.E.P, 

Corollary. 

If the conic is a parabola, the locus of a point from which the 
pair of tangents are at right angles is the directrix (and the line 
at infinity). 

The proof is left to the reader. [Use Ex. 102.] 
Definition. 

The locus of a point, from which the tangents to a central conic 
are at right angles, is called the director ciide of the conic. 

The property of the director circle was discovered by De Lahire 
(1640-1718), who wrote on conies, epicycloids, roulettes, conchoids 
and magic squares. Its analogy with the directrix of the parabola 
was pointed out by Boscovich (1711-1787); but the name appears 
to be due to Gaskin. 

103. If a, b axe the lengtliB of the semi-axes of a cential conic ; 
prove that the radius of the dif ector circle is Jaf+h'. 

104. Prove that the director circle of a rectangular hypabola 
is a point circle. 

105. Prove that the director circle of a conic passes through the 
(imaginary) points (^ intersection of tlie conic vlth its directrices. 

106. A chord PQ of the director circle, centre C, touches the conic ; 
prove that CP, CQ are conjugate diameters. 

107. A, A' are a pair of opposite vertices of a quadrilateral touching 
a conic S at L, M, N, P \ if A, A' are projected into the circular 
points al infinity, prove that the conic through AA'LMNP is projected 
into. the director circle of the projection of S. 

108. <r is the director circle of a conic S % prove that the reciprocal 
of IT w.r.t. S is confocal with J). 

109. Prove that the tangent from any point on the director circle of 
a conic to its auxiliary circle is equal to the minor axis. 

110. An ellipse of given size slides between two fixed perpendicular 
lines ; find the locus of its centre. 

111. P is a point on the directrix of a conic, focus S; PT is 
the t&ngent from P to the director circle; prove that PT=PS. 

112. ABCD is a rectangle circumscribing a conic ; AB meets a 
directrix in /"; if 5 is the corresponding focus, prove that PSA = PBS. 
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113. A variable parallelogram is circumscribed to an ellipse 5, and 
its. sides are parallel to conjugate diameters of another ellipse S^; find 
the locus of its vertices. 

lU. Two conicB are sach that as unlimited number of anadri- 
laterals can be inscribed in one, and ciicnmscribed to the other. 
If ASCD is any one Bach Quadrilateral, prove that AC, BD meet 
at a fixed point. [Use projection.] 

115. Prove that the focus is a limiting point of the coaxal system 
liaving the directrix as radical axis and the director circle as a circle 
of the system. 

116. T is the pole of a chord PQ oi a. conic; prove that T is a 
limiting point of the coaxal system formed by the director circle and 
the circle on PQ as diameter. 

117. PQ is a diameter of the director circle of a conic S ; prove 
that the tangents from P, Q to S are parallel or meet in pairs on the 
director circle. 

118. A pair of conjugate diameters of an ellipse cut the director 
circle at /", Q; prove that PQ touches the ellipse. 



[ 146. [Apollonius' Theorem.] 
The feet of the four normals to a conic, centre C, from any point 
O, lie on a rectangular hyperbola, which passes through C, O and 
has its asymptotes parallel to the axes of the conic. 




Let C/*!, CD^; CP^, CD^;...\x pairs of conjugate diameters 
of the conic. 

Let perpendiculars from O to Cr^, C/";, ...meet CD^, CZ>g, ... 
at </„ rfa, .... 

Then 

0{(^, (i,, ...| = C{/',, /'j, ...} since the pencils are equiangular. 
= C{£>i, D^, ..,} since the diameters are conjugate, 

-cw,i„...)i 

.'. the points rfj, d^, ... lie on a conic u through O, C. 
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If d h a point of intersection of tr with the given conic, since 
Cd is conjugate to C/*, the tangent at d is parallel to CI* and is 
therefore perpendicular to Od. 

.'. d is the foot of one of the normals from O to the given 
conic. 

.'. <7 meets the given conic at the feet of the normals from O. 

Let CA, CB be the axes of the given conic. 

Then the perpendicular from O to CA meets the conjugate 
diameter CB at infinity. 

.'. o- passes through the point at infinity on CB and similarly 
through the point at infinity on CA. 

.'. (T is a rectangular hyperbola, passing through O, C and having 
its asymptotes parallel to the axes of the given conic. q.e.d. 

This rectangular hyperbola is called the hypetlxila of Apollonins. 

The method of proof is due to Chasles. 

119. Prove that four lines can be drawn from a given point to cut 
a given conic at a given angle (in a determinate sense) and that the 
four points of intersection, the given point and the centre of the conic 
lie on a conic. 

_120. P, Q, R, S are the feet of the four normals from a point to a 
conic ; prove that the tangents at /*, Q, J!, S touch a parabola, which 
touches the axes of the conic. [Use reciprocation.] 

THEOREM 147. 

One and only one conic can be drawn through five given points, 
no three of which are collinear. 
, Let A, B, C, D, £ be the given points. 

Then two homographic non-perspective pencils exist and are 
determined uniquely by A[C, D, E\, B{C, D, E). 

By Theorem 143, the meets C, D, E, ..oi corresponding rays 
lie on a conic through A, B. And only one such conic exists, 
for any point /" on a conic through A, B, C, D, E must by 
Theorem 57 be a meet of corresponding rays AP, BP ai the two 
pencils; consequently if there were two such conies, any point of 
either must lie on the other. q.e.d. 
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THEOBEU 148. 
One and only one conic can be drawn to touch five given lines, 
no three of which are concurrent 
The proof is left to the reader. 

THEOSEH 149. 

The projection of a conic is a conic. 

Let A, £ be two fixed points on the conic and P a variable 
point on the conic; then the pencils, J[...P...}, £{...P...} are 
homographic. 

,", in the projected figure, the pencils a{...fi...], ^{. ../...} are 
homographic. 

.'. the locus of/ is a conic. Q.E.lt. 

It is beyond the scope of this volume to deal with generalisations 
of Theorems 143, 144. A concise and interesting account will 
be found in Chapter XI. of Dr. Filon's treatise on Projective^ 
Geometry. The two fundamental theorems, there established, are 
as follows: 

THEOBEM 150. 

If 0{A, B, ... P, ...} is a pencil homographic with the pencil of 
tangents {a', b', ...p', ...} to a conic, the locus of the meet of OP, 
p' is in general a cubic, having a double point at O. 

THEOBEU 161. 

If {a, b,...p, ...}, {«', b', ...p', ■■■} are two homt^raphic pencils 
of tangents to two different conies, the locus of the meet of /, p' 
is in general a quartic. 

A special case of Theorem 151 has been already dealt with ; see 
page 248. A special case of Theorem 150 is given in Theorem 152. 



L 162. 

a is the tangent OA from a fixed point (? to a conic a-. If the 
pencil 0{A, J5, ... P, ...} is homographic 10 the pencil of tangents 
[a, b, ...p, ...} to IT, then the locus of the meet of OP, / is a 
conic. 

Draw any tangent s to tr, and let / be any straight line. 

Let the required locus cut / at the point £, the meet of OE 
with the tangent f to tr. 
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Let «, b, e, .../>, ...meet z at flj, *,, «!, ...^j, ... and let 0:4, 
0£,... OP,... meet /at A^, 




Then 



= 0{A,B,E,...r,...), by hypothesis, 
= 0{A^,B^,E,...Py,,..}; 

.'. a^A-y, i^Bi, e-yE, ...pyP^, ... touch a conic S, touching / and s. 

Now two conies have four common tangents. 

But a, a are two common tangents oi S,tr; also Ee■^ is a common 
tangent of S, <t. Therefore there are two and only two possible 
positions for £e^. 

.'. the required locus cuts / at two and only two points. 

But / is any straight line whatever. 

.'. the required locus is a curve of the second degree, and is 
therefore a conic. Q.E.D. 

121. Write down the dual of Theorem 150. 

122. Write down the dual of Theorem 151. 

123. Use the method of Theorem 152 to prove Theorem 150, 

124. A fixed line / cuts a conic in A ; the range of points {A, B, 
C,. ../",...} on / is homographic to the range {A, ff, C,...P',...i on 
the conic ; prove that PP" envelopes a conic. 
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CHAPTER X. 

INVOLUTION BANOES AND PENCILS. 

There is a special case of the general theory of homc^raphic 
ranges and pencils, which is of peculiar importance. Its treatment 
forms the substance of this chapter. The fundamental involution 
property of the quadrangle was given by Pappus, in rather a 
complicated form ; but the general principles, for six points or six 
lines in involution, were first enunciated by Desa^;ues. The theory 
of involution ranges and pencils is worked out in great detail in 
the Giomitrie Superteure,, of Chasles, to whom the revival of 
interest in the. methods of Desar^u^ is due. 

ANALTIIOAL TBEATMENT. 

If two homogr^hic ranges are situated on the same base, to 
every point ^ of that base, there correspond in general two distinct 
points, according as f is regarded as belonging to the first or second 
range. Under certain conditions, however, these two points coincide 
for all positions of |. These conditions are specified in the follow- 
ing theorem. 

(I) \i pxx' A-qx-¥r!^ ■\-s = o is the homographic relation con- 
necting two ranges on the same base, referred to the same origin, 
then y = r is the necessary and sufficient condition that to any 
point o on the base, there corresponds the same point ^, whichever 
range a belongs to. 

(i) To prove the condition is necessary. 

If x = a^ ^"^ 3nd if r' = o, x = ^, for all values of a.; 

and pfia + qfi-bra. + i = o; 

.'. subtracting, (a-/3)(^-r) = o. 
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But a-/3=|-Oi for all values of a, since this requires 

^^ + {^ + r)a + s=o. 

■'■ i3-r=o or q = r. ' 
(2) To prove the condition is sufficient, 
\l q = r, the relation becomes'/a:*' + fa; + y«' + f = 0. 

,. , tfa + J 

If , = „,,= _|_. . ,, 

Therefore the two points, corresponding to the point 0. on the 
base, coincide. q.e.d. 

1. If >■, /are the points corresponding to the point ^ on the, common 
base of the ranges, defined by ^J-j:'+pjr+ry+i=o, prove that 

2. Interpret geometrically the fact that in Ex. i, y-^^o if ^ 
satisfies the equation ^^ + (y+r)^ + j=o. 

3. If the homographic relation is j-j:" - 31 — 3^ + 8 = o, find the points 
corresponding to points whose distances from the origin are o, 1, 1, 
Z, 4, «>■ 

4. If in Ex. 3, fl is the point corresponding to -r-—*-;, find the 
homographic relation, when the origin is transferred Xo SI. 

5. If the homographic relation is xji^-a{x+x') + l>=o, and if (ft, =0) 
are a pair of corresponding points, find the homographic relation, when 
the origin is transferred to li. 

Definition. 

If two cobasal ranges are determined by the relation 
pxx' + q{x + x-) + s = o, 
referred to the same origin, they are said to be in involaticaL 

Suppose then that [A, B, C, ...}, {A\ B, C, ■■■} are two 
ranges in involution : since the relation is homographic, the cross- 
ratio of any four points of one range is equal to that of the 
corresponding four points of the other range. 

But further, if A is now regarded as belonging to the second 
range, the point corresponding to it in the first range, by (I), is 
A : and similarly for B, C, .... 

it therefore follows that the ranges {A, A', B, B, C, C, ...), 
{A', A, B, B, C, C, ,..) are homographic: and this is the cbaiac- 
tetistic featnre of two liomograpbic ranges [A], [A'], in involntion. 
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It is of the utmost importance that the reader should have a 
clear idea of the meaning of this property. To every value of x, 
there corresponds one and only one value of x', given by the 
homt^raphic relation. Suppose x receives any set of valuei 
whatever, o, ft y, S, ...; then we can find uniquely the corre- 
sponding values of x' ; let these be a.', /?, y\ y Since the 

involution Khtion,pxx' + ^[x + x') + s — o is symmetrical in x and x'. 
it follows that if j: is now given the values a, ^, y, ff, ..., then x 
will take the values a, j8, y, S, .... And therefore the set of values 
a, a', p, ^, -y, y\ ...correspond homograph ically to the set of values 
"i <^ ^, Pi y'l y. ■■■: and the cross-ratio determined by any four, 
from one set, is equal to the cross-ratio determined by the corre- 
sponding four, from the other set. 

(II) A range of points in involution exists and is determined 
uniquely, if any two pairs of coUtnear corresponding points are given. 

The equation pxKf + ^{x -i- x') + s = o contains two indepeadeat 
constants -, ~. Therefore, if two pairs of values of x, x' are given, 

there are two linear equations from which -, -- can be determined 

p p 

in one and only one way. q.e.d. 

We shall assume at present that, in the involution relation, /^=o. 
This passes over a special case, which will be dealt with later 
(page 267). 

Since /^o, the involution relation may be written 

«■+! (« + »■)+ i-o 

or :cjc'+C? {ar + a:')+.5=o, 
or (.+ e)(«+0.C'-5. 
Now change the origin to the point x^ -Q, and the relation 
becomes XX' = (2= - 5. 
The point, x= - Q, has a geometrical interpretation. 
Writing the involution relation in the form 



^•3{h*iy 



we see that when x —oa, - — o and x is then given by 

The point, x=-Q, therefore corresponds to the point at 
infinity on the base : and will be denoted by O. 
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Definition. 

The point O on the base which corresponds to the point at 
infinity on the base, in an involution range, is called the centre 
of tbe involution. 

The reader will note that, with the notation of Chapter VIII., 
for an involution range the points /, J" coincide with the centre 
O of the involution. 

The previous transformation can now be stated as follows: If 
the centre of an involution range is taken as origin, the involution 
relation takes the form XX' =(^-S. 

In geometrical language, we may state it as follows: If O is 
the centre of an involution range, and if J', I^ are a pair of 
corresponding points, then 01'. OP" is constant. 

It was proved in Chapter VIII. that two cobasal homographic 
ranges have a pair of double points, real or imaginary. 

For two ranges in involution, by putting X=X' = ^, we have 

Consequently two ranges in involution have a pair of dottUe 
points, real or imaginary, which are equidistant from the centre 
O of the involution. 

The two double points will be denoted by E, F. 

Since OE?^OF^=Q - S=OP.OF , it follows that every pair 
of correspondii^ points are harmonically conjugate w.r.t. the 
double points. 

6. Determine the involution relation, defined by the pairs of points 
('i ^) ; (St ?)■ Find the double points ; and reduce the relation to its 
simplest form, by a change of origin. 

7. Determine the involution relation, defined by the pairs of points 
(i, 10) ; (4, 7). Determine the double points, and a point-pair, whose 
distance apart is 15. 

8. An involution is defined by the relation .m< — ip;— 7^+8=0, 
referred to two distinct origins for x and xf. Determine the distance 
between the origins ; and reduce the relation to its simplest form. 

9. Find the value of a, if the point-pairs (2, 5) ; (i, 8) ; (3, a) are 
in involution. 

10. Determine the involution relation, the double points of which are 
given by p-\-2a^-\'b=Q. 

11. A", K are two fixed points on the base of an involution range ; 
prove that the harmonic conjugates w.r.t. X, Y of the points of the 
involution range, also form an involution range. 
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12. a, b are fixed points ; p, p' are a pair of variable points on ab 
such that ap./ip' + X.ap-i'ii.i)p' + v = o; find the condition that /, p' 
generate involution ranges. 

13. Find the condition that the point at infinity is a double point of 
the involution defined by pxx'+q(x+x')+s=o ; and in this case, prove 
that the finite line joining a variable pair of corresponding points has 
a fixed mid-point. Where is the Second double point? 

14. a,<i \b,U ; Cyd are three point-pairs in involution i a, ft y are the 
mid-points of aii, hi/, cc" ; prove that — ™^~~. [Take a as origin.] 

15. With the notation of Ex. 14, prove that -jj-j^'^ ■ "v p- 

16. With the notation of Ex. 14, prove that " -^r,^—- 7— - .- . 

17. E, F are two fixed points ; /*, i' are a variable pair of points 
on RF, such that -cp+-prp=o ; prove Ihat P, F generate ranges in 
involution. ' 

18. A, B are two fixed points ; P, F are a variable piur of points on 
AB, such that „„" „„ equals a constant X ; prove that P, P generate 
ranges in involution; that A, B are a pair of corresponding points; 
and determine the condition that the double points are real. 

19. Prove lhat the three pairs of points given by ^-H2</|| + i| = o ; 
^^-z«al^■*2=o; ^-H203^+#3=o are in involution, if 

''i(*ii-'*3)+'^*a-'*.)+'^(*i-*2)=o- 
[Use the fact that a pair of corresponding points are harmonically 
conjugate w.r.t. the double points.] 

20. Prove that the double points of the involution defined by the 
pairs of points ^-H2<i,^-Hd,=o ; f'-H20j^-i-*j=o are given by 

21. (i) The relation connecting two homographie ranges, referred to 
the same origin, is pxi! -^-qx-^-rxf -^5=0 ; prove that there exists a single 
point A such that if the jf-origin is transferred to A, the relation becomes 
pX:<;->rq{X->r)d)-lri=0. 

{2) Hence prove that if two ranges are homographie, it is possible 
to superpose uniquely one on the other, in such a way that the two 
ranges are in involution. 

22. Prove that any transversal is cut by a system of coaxal circles 
in point-pairs, in involution. 

[Take the transversal as .r-axis and note that any one of the circles 
can be written in the form ^■¥^-\-igx-¥2fy-\-c-¥'i\{lx-\-my-\-\) = o, 
where A. is the only variable, and use Ex. 19.] 
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THE CASE WUIUtS p = 0. 

The double points of the involution /xx +f{x-t-x') + s=o- sae 
given hy p^ + 2^$ + s = o, by putting x = x' = ^. 

This is a quadratic with two roots, real or imaginary. 

If ^-^-o, one root of this quadratic -*=o . 

Therefore the involution, ^{x-i-x') + s = o has one of its double 
points at infinity ; or in other words, the centre of the involution 
is (from the definition) at infinity. 

Further, since = - — , if /*, /^ are any pair of corresponding 

points, the mid-point of PP' is the point , and is therefore a 

fixed point, which coincides with the second double point, given 
by 2^^ + s — o, as is geometrically evident. 

The involution therefore consists of pairs of points which are 
equidistant from a fixed point £, which is the other double point. 

23. Interpret the condition, j=o, in the involution relation 

24. The range {Ai, B,, C, ... is in involution with the range 
{A^, B^, Qi...i; the range Me, B^,Ci,...} is in involution with the 
range {A3, B„ C,,...}, and. {^3, B,, C,,...) is in involution with 
{A^, Bf, C^, ...} ; if the point at infinity is a double point for each pair 
of ranges, prove that the ranges {Aj, B,, C„ ...}, {^„ B^, C,,...} are in 
involution. 

25. It in Ex. 24, the 'three pairs of ranges have any fixed point as a 
common double point, prove that the ranges {A,}, {Aii are in involution. 

26. The range {A} is in involution with each of the ranges {A'}, 
{A") i prove that the ranges {A'}, {A"\ are in involution, if and only if 
the double points of {A^, {A'\ are harmonically conjugate w.r.L the 
double points of {A}, {A' . 

(Ill) The three pairs of points given by ai^'^ + 2lii^ + q = o; 
fljf' + z^af + ^j = o; '»g|*+2^gg + ,r3 = o are in involution, 



(i) To prove the condition is necessary. 
Let the point-pairs belong to the involution defined 1 
px^ + 9{x + x')+s=o. 
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Now if X, x are the roots of the equation aji^ + J^if + ir,-'0, 



i have x + x'= '; xx' = -i-\ 



Similarly 


a^-26^ + c^ = o 


and 


a^~3l>^-\-^tP = Oj 


.-. on eliminating s 


'■g-p, we have 



.'. the condition is necessary. 

(a) If ^2 l>a c^^^o, it is possible to find values of/, ^, s 
Us h '■9 1 
which satisfy equations (i). 

But these equations are the conditions that the given point-pairs 
are corresponding points in the involuiion /jca:' + y(A; + j:') + 5 = o. . 
.■. the condition is sufficient. Q.E.D. 

{IV) The double points of the involution defined by the point- 
pairs iTi^ + i^if + 1^1 = 0; tf2|* + 2^2^ + f2 = o are given by 
ji -X xi\ 

«1 *1 -^1 =0- 

Let ^=x be a double point. 
Then the three point-pairs 



are in involution. 

■■■ by (III), 






Q.E.D. 



27. Determine the double points of the involution defined by the 
point-pairs, (^-H, V3-1); (V- i, — V-i). 

28. A, A' ; B, E are two fixed coUinear pairs of points ; P, P" are 
a pair of variable points, such that \AA'BP\=[A'AB'P'\\ prove 
analytically that P, P' generate involution ranges. 
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29. Prove that all involutions defined by the two point-pairs, 
$^+a$+c=o, $''+d^+c=o, for different values of a, b, c, have one 
common pair of corresponding points. 

30. Two involution ranges lie on the same base ; prove that there 
exists one and only one poini-p^r which belongs to each involution. 

31. An inTolntion is deflmed by the point-pain, aif'+2bi£-t-c,=0; 
a2^"+2bj^+Oj=0 ; prove that any other point-pair of the involution 
is represented by a,5H2b,f +c,+X(aii5+21)j|+C2)=0, for a Btdtable 
value of A. 

32. A system of conies pass through four fixed points; prove 
that any transversal is cut by thran in involution ranges [use 
Ex. 31] : and deduce that two conies can be drawn to pass through 
four fixed points and touch a given line. 

33. P, P' are a variable pair of points on a fixed line, and are 
conjugate w.r.t. a fixed conic ; prove that they generate involution 
ranges. [Take the fixed line as j--a3cis.] Prove also that the double 
points are the meets of the line with the conic. 

34. Prove that four collinear points define three distinct involutions : 
and that the double points of one involution are the double points of 
the involution defined by the two pairs of double points of the other 
two involutions. 

36. ^„ A^; Bj, B^; C„ Cj and A„ A^; B^, S, ; C„ C3 are two 
cobasal involution ranges ; prove that in general A^, A^ ; B^, B^ ; 
d, C3 are not in involution, 

FEKCILS m IKT0L13TI0N. 

In Chapter VIII., the similarity between the properties of homo- 
graphic ranges and pencils was pointed out ; of necessity, the same 
analogy subsists in the case of involution ranges and pencils, as 
will now be briefly indicated. We shall use the notation already 
adopted in Chapter VIII. 

If two homographic pencils have a common vertex, to every 
line \i- {i.e. y = \ix') through the vertex, chosen as origin, there 
correspond in general two distinct lines, according as /i is regarded 
as belonging to the first or second pencil. Under certain conditions, 
however, these two lines coincide, for all values of /t These 
conditions are specified in the following theorem. 

(V) \{ pmm' + gm + rm' + s = a is the homographic relation con- 
necting two pencils, with a common vertex, referred to the same 
axes, then g = r \s the necessary and sufficient condition that to ■ 
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any tine a, through the vertex, there corresponds the same line 0, 
whichever pencil a belongs to. 

The proof is left to the reader. 

[Use the method of (I).] 

36. Prove (V). 

37. If the homographic relation is mm' -4m-^+i$=o, find the 
lines corresponding to y^o, y—x, y—2x, y — y^-, x^o; determine the 
equations of the two self-corresponding lines. 

Definition. 

If two pencils, with a common vertex, are connected by the 
relation pmm' + q{m + m')+S'^o, refened to the same axes, they 
are said to be in inTolntion. 

Suppose then that [a, b, <r, ...}, {a', ^', c', .,.J are two pencils in 
involution; since the relation is homographic, the cross ratio of 
any four lines of one pencil is equal to the cross ratio of the 
corresponding four lines of the other pencil. 

But further, if a is now regarded as belonging to the second pencil, 
the line corresponding to it in the first pencil is a'; and similarly 
for b, e,.... 

Consequently, the pencils 

(<.,«■.<,«■,<,(■,...(, i<. ,<•,*, .>,...} 

are homographic ; and this is the characteiiBtic featuie of two 
homographic pencils [a], [a'] in involiition. 

(VI) A pencil of lines in involution exists and is determined 
uniquely, if any two pairs of concurrent corresponding lines are 

The proof is left to the reader. 
[Use the method of (11).] 

38. Prove (VI). 

BOUBLE LINES OF AN INVOLUTION PENCIL. 

It was proved in Chapter VIII. that two homographic pencils, 
with a common vertex, have a pair of double lines, real or Imaginary. 

For two pencils in involution, putting m = m' = ii, we see that the 
double lines are given by /^*+ af>t + j = o 

- g ± Vg'^ -ps 
or ,1- ^ 

There does not exist any geometrical analogue of the centre of 



b> Google 



Prove that the substitution m= _S , >«'= _ n,, gives the 



X.] INVOLUTION RANGES AND PENCILS 271 

an involution range. It is possible, however, by n. change of axes, 

to reduce the fundamental relation to a simpler form. Take as 

axes the two lines bisecting the angles between the two double lines. 

Referred to the new axes, the double lines are of the form 

Let Pmm' + Q{tn + m') + S=o be the new rektion. 
Then ±/* are the roots of J^^+2Qm + S=o. 
■■■ Q-o; 
.'. the fundamental relation becomes Pmm' + 8=0. 

It should be noted that the substitution m + \ = M; m' + ^ = M' 
P P 

in pmm +g{m + m') + s = o, which would appear to reduce the 
relation to the form MAf — k, has no direct geometrical significance. 
The actual substitution is suggested in Ex. 39, 41. 

-Mix' 

original system referred to new axes, obtained by rotating the old axes 
through an angle tan~';i. 

40. Prove analytically that the transformation in Ex. 39 changes an 
involution pencil into another involution pencil. 

41. Prove tiiat the relation pinm'+q(m+m')+8=0 is reduced to 
tlie form mm'=k, by rotating the axes throngh an angle tan-'r^ 
given by ii(/i^-l)=(p-8)/i. 

Interpret geometrically the equation in ii. 

(VII) The double rays of pencils in involution are harmonically 
conjugate w.r.t. each pair of corresponding rays. 

The proof is left to the reader. 

[Choose axes so that the relation is mm' = ^ ; then the double 
lines a.Te )'=±Ax; see also Ex. 45.] 

42. Prove (VII), by the first method suggested. 

43. Determine the involution defined by the IJne-pairs, ^=J:'; ^=3^^ ; 
j'=4x, j'=7x. Find the double lines. 

44. Determine the involution defined by the line-pairs, _K=.r, ^=&r ; 
7=3^. 7=6.*. Find the double lines. 

45. If the line-pair ax'' + 2Axy+/iy = o is equivalent to j'= 'iix, y = in' x ^ 
prove that m+m'=--T-, mm'=T. Deduce that the line-pair 

ax^-\-2hxy->rbf'^o ' 
belongs to the involution defined by /mwi'4-f (ff^^-«/')^-J=o if 

ap + bs = 2hq. 
Hence prove (VII). 
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46. An involution is defined by mm' — m — yi^+i=o, referred to 
different axes for m, m' ; find the angle between the two jr-axes. 

47. Reduce the involution, defined by mm'—m-$m'+S=o, referred 
to ditferent axes, to the form MM'=k, by a rotation of axes. 

48. Determine the involution defined by x = o, y = o ; x=y'f^ y~x"J^. 

49. Find the line corresponding to x=o in the involution, defined by 
x=-iy, x=6y ; y='2x, y=6x. 

50. Determine the involution relation if the double lines are 

51. What is the geometrical interpretation of p=o in the relation 

52. is a fixed point ; OP, OF are a variable pair of lines at right 
angles ; prove that they generate pencils in involution, and find the 
double lines. 

53. O is a fixed point ; OP, OP' are a variable pair of lines inclined 
to each other at a constant angle o; if a=|=9o°, prove that OP, OP' 
cannot generate pencils in involution. 

64. Prove that in every involution there exists one p^r of corre- 
sponding lines at right angles ; and that if there is more than one 
such pair, then every pair is at right angles. 

55. Prove that the three line-pairs, 

.)r' + Zi*,-rj'-t-<i,/ = o; 3?-\-lk^-irb^f=a; :^Jrh^xyJrb^v^=Q 
are in involution if 6i(Aj-A3)+*a((4j-^])+A,(A, -A,)=o. 

56. Prove that the double lines of the involution determined by 

J^ + zA,jy+(*,y = o; x^-ir-2A^xy-vb^y*=a 
are {A,--i4)^+((Si-*j)^^+(iiAj-*aAi)y=o. 

(VIII) The three line-pairs a-jx"^ -le th-^xy -^^ b-^y^ •= <:> ; 
a^x^ + ih^y + b^ = o ; a^^ + ih^ + b^y^ = o 
are in involution, if and only if 



The proof is left to the reader. 
[Use the method of (III).] 

(IX) The double lines of the involution defined by the tine- 
pairs a-^x^-Vih-^xy-^b-^y^ = a; a.^'^ + 2b^y + l>^'^ = o are 



-*! 



The proof is left to the reader. 
[Use the method of (IV).] 
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(X) In every involution, there is one line-pair at right angles. 
If there is more than one such line-pair, then every line-pair is 
at right angles ; and the double lines are the isotropic lines 
through the vertex. 

(i) Let the involution relation be ptnm' + ^(m + m') + s = o. 

Let ffij, OT,' be a line-pair of the involution. 



From the relation, we have t. 



-Ll 



i.e. if ffi^, fftj' are the roots of the equation 

.■. there is always one line-pair at right angles. q.k.d. 

(2) Let m^, ««i' be a second line-pair at right angles. 
Then m^, m{, m^, m^ are four roots of the quadratic, 

.-. q = o and p-s = a. 
.■. the involution relation is mm'+i = o or mm' = - 1. 
.'. every line-pair is at right angles. 

And the double lines are given by /»'= - i or /»= ±^- i. 
.'. the double lines are the isotropic lines through the vertex. 

Q.E.D. 

For another method of proof of (X), see Ex. S9- 

57. Prove (VIII). 

58. Prove (IX). 

59. Deduce (X) from (IX). 

60. Prove that all involutions defined by the line-pairs, 

for different values of Ai, h^, b have one common pair of corresponding 

61. Prove that any lisft-pair of Uie inTolntion, defined by 

a,x'+2hixy+biy*=0; a^'+21i,ir-t-bjy'=0 
can be represetited by 

ajx" -H 2hixy 4- b,y* + X (4aX' -H 2113X7 -H h^y^ = 0, 
for a snitable valne of \. 

Find the values of A which Kive the double lines of this 
inTolution. 

62. If the double lines of an involution are at right angles, prove 
that the lines bisecting the angles between any pair of corresponding 
lines are fixed. 

63. Find the condition that the isotropic lines are a line-pair of the 
involution in Ex. 61 : and prove that it is the same as the condition 
that the double lines are at right angles. 
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64. Through a fixed point, are drawn pairs of conjugate lines w.r.t 
a fixed circle : prove that they form involution pencils. [Take the 
circle in the form jr^+j/"— a* and the point as (o, />).] 

65. By taking four concurrent lines in different pairs, it is possible 
to form three distinct involutions ; prove that the double lines of one 
are harmonically conjugate to the double lines of each of the others. 

66. Prove that the line-pairs j,=o, Jj=o; j, — Ajj = o, Si-\'s^ = o; 
jj— /ij,=o, Si-ft'Sf^o, where Sr=arX+i,j'+c,, form an involution, if 

67. Prove that the double lines of the involution, determined by 

"dx ^jf 'dx qy 

OEOMETBIOAL TBEATHENT. 
The analytical treatment was opened by defining an involution 

as a system of point-pairs determined by the homographic relation 

pxx' + ^{x + x') + s = o: and it was then shown that this relation was 

easily reducible to the form xx'r^A. 

We shall take this last relation as the starting-point in our 

geometrical investigation. 

Definition. 

O is a fixed point on a fixed line; A, A'; B, ff ; C, C ; ... 

are a system of point pairs on the line, subject to the condition 
OA .OA■ = k^OB.OB'=OC.OC• = .... 
'Vhtn the system of point-f)airs A, A' ; B, S ; C, C ; are said 

to form an iSTolntion. O is called the centre of the involution. 

F _ ^ I I . ^ . I I 

H F' H' O A eP E' P' B A' 



A P Q'B O A' P' Q B' 

Fig. 13a. 

It should be noted that, according to this definition, O corresponds 
to the point at infinity on the base, thus agreeing with the definition 
on p. 265. 

Further, if k is positive (Fig. 131), O is external to the portion of 
the line joining each point-pair ; and the portion of the line joining 
each point-pair lies wholly inside or wholly outside or wholly includes 



b/ Google 



X.] INVOLUTION RANGES AND PENCILS 275 

the portion of the line joining any other point-pair, i.e. they do not 
overlap. 

Whereas, if k is negative (Fig. 132)1 the portion of the tine 
joining any point-pair contains O, and overlaps the portion of the 
line joining any other point-pair. 

If k is positive, the involution is called non-OTerUpping or 
tiTpetbolic: and if ^ is negative, the involution is called orerUppiiis 
or elliptic. [The terms "hyperbolic" and "elliptic" refer to the 
fact that in one case the double points are real, and in the other 
case imaginary.] 

This definition of involution has the advantage of directing 
attention to one of its principal features, viz. that the unit of an 
involution is a point-pair, whereas the unit of homc^japhic ranges is 
a point. It has the disadvantage of obscuring the equally important 
cross-ratio characteristic. 

THEOBEU 153. 

Given two pairs of points A, A' ; £, ff on d> straiglit line /, it is 

possible to construct a point O on I such that OA . OA' = OB . OB. 




Through A, W draw any two parallel lines to cut any other two 
parallel lines through B, A! respectively at H, K, 
■ Produce HK to meet / at O. 

By parallels, ^ = ^=^ 

' ^ ' OB OK OA! 

:. OA.OA'^OB.OB. Q.E.D. 

For another method, see Ex. 68, 

N.B. There is nothing in this proof to show thai only one 
position of O exists. 

Since OA(,OA + A A') = (OA + AB) (OA + AB"), 

we have OA(AA- -AB- AB") = AB . AB", 

which proves that there is only one possible position for O. 

Another proof is given on page 277. 
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68. Prove the following construction for the point O of Theorem 153 : 
H is any point outside /; the circles HAA', HBB meet again at K ; 
then HK cuts / at the required point 0. 

69. /',/*' is a variable poinl-pair of a given involution ; ^ is a fixed 
point outside the base ; find the locus of the circumcentre of the 
triangle APF. 

THEOBEH 154. 
If A, A'; B, S; C, C are three point-pairs in involution, then 
\aABC} = {AAB'C). 

C~? 6 A B b' A^ 

Fig. 134. 

Let O be the centre of the involution, so that 

OA . 0A'=0B . OB'=OC. OC^k (say). 

Then \AABC\ - ^^' " ^^ - ^'^^' " ^^-^X^^- ^-^ ) 
Ihen \^A^^i-jic.BA-{OC-OA'){OA-OB) 



\0A OAjKoa OBI 

\0C OA'J \ OA OBJ 



_ {OA' - OA)(OB - PC ) _ AA' . C'B _ A' A . B'C 
{OA' " OC){OB - OA) CA'.AB A'C.BA 

=^[A'ABC}. Q.E.D. 

Theorem 154 may also be proved as follows: 

Let (u be the point at infinity, in a direction perpendicular to the 
base AB. Then -lA, mA', mB, i^C are the polars of A', A, B, C 
w.r.t. the circle, centre O, radius -^k. 

.-. by Theorem 55, {AABC') = >^{AA'BC} = {AABC). 

Q.E.D. 

THEOBEM 155. 

Given two pairs of points Ay A' ; B, B on 3l base /, there exists 
one and only one involution, having A, A'; B, B as pairs of 
corresponding points. 

By Theorem 153, it is possible to find at least one point O, 
such that OA . OA' - OB . OB. 

If I* is any point on / and if Z' is a point such that 
OB.OB'-'OA.OA; 
then the point-pair B, B generates an involution, having A, A'; 
B, B as corresponding points. 
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But further, the position of the point P, corresponding to P, is 
uniquely determined, since by Theorem 154, 
{AABP) = {AASP-). 

Therefore there exists one and only one involution, having A, A' ; 
B, S as point-pairs. q.e.d. 

Corollary. 

Given two pairs of points A, ; A' B, & on a. base /, there exists 
one and only one point on /, such that OA.OA' = OB.Off. 

For corresponds to the point at infinity on /, in the unique 
involution, defined by A, A' ; B, B. 

THEOBEM 156. 
If A, A \ B, B' ; C, C are three pairs of points on a base /, 
such that {AA'BC] •= {A ABC), then these three point-pairs form 
an involution. 

If possible, let C" be the point conesponding to C in the 
involution, defined by A, A ; B, B. 

By Theorem 154, {AA'BC) = {A'ABC"). 
But by hypothesis, {AA'BC) = [A ABC) ; 
.-. [AABC"} = {AABC'}; 
.'. C" coincides with C; 
.'. A, A' ; B, B ; C, C form an involution. q.e.d. 

THEOBEM 157. 

The necessary and sufficient condition that the point-pairs A, A ; 
B, S ; C, C ; D, Z>';...form an involution is that the ranges 
{A, A, B, B, C, a, D, ly, ...}, {A, A, B, B, C, C, IT, D, ...} 
should be homographic. 

(i) To prove the condition is necessary. 

It was proved in Theorem 154, that if the point-pairs are in 
involution, then ranges of the type {AA'BC}, {AABC) are 
equicross; and by a precisely similar method it may be shown 
that ranges of the type {A, B, C, D}, {A', B, C, 17} are equi- 
cross; while ranges of the remaining type {AA'BB), {A ABB} 
are equicross (identically). .■, the condirion is necessary. 

(a) To prove the condition is sufficient. 

Since {AA'BP} = {A'ABF'}, P, P are, by Theorem 156, a 
point-pair of the unique involution defined by A, A; B, B ; and 
similarly for any other point-pair. 

.'. the condition is sufficient. q.e.d. 
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70. If A, A' ; B, B' ; 0, C ure three point-pairs in involittion, 
prove that AB.B'C'.CA'=-A'B'.EO.CA. 

71. Prove the converse of Ex. 70. 

72. With the notation of Ex. 70, prove that ^r" AC' ~ AC-i-A' C ' 

73. If O is the centre of the involution, defined by A, A' ; B, S", 

.. , OA AB 
prove that 5^=;^. 

. , AB.Aff AO 
of Ex. 73, prove that -^,^-^ = -^ 

point-pairs in involution by a system 

76. If F, F ; Q, Q' are Taiiahle point-paiiB of a given involution, 
prove that the radical axis of any two cirdea, drawn through F, F* 
and Q, Q' respectively, passes throng a fixed point. 

77. A, A' ; B, B" ; C, C are three point-pairs in involution ; P is any 
point outside the base ; prove that the circles BAA', PBB, FCC, 
have a second common poinL 

78. If A, A'; B, B'; 0, C';...are point-pairs of an overlapping 
involution, prove that there exists a real point P, at which AA', 
BB', CO', ... subtend a right angle. 

79. If A, A'; B,B'; C, C are three point-pairs in involution, prove 
that AB=^,.BC'+~.CA. 

BC BC AC AC 

80. With the notation of Ex. 79, prove that r,. oa- '^ at} 4/ )'~^- 

81. A, a; B, B", C, C are six collinear points ; a, ft y are mid- 
points of AA\ BE, CC ; P is a variable point on the line ; prove that 
PA .PA- .py+PB .Pff .yo.-\-PC . PC .a^ is constant; and that the 
constant is zero, if A, A' ; B, B ; C, C are three point-pairs in 
involution, 

82. A, A' ; B, B ; C, C are three point-pairs in involution ; a, P, y 
are the mid-points of AA', BB", CC \ prove that ~J7=~J7^= ■ 

83. With the notation of Ex. 82, prove that 

Aa? . jiy + Bji'.y'x + Cy^ . al3+a/3 . ^y . 7^=0. 

84. O is the centre of the involution defined by A, A' ; B, 5" ; if a, 
are the mid-points of AA', BB", and if P is any other point on the base, 
prove that PB .PB- PA .PA'-=2P0 .a^. 

85. If A, A' ; B, B' ; C, 0' are three point-purs in involation, 
prove that the circles, whose diameters axe AA', BB", OC, are 
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n of Ex. 85, prove that 
BC .j._AC f^ff.BC 



87. Prove that each of the sides of a triangle is cut by three circles 
in point-pairs in involution, if and only if the circles are coaxal. 

88. Given five coUinear points A, A', B, B, C, construct a point C 
such that A, A' ; B, B" ; C, C aif^ point-pairs of an involution, without 
constructing the centre of the involution. 

89. If A, A' ; B, B ; C, C are point-pairs in involution, prove that 
BC CA^_BC CA 

BC ' CA' BC " CA'- 

[The solution of most of these riders, and a large number of other 
metrical properties, will be found in Chasles' GionUtrie Supdrieure^ 



DOUBLE FOIHTS. 
Definition. 

If a point on the base of an involution corresponds to itself, it is 
called a double point of the involution. 

A double point of an involution is therefore a point-pair, the 
two elements of which coincide. 



THEOREM 158. 
In any involution there exist two double points, equidistant from 
the centre of the involution, which are real or imaginary, according 
as the involution is hyperbolic or elliptic. 

With the previous notation, any point-pair P, P is given by 

OP.Op- = k. 
If, then, £is a point on the base, such that OE . OE=k, 
or OE^ = k, or OE=±-Jk, 
then £ is a double point. 

.'. there are two double points E, F given by 

0E= +slk and OF^ -sik. 

E and P are therefore equidistant from O, the centre of the 

involution : and are real or imaginary according as k is positive 

or negative, i.e. according as the involution is hyperbolic or elliptic. 

Q.E.D. 
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Corollary i. 

Any point-pair of the involution is harmonically conjugate to the 
double points. 

For OE^=OF^ = k=OP. OP. 

Corollary 2. 

An involution exists and is determined uniquely, when the double 
points are given. 

It should be noted that Corollary i is a special case of the general 
theorem (page zaS) that {EPFP) is constant for two cotiasal 
homographic ranges. 

THEOBEM 159. 

(i) If three pairs of points are each harmonically conjugate to two 
points E, F, then they form an involution, having E, F, as double 
points. 

(a) If three pairs of points are in involution, there exist two points, 
w.r.L which each pair is harmonically conjugate. 

The proof is left to the reader. 

90. Prove Theorem 158, Corollary 2. 

91. Prove Theorem 159. 

92. If E, F separate harmonically FF and QQ*, prove that 
P> Q I F'l Q' ; Ei F OiiA three point-pairs in involntion. 

93. Given two point-pairs P, F ; Q, Q oxi ^ straight hne, construct two 
points X, V which are harmonically conjugate w.r.t, each point-pair ; and 
state the conditions requisite for X and V to be real. 

94. U {XV; fiP'}={Xr; QQ\ = {XY; JiJf)^-\, prove that 

{PPQR)={PP-R'Q). 

THEOBEU 160. 
The necessary and sufficient condition that A, A' ; B, S \ C, C 
are three point-pairs in involution is 

Aff .BC .CA'=~A'B.SC.C'A. 
(r) To prove it is necessary. 

If the point-pairs are in involution, [ASBC] = {A' BBC). 
. AB.B C AB.BC 
" AC .BS" AC. SB' 
:. AB.BC. CA' =-A'B.BC. CA. 

Q.E.D. 
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(2) To prove it is sufficient. 
If AB'.BC.CA-'^-A'B.BC.C'A, 

AB .BC A'B.SC 
AC.BB A'C.ffB' 
:. {AB'BC} = {A'BBC). 
.'. A, A'; B, S ; C, C form an involution. q.e.d. 

THEOBBU 161. 
If A, A'; B, ff ; C, C';...P, P;... are point-pairs of an 



involution, centre O, then - 

A 

oS PyP and equal to -^^y 



> constant for all positions 



[We have to prove that AF.A'O.AB' = A'P.AO.A'P.] 

By hypothesis, [APA'O] - {A'PA ■x, }, 

. AP.A'O A'P.Aoo A'P 
" AO.A-P A'oo.AP ~AP' 

. AP.AP AO 

.. -^,^-^ = -^ = constant. 



THEOBEU 162. 
Any transversal is cut by a system of coaxal circles in point-pairs 
of an involution. 




Let the transversal cut the radical a 
tt P, P. 
Then OP . OP - constant. 

.'. P, P generate an involution. 
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A, B, C, ...are any system of points on a base I; A', B', C, ... 
are the conjugate points on /, w.r.L a given conic 7^ of A, £, C, ... ; 
then the point-pwrs A, A'; B, E ; C, C;...fonn an involution 
on /, having as double points the meets of / with D. 




Let / meet S at the (real or imaginary) points a, / 
Since A, A' are conjugate points w.r.t. 2, {AA' ; oj8} is harmonic. 
Similarly {BE^afi), {CC i a^} etc. are harmonic. 
Therefore by Theorem 159 (i), A, A'; B, B ; C, C ;.. are 
point-pairs of an involution, of which o, yS are the double points. 

Q. E.D. 

It is easy to give a proof of Theorem 163, without making use 
■of o, ;8, see Ex. 95. 

95. Prove Theorem 163, without using a, ,8. 

[Let O be the pole of / ; prove that OA' is the pole of A and that OA 
is the pole of A' ; deduce from Theorem 55 that 
{AABB ...\ = {A'ABB...\:\ 

THEOBBH 164. 
/*, /^ is a variable point-pair of a given involution; H is any 

fixed point outside the base ; then the circle HPP passes through 
a second fixed point, i.e, beloi^s to a fixed coaxal system. 

The proof is left to the reader, 

[Let O be the centre of the involution and let OH meet the 
^nrcle again in K; prove that K is fixed.] 
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THEOREM 166. 

Given two point-pairs A, A' ; B, B, \a construct the point C 
corresponding to a given point C, such that A, A ; B, B ; C, C 
form an involution. 




First Method. 

Take any point // outside the base. 

Draw through B, A' lines parallel to AI/, BH respectively, to 
meet at K. Draw A'L parallel to CH to meet HK at L. 
Draw LC parallel to AH to meet the base at C". 
llien C is the required point 
The proof is left to the reader. 




Second HeUiod. 

Take any point H outside the base. 

Draw the circles HAA', JiBB and let them cut ^ain at K. 

Draw the circle CHK to cut the base again at C. 

Then by Theorem r64, C' is the required point. q.k.f. 

See also Ex. 330, p. 331. 
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GOHSTBUGTIOH OF THB DOUBLE POINTS. 

If two point-pairs are given, it was shown that the double points 
are real, if the points of one pair are separated by both or neither 
of the points of the other pair ; but that otherwise the double points 
are imaginary. 

A method for constructing O, given two point-pairs, has already 
been stated (see p^e 275). The double points are then given by 
the meets of the base with a circle centre O, radius -JOA . OA', 
where A, A' is a point-pair ; they are in fact the limiting points of 
the coaxal system formed by the circles whose diameters are AA', 
BB, CC, ...and are easily constructed. 

If the double points are imaginary, this construction gives them 
as the meets of a real line with an imaginary circle. 

We proceed to give a construction, where both line and circle 
are always real. 

THEOBEU 166. 

is the centre of an involution defined by the point-pairs. A, A' ; 
B, S ; the lines OA, OA! are rotated in opposite directions, 
about O, through a right angle into the positions Oa, Od ; then 
the circle on ad as diameter cuts the base at the double points 
E, F of the involution. 




Fic 139. Fjg. ho. 

Since the base is perpendicular to the diameter ad, 
FO=OE, 
ilso FO.OE^aO.Od ; 

:. FC^ = OE^= -Oa.Od 
= +0A. OA' 
n either case, Fig. 139 or Fig. 140. 
Therefore E, E are the double points. q.e.d. 

[This is a special case of Professor Lodge's construction, p. 226.] 
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[ 167. 

If E, F are the double points of the involution defined by the 
point-p^rs A, A' ; B, S, then the point-pairs A, S , A\ B, E, F 
form an involution; and the point-pairs A, B; A', B \ E, ^ also 
form an involution. 

By hypothesis, {ABEF\''{A BEF} = {B ^FE}. 

Therefore by Theorem 156, A, B" ; B, A'; E, F me point-pairs 
in involution. 

In precisely the same way, it may be shewn that A, B , A', B ; 
E, F are also point-pairs in involution. q.e.d. 

Theorem 167 yields anotlier method for constnicting the double 
DointB of an involution defined by two point-pairs A, A'; £, B'. 

Take any point H outside the base. 

Let the circles HAff, HAB meet again at K. 

Let the circles HAB, HAS meet again at L. 

Draw the circle HKL. 

Then the meets of the circle HKL with the base are the 
double points. 

The proof is left to the reader. 

98, Prove Theorem 164. 

97. Prove the first method of Theorem 165. 

98. Prove the Construction for the double points, on this page. 

99. With the usual notation, prove that ;Xo^+"4^=-^^- 

100. E, F are the double points of a given involution ; P, F are a 
variable point-pair of the involution ; prove that — ^^ — i 



101. With the usual 



102. With the usual notation, prove that 



EA^ EA~ 
AB.Aff A'B.A'E 



AE* ~A'E? ■ 

103. If one double point of the involution, defined by A, A' ; B, B, 
is at infinity, prove that AB'+A'S=o. 
101 WiA the usual notation, prove that ^•.^ = A-B:BA. 

AB AB_AA- 
BE'^ BE~A-E 

106. With the usual notation, if a, ff are the mid-points of A A', BB, 
prove that EF.a,^=-JAB.AB.A'B.A'B. 

107. With the notation of Ex. 106, prove that ^--^=«;8- 



105. With the usual notation, prove that -. 
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108. With the notation of Ex, io6, if P is any point on the base, 
prove that Pe.Fa.-VPF^.a.E=PA.PA' .FE. 

109. If {AB;CC\ = \BC\AA'\ = {CA;BB\=-i, 
prove that A, A' % B^ B ; C, C form an involution. 

110. FroTe that tvo straight lines, divided homographically, can. 
bs placed, one on the other, so as to form an involntion. 

{With the notation of Chapter VI I i. place / on /'.] 

111. Given three pairs of points on a line, what is the condition for 
the existence of a pair of points, real or imaginary, harmonically con- 
jugate to each given pair of points? And if they exist, what is the 
condition for their reality? 

112. O is the centre of the involution defined by A, A' ; B, B" ; \{ B 

■ ^u -J ■ . r ^ ^' X. ^ OB AB 

IS the mid-point of AA , prove that ~a~j~~R^- 

113. If a variable line cuts three fixed circles in involution, prove 
that it passes through a fixed point, unless the circles are coaxaL 

111. Prove that any line through the cross centre of two hotnographlc 
pencils is cut by the pencils in an involution. 

116. PQ is a straight line, which does not cut a conic at real points ; 
the polars of P, Q meet PQ aX f, Q ; prove that PP" and QQ must 
overlap. 

116. L, L are the limiting points of the coaxal system defined by two 
circles ; if LL meets the first circle at A, B and the second at A', B % 
prove that the circles whose diameters are AA\ BB, LL' are coaxaL 

117. A variable line is drawn through a fixed point A on the radical 
axis of a coaxal system. Prove that the locus of the double points of 
the involution so formed is a circle ; and that as A varies, these circles 
generate another coaxal system. 

118. E, F are the double points of the involution, defined by A, A' ; 
B, B. If BB is wholly contained in AA', prove that AB, A'B subtend 
equal angles at any point on the circle on EF as diameter. What is 
the corresponding theorein, if AA', BB are outside each other? 

119. A, B, C, A', B, C are six points in order on a straight line. 
Construct a point P at which AA', BB, CC subtend equal angles. 
[Use Ex. 1 1 8.] 

120. ABC, A'BC are two triangles such that BC, BC ; CA, CA' ; 
AB, A'B intersect at three coUinear points P, Q, R\ A A', BB, CC 
meet the line PQR at F,Q, R ; prove that P, B ; Q, Q ; R, I? form 
an involution. 

121. Given a pair of corresponding points A, A' and one double 
point E of an involution, construct the point corresponding to a given 
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122. Two given involution ranges are on the same base. Construct 
the point-pair which belongs to both. Prove that this point-pair is 
real, if either or both involutions are elliptic ; if both are hyperbolic, 
state the condition that this common point-pair may still be reaL 

123. Prove that the double points of the involution made on any 
straight line by a coaxal system are concyclic with the limiting points. 

124. A system of conies have ABC as a common self-conjugate 
triangle ; prove that any line through A is cut in involution by the conies. 

125. A, A' ; B, B" ; C, C form an involution. If {AA' ; Bff) is 
harmonic, prove that the harmonic conjugate of C w.r.t. AA' coincides 
with the harmonic conjugate of C w.r.t, BB'. 

126. P, f are a variable point-pair of an involution ; A is any other 
fixed point ; lines through P, P perpendicular to AP, AP meet at P' % 
prove that the locus of /*" is a straight line. 

127. P, P are a variable point-pair of an involution ; E, F are the 
double points ; prove that the circle on PP as diameter is orthogonal 
to any circle through E., F. 

INVOLnriOH PENCILS. 

It is easy to see that the theory of involution ranges yields 
without difficulty an analogous theory of involution pencils. If a 
system of line-pairs, drawn through a point V, cut any one trans- 
versal in point-pairs forming an involution, then every transversal 
will be cut in involution, by the fundamental cross-ratio property 
of a pencil of concurrent lines. 
Definition. 

If a, a ; b, b' ; c, ^;...are a system of line-pairs, drawn through 
a point V, such that one (and therefore every) transversal is cut 
by them in an involution range, then the system is said to form 
an involiitioii pencil or to be in involution ; and V is called the 
vertex of the involution. 

The involution pencil is called elliptic or bTperboUc and over- 
lapping or nos-overlapping according as one (and therefore every) 
transversal is cut in an overlapping or non-overlapping involution. 



[ 168. 

Given two pairs of lines a, a ; b, b\ which concur at a point V, 
there exists one and only one involution, having a, a'; b, b' as 
pairs of corresponding rays. 

The proof is left to the reader. 

[Consider a section of the pencil] 
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THEOBEH 169. 

(i) If a, a'; b, b' ; e, c' are three line-piurs in involution, then 
{aa'i,)~{.',e,']. 

(2) If a, a' ; b, b' ; c, c' are three pairs of lines, which concur at 
a common point, and if {aa'^tj = («'adV'}, then a, a; b, b' ; c, c' 
are the line-pairs of an involution. 

The proof is left to the reader. 



(1) If a, a'; ^, ^'; f, f'; rf, ./;...are the line-pairs of an involution, 
then the pencils \aabt>cc'dd' ...}, {a'ab'bc'cd'd ...} are homographic, 

(2) If a, a ; b, b' ; c, c' ; d, d' ; ... are pairs of lines, which concur 
at a common point, and if the pencils 

{aa'bb'a'dd' ...), [a'ab'bc'cd'd ...} 
are homc^raphic, then a, a' ; b, b' ; c, c' ; d, d' ;... are the line-pairs 
of an involution. 

The proof is left to the reader. 
Definition. 

If a line through the vertex of an involution pencil corresponds 
to itself, it is called a double line of the involution. 

THEOREM 171. 

(r) Every involution pencil has two double lines, which are real 
or imaginary, according as the involution is hyperbolic or elliptic. 

(i) An involution pencil exists and is determined uniquely, when 
the double lines are given. 

The proof is left to the reader. 

THEOBEM 172. 

(i) Every line-pair of an involution is harmonically conjugate to 
the double lines of the involution, 

(a) A pair of lines harmonically conjugate to the double lines of 
an involution are a line-pair of the involution. 

(3) If three pairs of lines are each harmonically conjugate to a 
fourth pair of lines, they form an involution, havii^ the fourth pair 
as double lines. 

The proof is left to the reader. 
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: 173. 

(i) Every involution pencil has one line-pair at right angles. 

(3) If more than one line-pair is at right angles, then every line- 
pair is at right angles : and the double lines of the pencil are the 
isotropic lines. 

(i) The internal and external bisectors of the angle between the 
double lines are at right angles and are also a line-pair of the 
involution by Theorem 171, since they are harmonically conjugate 
to the double lines. 

iz) I^t VA, VA' ; VB, f^ be two perpendicular line-pairs. By 
Theorem 168, these two line-pairs determine the involution uniquely. 
But VA, VA' and VB, VB are harmonically conjugate to the 
isotropic lines V<o, Via, since AVA' — ^o* = BVB'. 

.'. Via, Vot are the double lines of the involution, defined by 
VA, VA-; VB, VB. 

Further, if VP, VP" is any other line-pair of the pencil, 
V{PP'; W} 
is harmonic, by Theorem 173. 

.-. PVP^^o'. 

Therefore every other line-pair is at right angles. Q.E.D. 

128. If VP, VF are two variable perpendicular lines through a fixed 
point V, prove that they generate an involution : and hence deduce 
another method of proof of Theorem 173 (2). 

Definition. 

If the line-pairs of an involution are at right angles, the involution 
is said to be ortlLogonaL 

THEOREM 174. 

(i) If the isotropic lines through the vertex are a line-pair of an 
involution, then the double lines are at right angles. 

(2) If the double lines of an involution are at right angles, then 
the isotropic lines through the vertex are a line-pair of the involution. 

The proof is left to the reader. 



: 175. 

If the angles formed by each of two line-pairs of an involution 
have the same bisectors, then these bisectors are the double lines 
of the involution, and the angle formed by any other line-pair has 
tlje same bisectors. 

The proof is left to the reader. 
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THEOREM 176. 

a, 6, c, ... are any systena of lines through a vertex V; a\ b', tf, ... 
are the conjugate lines through V, w.r.t. agiven conic 2, of a, b,c,... -, 
then the line-pairs a,a'; b,b'; c,^;... form an involution through V, 
having as double lines the tangents from V\q 2. 

The proof is left to the reader. 

[Use the dual method of Theorem 163.] 

[In the following examples, f denotes the vertex of the involution 
pencil; VA, VA \ VB, VB" ; ... or a, a' ; ^, *';... denote line-pairs 
of the involution : and VS, VP or e, f denote the double lines.] 

129. Prove Theorem I 

130. Prove Theorem 169. 

131. Prove Theorem 170. 

132. Prove Theorem i 

133. Prove Theorem 1 

134. Prove Theorem i 

135. Prove Theorem i 

136. Prove Theorem i 

137. The vertex of an isosceles triangle is fixed, and the base lies on a 
fixed line; prove that the sides generate an involution. 

138. In any involution pencil, prove that there exists in general one 
and only one line-pair, equally inclined to a given line. 

What is the. exceptional case ? 

139. OlTen two points and their polars w.r.t. a Tariable conic ; 
proTe that the locos of the centre of the conic is a straight line, 
passing thiongh the meet of t^e polars. [Use Theorem 176.] 

140. If VA, VA' is the perpendicular line-pair of an involution, prove 
that Xa.-aAVP.xa.T,AVP is constant. 

,„ „ L %\.nAVP.^mAVF . 

141. Prove thai gin^^p-^sin-^T/" '^ '^""s*^"'" 

142. Prove that 

%vaAVB .%mBVC .%\x^CVA'= ~%mA'VB- .ViaBVC .smCVA. 

143. FroTe that two homographic pencils can be superposed so aa 
to form an involntion. 

144. If two pencils are homographic, prove that there exist a pair 
of perpendicular rays of one, such that the corresponding rays in the 
other pencil are also perpendicular. 

146. ABCD is a quadrangle inscribed in a conic S ; PH, PK are the 
tangents to S from any point P on the third diagonal ; prove that 
PH, PK ; PA, PC ; PB, PD are the line-pairs of an involution. 
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146. y{ABCD], V{ABCD) are harmonic pencils; prove that AC 
is cut by VB, VD; VB, V'D in point*pairs, which geaerate an involution 
having A, C as double points. 

147. V, V are conjugate points w.r.L a conic ; PP is a variable chord 
through V ; prove that VP, VP generate an involution. Determine the 
double lines. 

148. Through a point V, lines Fa, r/3, Vy are drawn parallel to the 
sides BC, CA, AB of a triangle ; prove that VA, Va ■ VB, V^ ; VC, Vy 
are the line-pairs of an involution, 

149. A fixed line cuts a variable line-pair of an involutiOD, vertex V, 
ax P, P\ perpendiculars at P, P to VP, VP meet at P" ; find the 
locus of P'. 

150. If two pairs of perpendicular lines through a point O are 
conjugate lines w.r.t. a conic 2, prove that must be a focus of 2. 

151. Prove that ^,^ i a' VE ^ ^m A' VB . un A' Vff ' 

162. Prove that smEVF .smPVP=2^\nEVP .smFVP. ■ 

153. Prove that conjugate diameters of a conic are lioe-pairB of 
an inTolation. Determine tlie donble lines. Oonaidet also the case 
wbere the conic is a circle. 

154. PQR is a self-conjugate triangle w.r.t. a system of conies ; prove 
that the tangents from P to any one of the conies generate an involution 

155. £' is a meet of the diagonals of a quadrilateral circumscribing 
a conic 5 ; prove that any line through E is cut in involution by J 
and the sides of ABCD. 

156. State and prove the dual of Ex. 155. 

157. A is the pole of a fixed line a w.r.t. a conic ; tangents from a 
variable point P on a meet any fixed line through A in P^, P^ ; prove 
that P-i, Pi generate an involution range. 



FBOJEOTIOH. 



[ 177. 

The projection of a range in involution is a range in involution ; 
and the projection of a pencil in involution is a pencil in involution. 
Moreover double points and lines project into double points and 

The proof is left to the reader. 



b,GoogIc 



PLANE GEOMETRY 



[ 178. 

If A, A'; B, ff ; C, C';...are the point-pairs of an involution, 
there exist two positions of a point V, such that the involution 
pencil formed by VA, VA' ; VB, VB' ; VC, VC';...h orthogonal. 
And these positions are real, if the involution is elliptic, and are 
conjugate imaginaries, if the involution is hyperbolic. 

The proof is left to the reader. 

[Use the method of Theorem 130 page 230, and Theorem 173 (i).! 

Theorem 178 may be proved in another way, which is really 
only superficially different from the method suggested. 

Describe two circles on AA', BB" as diameters and let them 
meet again at f\, fg. Then by Theorem 173 (a), V^, V^ are 
the possible positions of V. Further the circles meet at real points, 
if and only if the involution is overlapping or elliptic. 

' THEOBEU 179. 

Any involution pencil can be projected into an orthc^onal pencil. 

The proof is left to the reader. 

[Project VE, f^ into isotropic lines; see also Ex. 161.] 

168. Prove Theorem 177. 

169. Prove Theorem 178, by each method suggested. 

160. Prove Theorem 179. 

161. Prove that the projection of Theorem 179 may be effected as 
follows : 

Let any transversal cut the pencil at A, A'; B, ff ; Take, by 

Theorem 178, a point V in another plane, such that the involution 
VA, VA' ; VB, Vff;...\s orthogonal. Project from T on to a plane, 
parallel to VAA'. 

162. Prove that anr inTolution range can be jiiojected into a 
system of point-paiTs taaTing a common mid-point. 

163. A, A' ; B, B ; C, C are three point-pairs on a conic such that 
their joins to another point on the conic form an involution pencil ; 
prove that their joins to any other point on the conic also form an 
involution pencil. 

164. State and prove the dual of Ex. 163. 

165. With the notation of Ex. 163, prove that AA', BB', OC an 
concnirent. [Project the conic into a circle having the meet of AA' 
and BB as centre.] 

166. State and prove the converse of Ex. 165. 

167. Prove, l:^ pngection, that any transversal is cut in invol- 
ution by a system of conies through four fixed points. 
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168. Prove that any transversal is cut in involution by a system of 
conies, having a common focus and directrix. 

169. A variable chord of a giren conic snhtesds a right angle at 
a ftxed point on the conic, prove that it passes through a fixed 
point. [Use Ex. 165.] 

170. X, Y are two fixed points on the base of the involution deter- 
mined by the point-pairs A, A ; B, B \ CC \ ... . If W„ A{ ; B^, B( ; 
Cy, C,';...are the harmonic conjugates w.r.t. X, Y ai A, A' \ B, 3" ; 
C, C;..., prove that they form an involution. 

171. A, A'; B, B; 0, 0' are the pairs of opposite vertices of a 
anadiilateral ; P is any other point; prove that the line-pairs 
PA, PA' ; PB, PB' ; PC, PC' form an involution. (Project A PA, BPB 
into right angles and use the fact that the circles whose diameters are 
the three diagonals of a quadrilateral are coajcal.] 

172. A variable rectangular hyperbola passes through two fixed points 
A, B \ a. fixed line / perpendicular to AB cuts the curve at P, B" ; 
prove that P, F generate an involution on /. 

173. Prove that two involution pencils with a common vertex have 
a single common line-pair. Examine the conditions for its reality. 

174. Deduce from Ex. 173, that everr conic has in general a single 
pair of conjugate diameters at right anglra, and that this pair is 
always reaL 

175. Two conies have a common centre ; prove that they have one 
pair of common conjugate diameters. Examine the condition for reality. 

176. A^ A\ B, ff, C, C arc six points on a circle, centre O, such 

., siniCO.^ sint^W iva\BOC .. -..bit 

that = — -^ — . * -^- . ^— x" = - I i prove that AA, BB, 

An\COA' %xa\AOB sm\BOC 
CC are concurrent. [Use Ex. 165.] 

177. Generalise by projection : AB, BC, CD are three tangents to a 
parabola; BE, CE are parallel to CD, BA ; O is any point on BC; 
OE cuts the parabola at P, Q and AB, CD M B, S ; then 

OP.OQ=OIf.OS. 
Write down the dual theorem. 

Project the dual theorem so as to obtain a property for a rectangle 
inscribed in a circle. 

178. A, A' ; B, B ; C, C ; D, D are four fixed point-pairs of an 
involution ; /^ is a variable point on the base ; H^, H^, B3, H^ are the 
harmonic conjugates of H w.r.t. the four point-pairs ; prove that 
KH^M^H^H^ is constant. 

. 179. P, P" are a variable point-pair of a given involution range ; find 
the locus of the meets of the tangents from P, P Xa d. given conic. 
Consider also the special case, when the base touches the conic. 
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CHAPTER XI. 

ravoLunoH fsopebties of the conic. 

A, A'; B, B' ; C, C";...are a system of pairs of points on a 
conic; fj, V^ are any two other points on the conic. By the 
fundamental cross-ratio property, if the line-pairs V^A, y^A' ; 
VyB, V^B ; V^C, VyC ; ... form an involution pencil, then also the 
line-pairs V^A, F^A' ; V^B, V^ ; V^C, F^C; ... form an involution 
pencil. As in Chapter IX., it is therefore unnecessary to specify 
the particular position of the point V on the conic, when dealing 
with cross-ratio properties of the pencil V{AA'BB'C€' ...}. 

Definition. 

A system of point-pairs A, A' ; B, S -j-.-on a. conic is called an 
isTolntion rajige of points on the conic or an involution range of 
the second order, if their joins to any other point on the conic 
form an involution pencil. 

It follows immediately from the definition that the necessary and 
sufficient condition that the point-pairs A, A' ; B, S ; C, C; ...on 
a conic should form an involution is that the ranges 

{AA'BBCC ...}, {A'ABBC'C .-) 
of points on the conic should be homographic. 



THEOREM 180. 
An involution range of points on a conic exists and is determined 

uniquely, when two point.pairs are given. 
The proof is left to the reader 
[Use Theorem i68 and the method of Theorem 131,] 
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CHAPTER XI. 
IHTOLUnOH PB0FEBTIE8 OF THE CONIO. 

a, a' ; b, b' ; c, c' ■,... are a system of pairs of tangents to a conic ; 
»j, Wj are any two other tangents to the conic. By the fundamental 
cross-ratio property, if the point-pairs vfi, v-fi' ; v^b, v-yb' ; ViC, v^d' ; ... 
form an involution range, then also the point-pairs v^, v^' ; v^, v^' ; 
v^, w/';...form an involution range. As in Chapter IX., it is 
therefore unnecessary to specify the particular position of the tangent 
V to the conic, when dealing with cross-ratio properties of the ratige 
v{aa'bl^(e- ...}. 

DeBnition. 

A system of tangent-pairs a, a ; b, b';...to a conic is called an 
inTolution pencil of tangents to the conic or an imTolntion pencil 
of the second order, if their meets with any other tangent to the 
conic form an involution range. 

It follows immediately from the definition that the necessary and 
sufficient condition that the tangent-pairs a, a' ; b, b' ; c, c' j ...to & 
conic should form an involution is that the pencils 

{aa'bb'cc- ...), {a'ab'bc'c...} 
of tangents to the conic should be homographic 



An involution pencil of tangents to a conic exists and is deter- 
mined uniquely, when two tangent pairs are given. 
The proof is left to the reader. 
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182. 

Given an involution range of points on a conic, there exist two 
and only two points on the conic (real or conjugate imaginaries), 
each of which is a coincident point-pair of the involution. 

The proof is left to the reader. 

[Use Theorem 171 and the method of Theorem 133.] 
Definition. 

If AA' ; Bff ; CC;... are point-pairs on a conic, forming an 
involution, and if E, F are the two points, each of which is a 
coincident point-pair of the involution, then E, F are called the 
double points of the involution of points on the conic. 

THEOREM 184. 

If A, A ; B, B ; C, C; ...are point-pairs of an involution range 
of points on a conic, and if E, E are the double points ; then the 
lines AA', BB, CC, ...meet at a point, viz. the pole O of EF 
w.r.t. the conic. 




By Theorem 172, E{PF' ; EF) is harmonic; 
.■. E{PF' ; OF} is harmonic. 
Similarly F{Pr ; OE) is harmonic. 

But these pencils have a common corresponding ray EF; 
.: the meets of £F, EF; EF, EF ; EO, FO are collinear. 
.-. PF passes through O. Q.E.D. 

If E, F are imaginary, the theorem is still true in virtue of the 
Principle of Continuity. 
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183. 

Given an involution pencil of tangents to a conic, there exist two 
and only two tai^ents to the conic (real or conjugate itnaginaries), 
each of which is a coincident tangent-pair of the involution. 

The proof is left to the reader. 



Definition. 

If a, a'; b, U ; c, f';...are tangent-pairs to a conic, forming an 
involution, and if e, f are the two tangents, each of which is a 
coincident tangent-pair of the involution, then e, f are called the 
double lines of the involution of tangents to the conic. 

THEOREM 1S5. 

If a, a ; b, b' ;.£, ^'; ...are tangent-pairs of an involution pencil of 
tangents to a conic, and if e, / are the double lines ; then the points 
aa', bb', cc', ... lie on a line, viz. the polar o of tf w.r.t. the conic. 




By Theorem 158 Cor., e{pp';e/} is harmonic; 
■'■ ^{]PP' 'i^f] 's harmonic. 
Similarly f{pp' J "*} is harmonic. 

But these ranges have a common corresponding point ef; 
.*. the joins of ep,fp; fp\fp' ', eo,fo are concurrent; 
.-. //' lies on 0. q.e.d. 

If e, f are imaginary, the theorem is still true in virtue of the 
Principle of Continuity. 
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It A, A' ; B, B ; C, C ; ... are pairs of points on a conic, such 
thai the lines AA', Bff, CC, ...pass through a point O, then 
the point-pairs A, A' ', B, S ; ...form an involution of points on 
the conic, having as double points the meets E, F of the conic 
with the polar of O. 

Let ./^ be the meet of EF, PP" (see Fig. 141). 

Then £[EF; FF") =E{OP' ; FF"^ •'{OF"; FF'} = - i ; 
.-. E{EF; FF']h harmonic; 

.■. by Theorem 172(3), EF, EP generate an involution having 
EE, EF as double lines ; 

.■. P, P" generate an involution of points on the conic, having 
E, F 3£ double points. q.e.d. 

If B, F are imaginary, the theorem is still true in virtue of the 
Principle of Continuity. 

For riders, see Exx. 1-35, page 308. 

THEOREM 188 [Desargues' Theorem]. 
If a system of conies pass through four fixed points — three 
of these conies being pairs of lines — then the meets of any line 
with the conies form point-pairs in involution. 




A, B, C, D are the fixed points and / is the given line. 

Let the meets of / with BC, AD; CA, BD; AB, CD be 
A^, A^; A' ^i'> ^\> ^i' ^^'^ '^' '^^ meets of I with any conic 
of the system be F^, F^. 

Then C{F,F^S]=D{FjF^B}; 

.-. Ai, A^; B-y, B^; F^, F^ are three point-pairs in involution. 
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[ 187. 

If a, a'; b, ^ ; c, c' ; ... are pairs of tangents to a conic, such 
that the points aa', bV, cc', ...lie on a line o, then Ibe tangent- 
pairs a, a' ; b, b' ; ... form an involution of tangents to the conic, 
having as double lines the tangents e, / to the conic from the 
pole of 0. 

Let p" be the join of ef, pp' (see Fig. 142). 

Then e{ef; ff'}=e{of ; pp') = {of" ; PP')=- i ; 
.'. f{i/; pp'Yis harmonic; 

.■. by Theorem 159(1), ep, ep generate an involution, having 
ee, ef as double points ; 

■'- A P generate an involution of tangents to the conic, having 
f, / as double lines. q.eld. 

If e, f are imaginary, the theorem is still true in virtue of the 
Principle of Continuity. 

ITHEOBEH 189 [Stukm's Theorem]. 
If a system of conies touch four fixed lines — three of these 
conies being pairs of points — then the tangents from any point 
to the conies form line-pairs in involution. 




a, b, c, d are the fixed lines and L is the given point. 
Let the joins of L with be, ad; ca, bd; ab, cdhe a^, a^; b^, b^; 
Cj, i^ and let the tangents from Z to any conic of the system be 

A. A- ■ 

Then c{PjP^}=d{p^^b}; 

.'. a-f, a^; b^, b^; p-^, p^ are three line-pairs in involution. 
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Similarly /1{I'^J'^C} =I}{I'iJ'iBC} ; 

■. Cj, C^; Bj, S^; Py, P^ are three point-pairs in involution. 
But an involution is defined uniquely by ^j, B^; P■^, P^\ 
.■. A^, A^; £^, S^; C,, Q ; P^, P^ form an involution. 
Similarly, if Q^, Q^ are the meets of / with any other conic 
of the system, Q^, Q^ is also a point-pair of the involution. 

Q.E.D. 

Corollary. 

If X^, X^ is any point-pair of the involution on I, a conic can 
be drawn to pass through the six points A, B, C, £>, X-y, X^. 

Other methonis of proof are indicated in Exx. 49, 50, and 
Chapter X., Ex. 31. 
Definition. 

A system of conies, which pass through four fixed points, is 
called a pencil of conies. 

The following properties are immediate consequences of Desargues' 
Theorem. 

(i) If a line / touches one of a pencil of conies, then the point 
of contact of / is the double point of the involution formed by 
the point-pairs of the meets of / with the conies. 

(s) Two and only two conies can be drawn to pass through 
four points and to touch a given line. 

In particular two and only two parabolas can be drawn through 
four points. 

(3) If PQJi is the diagonal point triangle of the quadrangle 
ABCD, the meets of any Une through P with the pencil of conies 
through A, B, C, D form an involution, having P as one double 

A number of special cases arise, by making two or more of the 
points A, B, C, D coincide. 

For riders on Theorem 18S, see Ex. 36-87. 
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■ Similarly, "(A/A) ^''{A^A} ; 

■'■ 'ii '"a i ^1. ^ai Pi' Pi ^""^ three line-pairs in involution. 

But an involution is defined uniquely by *,, 3j;At A> 

■ ■. «!, a,; ^,, b^; Cj, c^; p^, p^ form an involution. 

Similarly, if y,, q^ are the tangents from L to any other conic 
of the system, g^, q^ is also a line^ptair of the involution. 

Q.&D. 
Corollary. 

If x^, x^ is any line-pair of the involution through L, a conic 
can be drawn to touch the six lines a, 6, c, d, x-^, x^. 

Other methods of proof are indicated in Exx. 98, 99. 

Definition. 

A system of conies, which touch four fixed lines, is called a range 
of conies. 

The following properties are immediate consequences of Sturm's 
Theorem. 

(i) If a point L lies on one of a range of conies, the tangent 
at Z is a double line of the involution formed by the line-pairs of 
the tangents from L to the conies. 

(2) Two and only two conies can be drawn to touch four lines 
and to pass through a given point 

(3) If P?*" i^ '^ diagonal line triangle of the quadrilateral ahcd, 
the tangents from any point on p to the range of conies touching 
a, i, c, d, form an involution, having / as one double line. 

A number of special cases arise, by making two or more of the 
lines a, b, c, d coincide. 

For riders on Theorem 189, see Ex. 88-ir5. 
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[ 190 [Lamp's Theorem]. 

(i) If two points P, Q are conjugate w.r.t. each of two conies 
S-^, S^, then they are conjugate w.r.t. every conic passing through 
the four common points of S-^, S^ (i.e. w.r.t. every conic of the 
pencil determined by 5,, S^)- 

(a) The polars of a given point P w.r.t. a pencil of conies are 
concurrent. 




(i) Let A, A'; B, B' be the meets of PQ with 5,, S^. 

Then since P, Q are conjugate points, 

{AA';PQ\ and {BB ; PQ) 
are harmonic. 

Therefore P, Q are the double points of the involution, defined 
by A,A-; B,ff. 

Let X, X' be the meets of PQ with any conic S of the pencil, 
determined by S^, 5j. 

Then by Theorem i88, A, A' ; B, F ; X, X' are in involution; 
.-. {XX'; PQ] is harmonic; 
.■. P, Q are conjugate w.r.t, S. q.e.d. 

(2) Since P, Q are conjugate w.r.t. S, the polar of P w.r.t. S 
passes through Q, 

Therefore the polar of P w.r.t. any conic of the pencil passes 
through Q. 

Therefore the polars of P are concurrent. q.e.d. 
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THBOBEH 191. 

(i) If two lines /, q are conjugate w.r.L each of two conies 
ij, Jj' ""6" ^^y ^^ conjugate w.r.t. every conic touching the 
four common tangents of jj, jj (i.e. w.r.t. every conic of the 
range determined by ij, s^. 

{2) The poles of a given line / w.r.t. a range of conies are 
collinear. 




(i) Let a, a' ; b, b' be the tangents from pij to jj, s^. 

Then since /, q are conjugate lines, 

\aa'\pq\ and {bb';pq\ 
are harmonic. 

Therefore /, q are the double lines of the involution, defined 
by a, a' ; ^, b'. 

Let X, x' be the tangents from pq to any conic s of the range, 
determined by jj, s^. 

Then by Theorem 189, a, a; b, b' ; x, x' are in involution; 
.■. {xx';pq} is harmonic; 
.'. p, q are conjugate w.r.t. s, q.e.d. 

(3) Since /, q are conjugate w.r.t. s, the pole of p w.r.t. s lies 
on q. 

Therefore the pole of p w r.t. any conic of the range lies 
on q. 

Therefore the poles of^ are collinear. q.e.d. 
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192. 



(i) /* is a variable point on a fixed line /; P' is the point which 
is conjugate to P w.r.t. two (and therefore all) (rf a pencil of conies 
through four fixed points A, B, C, D; then the locus of /^ is a 
conic o- which passes through the poles of / w.r.t. the conies of 
the pencil. 

{2) The conic ir passes through the following eleven points: 
If / cuts AB at H and if H' is the harmonic conjugate of H w.r.t. 
A, B, then ir passes through H' and the corresponding five points 
on the other five sides of the quadrangle ABCD; a also passes 
through the three vertices of the diagonal point triangle of ABCD 
and through the two double points of the involution formed by 
the meets of / with the pencil of conies. 




(i) Let Zj, Zj, ... be the poles of/ w.r.t. the conies S^, S^, ..of 
the penciL 

Pf Q, Ji, ... are a system of points on /; and P\ Q, S!, ... are 
their conjugates w.r.t, two and .'. ail the conies of the pencil. 

Therefore P L^, QI^, KL^, ...and PL^, QL^, RL^, ...are the 
polars of P, Q, P, ... w.r.t. S^, 5j ; 

.-. i^{p: G'.-^....} = {i', Q,p,...]^j:A-P', Q.p:, ■■]■ 
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THEOBEM 193. 

(i) ^ is a variable tine through a fixed point L; p' is a line 
which is conjugate to p w.r.t. two (and therefore all) of a range 
of conies touching four fixed lines a, b, c, d; then the envelope of 
p' is a conic it which touches the polars of L w.r.t. the conies of 
the range. 

(a) The conic o- touches the following eleven lines: If h is the 
join of L and ab, and if h is the harmonic conjugate of h w.r.t. 
a, b, then tr touches A' and the corresponding five lines through 
the other five vertices of the quadrilateral abed; a also touches the 
three sides of the diagonal line triangle of abed and the two double 
lines of the involution formed by the tangents from L to the range 
of conies. 




(1) Let /,, /j, ... be the polars of L w.r.t. the conies j^, s^, ... of 
the range. 

/, q, ^, ...are a system of lines through L; and p', q', r, ...are 
their conjugates w.r.t two and .-, all the conies of the range. 

Therefore /7j, q'/^, //i,,..and /V^, //j, t^i^,,.,ax& the poles 
of /t ?) fi ■■■ w.r.t. s-^, jj. 
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Therefore the locus of P" is a conic o- through I^, /j, and 
similarly thrtiugh the other poles L^, Z^, ...of / w.r.t. the other 
conies of the pencil. q.e.d. 



(z) Since {AB; HH'} is harmonic, If, H' are conjugate points 
w.r.t. every conic of the pencil. 

But H lies on /; .■. <r passes through H'. 

Similarly o- passes through the corresponding five points on 
AC, AD, BC, BD. CD. 

Let EFG be the diagonal point triangle of ABCD, and let X 
be the meet of / and EG. 

Then, since EG is the polar of .^ ,-. ^ ^ are conjugate points 
w.r.t. every conic of the pencil. 

But X lies on /; .-. <t passes through E. 

Similarly o- passes through E, G. 

Lastly, if \ /i are the double points of the involution on /, 
X, fi are conjugate points w.r.t, each conic of the pencil; 

,■, o- passes through A, /*. q.E-d. 

Definition. 

The conic-locus a- of Theorem 192 is called the eleren-point 
conic of the pencil of conies through A, B, C, D corresponding 
to the line /. 

[This name is due to Dr. Taylor.] 



[ 191. 

The locus of the poles of a given line / w.r.t. a p 
is the eleven-point conic corresponding to /. 
This is merely another way of stating Theorem 1 
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Therefore the envelope of /' is a conic a- touching /j, /g and 
similarly the other polars /j, i^, ...of Z w.r.t. the other conies of 
the range. q.e.d. 




(a) Since {a^; AX} is harmonic, A, K are conjugate lines w.r.t. 
every conic of the range. 

But h passes through L\ .•. tr touches h'. 

Similarly tr touches the corresponding five lines through ac, ad, 
be, bd, cd. 

Let efg be the di^onat line triangle of abed, and let x be 
the join of Z and eg. 

Then, since eg is the pole of _^ .■ .f, x are conjugate lines w.r.t. 
every conic of the range. 

But X passes through Z; .■. tr touches/ 

Similarly o- touches e, g. 

Lastly, if A, /I are the double lines of the involution through Z, 
A, ;u are conjugate lines w.r.t. each conic of the range; 

.■. (T touches X, y.. Q.E.D. 

Definition. 

The conic-envelope u of Theorem 193 is called the elerpn-liiie 
conic of the range of conies touching a, b, c, d corresponding to 
the point L. 

[This name is due to Dr. Taylor.] 



[ 196. 

The envelope of the polars of a given point Z w.r.t. 
of conies is the eleven-line conic corresponding to Z. 
This is merely another way of stating Theorem 193. 
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1. Two chords PQ, RS of a conic meet at H; MN is the tangent 
at a point M of the conic ; prove that MP, MQ ; MR, MS ; MH, MN 
form an involution. 

2. r is the pole of a fixed chord PQ of a conic ; a fixed line 
through T cuts the conic aX. H, K ; a variable line through H cuts 
PQ. at X and the conic at X' ; prove fliat KX, KX' generate involution 

3. The vertex .4 of the triangle ABC is a fixed point on a given 
conic, and the mid-point and direction of BC are fixed. If AB, AC 
cut the conic again at ff, C, prove that S'C passes through a fixed 

4. O is a fixed point ; p, p' are a variable line-pair of a given 
involution. P, P are the feet of the perpendiculars from O to p, p' ; 
prove that PP" passes through a fixed point. 

5. A variable triangle is inscribed in a given conic ; two of its sides 
pass through fixed points ; prove that its vertices trace out homographic 
ranges of points on the conic. 

6. A variable quadrilateral circumscribes a given conic ( three of 
its vertices lie on fixed hnes ; prove that its sides generate homographic 
pencils of tangents to the conic. 

7. Prove that the inverse of an involution range of points on a 
circle is an involution range, either on a circle or on a straight line. 

8. What is the reciprocal of an involution range of points on a conic ? 

9. £■ is a fixed point on a fixed diameter DU of a conic ; through 
E is drawn a variable chord PF of the conic ; UP, UF cut the 
tangent at Z) in g, Q ; prove that DQ, . DQ' is constant. 

10. If A, A' ; B, B' ; C, C ; ... are point-pairB of an involution 
range on a conic, prore that the point at which AA', BB', CC, ... 
concur is the pole w.i.t. the conic of the cross-axis of the 
homographic ranges {A, B, 0,...}, jA', B', C, .■-} of points on 
the conic. 

11. State and prove the dual of Ex. 10. 

12. .^ is a fixed point on a given tangent AC to a conic S ; P, Q 
are variable points on AC such that AP, AQ subtend equal angles 
at a fixed point B \ prove that the Other tangents from P, Q to J 
meet on a fixed line. 

13. is a fixed point on a conic B ; PQ ia a variable chord of 
S, such that OF, OQ are equally inclined to a fixed line ; prove 
that PQ passes throng a fixed point. 

14. A variable chord PQ of a conic subtends a right angle at a 
fixed point on the conic ; prove that PQ passes through a fixed point. 
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16. AB is a common tangent of two conies 5,, 5, ; from a variable 
point r on a fixed line, tangents are drawn to ^1, and meet AB at 
P, Q ; find the locus of the meet of the other tangents from P, Q to Sj . 

16. A variable circle passes through two fixed points and cuts a 
fixed tangent to a conic 5 at /*, Q; find the locus of the meet of the 
other tangents from P, Q to S. 

17. A variable circle cuts two fixed circles orthogonally ; prove that 
the points of intersection generate involution ranges on the fixed circles. 

IS. ^ is a common point of two conies Sj, 5, ; PQ is a variable 
chord of 5, passing through a fixed point ; AP, AQ meet S^ at P", Q ; 
prove that PQ also passes through a fixed poinL 

19. AB is a fixed diameter of a conic S ; C is a fixed pioint on the 
tangent at ^ ; a variable line through C cuts S M P, Q; BP, BQ meet 
the tangent at A in P", Q ; prove that the mid-point of P'Q is fixed. 

20. The tangent AE at A to a conic is parallel to the base BC 
of the fixed triangle BCD inscribed in the conic : PQ is a variable 
chord parallel to CD ; BP, BQ meet AE &i. F, Q ; if CD meets 
AE at E, prove that EF.EQ is constant. 

21. A fixed circle 5 cuts a variable circle of a given coaxal system 
MP, F ; prove that /*, F generate an involution range on S. 

22. .^ is a fixed point on a conic S ; a variable pair of parallel 
tangents to S meet a fixed tangent at /*, Q\ AP, AQ meet S 
at F, Q; find the envelope of FQ. 

2Z, a, b are two common tangents of the conies S^, 5, ; the tangent 
at a variable point P of S^ meets a aX. Q, the tangent from g to 5j 
meets b at B, the tangent from R to S^ touches 5; at T; find the 
envelope of PT. 

24. The circle S is cut orthogonally by each of three circles .S";, 
■^11 ^ii prove that it is cut by them in an involution, if and only if the 
circles are coaxal. 

25. Tangents are drawn from a variable point on a fixed line to 
a given conic and meet a fixed tangent to the conic at /", Q; prove 
that P, Q generate involution ranges. 

26. BC is the tangent at S to a conic 5 ; the tangents to S from 
two points Ai, Aj meet BC in /",, Qi and P^, Q^ respectively ; if A^A^ 
meets BC at C, prove that B, C; P-^, j2i ; Pt, Qs form an involution. 

27. From a variable point on a fixed line, tangents p, q are drawn 
to a parabola. From a fixed point O, lines OP, OQ are drawn parallel 
to p, g ; prove that OP, OQ generate an involution pencil. 

28. Two chords PQ, JiS of a conic meet on the chord AB ; if O is 
the pole of AB, prove that the line-pairs AP, AQ ; AB, AS ; AO. AB 
fonn an involution. 
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29. A, B, C, D, P aie five points on a conic ; is any other point ; 
OA, OB cut the conic again at A', B! ; prove that 

0{ACBD\=P\ACBD\-^P{A'CBD\. 

30. A fixed circle passes through the centre of a given conic ; a 
variable pair of conjugate diameters of the conic meet the circle at 
P, Q ; prove that PQ passes through a fixed point. 

31. PP" is a variable chord of a fixed conic ; O is any fixed point. 
If OP, OP" are a iine-piair of a given involution ptencil, find the envelope 
oi PP-. 

32. A, B, C, P, Q, R are six points on a conic i if 

R{PABC\=R{ QCBA }, 
prove that PQ meets AC on the tangent at B, 

33. r is the pole of a fixed chord PQ of a conic ; a variable line 
cuts TP, TQ at H, K, and PQ at a fixed point R ; prove that the 
other tangents from H, K to the conic meet on a fixed line. 

31. OP, OF is a variable line-pair of a given involution pencil ; the 
corresponding rays of a homographic pencil, with a different vertex, 
meet OP, OP zX P, P ; prove that PP passes through a fixed point. 

35. OA, OB are two fixed tangents to a conic ; two variable parallel 
tangents meet OA, OB at P, Q respectively ; find the envelope of PQ. 



36. S, F are the double points of the involution determined on a 
straight line by the sides of a quadrangle inscribed in a circle .S ; prove 
that the circle on EF as diameter is orthogonal to 5. 

37. Deduce ft'om Desargues' Theorem that the intercept of any tangent 
to a hyperbola between the asymptotes is bisected at the point of contact. 

38. Two conies touch the same line at P, Q respectively and cut at 
A, B, C, D ; it R is the mid-point of PQ, prove that the conic through 
A, B, C, D, R has one asymptote parallel to PQ. 

39. Two conicB cut at A, B, C, D ; a Htiaight line toudies them 
at F, Q, and cuts AC, SD at H, K; proTe that {PQ; HE} is 
harmonic. 

40. Deduce from Desargues' Theorem a property, by making' A, B 
coincide. 

41. O is the mid-point of a chord AB of a conic ; C, D are points 
on AB equidistant from O ; two lines CPQ, DBS cut the conic at P, Q 
and R, S i if PR, QS meet AB at X, Y, prove that CX=DY. 

42. Deduce from Desaigues' Theorem a property, by making A, B, C 
coincide. 

43. P is any point on a chord AB of a conic ; a line through P cuts 
the conic in C, D and the tangents M. A, B \a the conic \nQ, R; prove 
that PC . PR . QD=^PD . PQ.CR. 
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41. His the mid-poi&tof acliOTdABof aconic; FQ, BSuetwo 
choids thntu^H; PB, QSmeet ABat X, Y; prove that AX =BT. 

4a. A pair of common chords of two conies 5„ S^ meet at T; the 
tangent TP to S, cuts 5, at .ff, A" ; prove that J TP ; jVA'} is harmonic. 

46. A line drawn through a point P on a hyperbola, parallel to an 
asymptote, cuts two pairs of opposite sides of an inscribed quadrangle 
in //, A''; A", ^' ; prove that PH .Pir = PK .PK'. 

47. The three pairs of oppwsite sides of a quadrangle inscribed in a 
hyperbola meet an asymptote 'ra. P, F ; Q, Q ; R, P! ■■, prove that 
PQ=FQ and QR=QK. 

48. A diameter of a parabola meets a chord PQ in H, the tangents 
at P, Q in M, N and the curve in O ; prove that OH^=OM. ON. 

49. With the notation of Fig. 143, deduce from Pappus' Theorem that 
/'i^i . PjBj _ P^ Aj.Pj B^ 
P-yB,.P^i P^B^.P-^A. 

50. Prove Desargues' Theorem, by projecting, in Fig. 143, A, B 
into the circular points at inflnitjr. 

51. PQ is a chord of a conic bisecting another chord AB at ; the 
tangents at P, Q meet AB in S, T ; prove that AS=BT. 

62. A, B, C, I, J are five points on a conic ; //, BC meet the tangent 
a\ A m S, T; U h the harmonic conjugate of A w.r.t. S, T; prove 
that A, U are the double points of the involution intercepted cm AT\>y 
the pencil of conies through ECIJ. 

What does this theorem become, if /, J are the circular points at 

53. P, Q, Py S are four points on a conic ; a line through O, the 
meet of PS, QR, cuts the conic at A, A' and PQ, RS aX B, B ; prove 

'''^* iA^m^m^^B- 

54. PQ, RS are parallel chords of a conic ; another chord HK cuts 
PQaxO; HP, KSrafiiX PQaxL, M; prove that OP .OQ=OL.OM. 

55. P, Q, P, S, T are five points on a conic ; PQ, RS, PR, QS cut 
the tangent at T in H, K, M, JV; prove that 7=s-+ 7\p=7T>+ 77i> 

56. From a fixed point, lines are drawn parallel to the sides of a 
quadrangle ; prove that they form an involution, 

57. Show how to draw through a given point // a line cutting the 
sides of a quadrangle in an involution, having // as centre. 

58. Through four given points, show how to draw a conic to intercept 
on a given line a chord of given length. 

59. A variable conic passes through four fixed points A, B, C, D and 
cuts a fixed conic through A, Bm P,Q; prove that PQ passes through 
a fixed point 



b> Google 



312 PLANE GEOMETRY [cH- 

6Q. A system of conies pass thitiugh four fixed points A, B,C,D', aay 
line through^ cuts the conies at P„ /*„ Pt,...; \£ ATi, ATt> AT,, ... 
are the tangents at i4 to the conies, prove that 

(/*„/'i,/*„...}=^{7'„ 7",, rj,...}. 

SL A variable conic passes through four fixed points A, B, C, D^ and 
cuts two fixed lines AP, AQ at /", Q; prove that the locus of the meet 
of CP, BQ is a straight line. 

62. The circle of curvature at a point /* of a conic cots the conic 
again at Q ; prove that PQ and the tangent at P dii-ide harmonically 
the other common tangent of the circle and the conic 

63. The tangents at the poiiitB P, P* on a hTpeibcda meet an 
asymptote at Q, Q* ; prove that PP' bisects QQ*. 

64. A tangent at a point /• on a conic meets the auxiliary circle 
at Q, R and the major axis at T ; prove that {PT; QR\ is harmonic 
If N is the foot of the ordinate fi^m /• to the major axis, prove that 
TN bisects QNR. 

65. A variable chord PQ of a conic passes through a fixed point A ; 
B is another fixed point ; BP., BQ meet the conic again ^X. R, S; 
prove that RS passes through a fixed p(»nt 

66. ABC is a given triangle inscribed in a conic ; O is a fixed point 
on the conic ; a variable line through O cuts the conic ^ain at P and 
BC, CA, AB M Q, R, S ; prove that {PQRS) is constant. 

67. From a fixed point O, lines 0A\ Off, OC are drawn parallel 
to the ades BC, CA, AB of a triangle ; prove that OA, OA' ; OB, OB ; 
OC, OC form an involution pencil. 

68. .£ is a point of intersection of two diagonals of a quadrilateral 
ABCD circumscribing a conic ; PQ is a chord passing through E ; 
prove that the six points A, B, C, D, P, lie on a conic. 

68. A, B, C, D, E HOC five fixed points on a conic S; the tangent 
at E to .■> meets a variable conic through A, B, C, D M P, f ; \t Q 

is the mid-point of PP", prove that ~ — - is constant 

EQ 

70. PCP", BCD' are conjugate diameters erf" an ellipse ; the straight 
lines joining D, D" lo a. variable point on the ellipse meet the tangent 
at P in ^, T; prove that -px'"PY^'CD 

71. ABC is a fixed triangle inscribed in a conic ; /* is a variable 
point on the curve ; BP, CP meet the tangent ax A m Q, R; prove 

'^' igr-k '" ="""•■ 

72. Two parabolas touch at P and cut at 0, *; prove that PQ, 
PR are harroonically conjugate to the diameters through P of the 

two curves. 
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73. PP is a diameter of a conic, centre O ; AB, CD are two chords 
cutting Pf at X, X' ; if PX=PX\ prove that any conic through 

A, B, C, D cuts PP at points equidistant from O. 

74. C is the pole of a chord AB of a conic ; DE is another chord 
of the conic; CD cuts AB, AE, BE at G, H, K ; prove that 

Cg'_ CH. CK 
GI^ GH.GIC 

75. A system of conies circnmscribe a givea triangle and have 
a common pair of conjugate points ; prove that they pass through 
a fourth fixed point. 

76. Two conies S^, 5, have double contact with each other; a 
chord AG, of S^ cuts 5, at j°,. Q% : 'f PiQ\ 's parallel to the chord 
of contact, prove that PiP%^Q\Q^ 

Deduce a special case by taking the chord of contact as the line at 
infinity. 

77. A transversal cuts the sides BC, CA, AB of a triangle at 
P, Q, B ; three other points F, Q', B' are taken, such that F, V\ Q, Q'; 

B, B' form an involution \ prove that AF, BQ', OB' ate concnrrent. 

78. Two conies have double contact aX A, B \ a line touches one 
of them at H and cuts the other at P, g ; if it meets AB at K, prove 
that {PQ-, HK) is harmonic. 

79. O is a point on a chord PQ of a conic ; * is a point on PQ 
such that 01'?= OP . OQ. From any point on the pwlar of P, tangents 
are drawn to the conic, cutting PQ at //, K ; prove that OH. OK=RCP. 

80. The sides BC, CA, AB of a triangle touch a conic at D, E, F\ 
PT is the tangent at any point P of the conic ; prove that 

P{ TABC)=P{ TDEF\. 

81. The sides BC, BC ; CA, CA' ; AB, A'F of the triangles ABC, 
A'B'C meet in three coUinear points P, Q, R i if A A', Bff, CC cut PQ 
at P, Q, P, prove that P, P ; Q, Q ; P, R form an involution. 

82. / is the line of intersection of the planes of two triangles ABC, 
A'PC ; BC, CA, AB, BC, CA', A'B meet / at a, 1*, c, d, e, <f. If 
Aii, BV, Cc' are concurrent, prove that A'a, Bb, Cc are also concurrent 

83. P, Q, P, S are four fixed points on a conic ; a variable line 
through P cuts the conic again at P and QR, PS, SQ at S', Q, P ; 
prove that {PQPS') is constant. 

84. Two chords AB, CD of a coi 
any chord AP meets BC, CD, DB a 
is harmonic. 

85. A, A' are one pair of opposite vertices of a quadrilateral ABA'ff 
circumscribing a conic ; \i P, Q are the points of contact of the conic 
with AB, A'B, prove that a conic can be drawn through P, Q to 
touch BA, BA' at A, A' respectively. 
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86. ABC is a fixed triangle inscribed in a conic ; a variable chord 
PQ meets BC, CA, AB at a, i, ^ ; if {Padr} is constant, prove that 
is a fixed point. 

87. Three equidistant lines, parallel to an asymptote of a conic, meet 
the curve at the vertices of a triangle ; prove that any line parallel to 
the other asymptote is divided hannonically by the curve and the 
sides of this triangle. 



88. A tangent at a point /• to a conic meets two other tangents 
TQ, rj{ 3.t Q, Jf ; A is the pole of a chord BC of the conic ;' prove 
that AB, AC; AP, AT; AQ, AR form an involution pencil. 

89. TP^, TQi ; TP^, TQ^ are the tangents from a point T to two 
conks JT,, Si i if TPf, TP^ are conjugate lines w.r.t. a conic Sj, touching 
the four common tangents of 5i, 5(, prove that TQ^, TQ^ are also 
conjugate lines w.r.t. 5j. 

90. O is one of the common points of two conies, and OT,, OT^ 
are the tangents at O to the conies ; if A, A' is one pair of opposite 
vertices of the quadrilateral formed by their common tangents, prove 
that 0{AA'; T,T.) is harmonic. 

91. Deduce a property from Theorem 189 by making a, d, c coincide. 

92. Deduce a property from Theorem 189 by making a, 6 and also 
c, d coincide. 

93. Through a given point, show how to draw a pair of lines which 
will divide each of the joins of opposite vertices of a complete 
quadrilateral harmonically. 

94. ABCD is a quadrilateral circumscribing a conic ; a tangent at 
any point P on the conic cuts CD a.t Q; AP, BP cut CD aX L, M; 
prove that {QMLC\={QDCL}. 

95. ABCD, A' BCD' are two quadrilaterals circumscribing a conic ; 
if AA', Bff, CC concur at a point O, prove that DD also passes 
through O. 

96. ABCD is a quadrangle inscribed in a conic S ; PH, PK are 
the tangents to S from any point P on the third diagonal ; prove that 
a conic can be inscribed in ABCD to touch PH, PK. 

97. AA' ; BB' ; CC are tbe pairs of opposite Terticea of a 
ansdiilateral ; iAA'; PQ} and {BB'; B8} are harmonic ranges; 
prore that PB and QS cnt CC harmonically. 

98. ABCD is a quadrilateral circumscribing a circle, centre O ; AD, 
BC meet ax E ; AB, CD meet at F ; prove that the angles between 
the lines OA, OE and OC, OF are equal ; and deduce that OA, OC; 
OB, OD ; OE, OF form an involution of which the isotropic lines 
through O are one line-pair : hence deduce, by projection. Theorem 189. 
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99. With the notation of Fig. 144, project L into the orthocentre 
of the projection of the triangle acd and the hue b to infinity : hence 
deduce Theorem 189 from the theorem that the orthocentre of a triangle 
circumscribing a parabola lies on the directrix. 

100. A system of conies touch three fixed lines and have a given 
pair of lines as conjugate lines ; prove that they touch a fourth fixed line. 

101. A, A' ; B, ff ; C, C are the opposite vertices of a quadrilateral ; 
T is any point on a conic through AA'BB ; CC meets this conic 
at P, j2 ; prove that TP, TQ are the tangents to the two conies which 
can be inscribed in the quadrilateral and pass through T. 

102. Prove th&t tlie feet of the perpendiculars Arom the six 
vertices of a quadrilateral to any straight line form an involution 
range. 

103. A, A' ; B, ff are two pairs of opposite vertices of the quadrilateral 
formed by the four common tangents of two conies which cut orthogonally 
at a point P ; prove that APB^A'Pff. 

104. HK is a chord of a conic inscribed in the quadrilateral PQRS ; 
PR, QS meet at ; ON, OK meet the curve again at H', K' ; prove 
that a conic can be inscribed in PQRS to touch //A", IT/C. 

105. Given a point O, a conic through O and four fiTced lines 
/j, /j, /j, l^ ; construct, with the use of a ruler only, the tangents from 
a given point on /, to Che two conies which pass through and 
touch /i, /„ /j, l^. 

106. Four circles have one common point ; prove that their radical 
axes form an involution pencil. 

107. TP, TQ are the tangents from a point T to a conic, foci S, H ; 
prove that the angles STP, HTQ are equal or supplementary. 

108. Prove that confocal conies intersect at li^t angles. 

109. O, a are the centres of similitudes of two circles 5„ 5j ; 
PH^, PKi and PH^, PK^ are the .tangents from any point P to J)„ S^ ; 
prove that PO, PO ; /'A',, FK^ ; PH^, PK^ form an involution pencil 

110. ABC is a faed triangle circumscribing a given conic S ; TP 
is a tangent from a variable point 7" to 5 ; if T{ABCP\ is constant, 
prove that the locus of 7" is a straight line. 

111. ABC is a triangle circumscribing a conic ; the polar of A 
meets BC at Z> ; a tangent at any point Q of the conic meets the 
other tangent from Z" in 7"; prove that T{BC ; QA) is harmonic. 

112. A variable conic, inscribed in the fixed triangle ABC, touches 
BC at a fixed point; H, K are fixed points on BC ; prove that the 
locus of the meet of the other tangents from H, K to the conic is 
a straight line through A. 
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lis. P is any point on a conic inscribed in the quadrilateral ABCD \ 
the tangent at P, PB, PD meet ^C in T, Q, X; prove that 
AT*_ AQ.AR 
CT* CQ.CR' 

114. The poles of two fixed lines w.r.t a variable conic are fixed 
points; prove that the locus of the centre of the conic is a straight 

115. A variable conic is inscribed in the quadrilateral ABA'ff ; E, F 
are fixed points on AB, AB ; prove that the other tangents from 
E, F to the conic meet on a fixed line through A'. 



I 196 [FRiGiER's Theorem]. 
If a variable chord PP of a conic subtends a right angle at 
a fixed point V on the conic, then it passes through a fixed 
point F situated on the nonna! at V. 




Let QQ, RR, SS\ ... be other positions of the chord. 

Since i'r/^ = 9o° = er(2' = -^^^="-. the line-pairs VP, VP' ; 
f^Q, VQ; yR-. y^^ ■> — form an involution; 

.■. P, P ; Q, Q ; R, R"; ... form an involution range of points 
on the conic ; 

.-. PP, QQ', RR',...a.re concurrent by Theorem 184. 

But one position of PP is the normal FX at y, since FFX- 90° ; 

.-. PP passes through a fixed point ./^on the normal at V. 

Q.E.D. 

Definition. 

If a variable chord of a conic subtends a right angle at a 
fixed point F" on the conic, the fixed point P through which 
the chord passes, is called the Frrfgier point of the point K 



b> Google 



XI.] INVOLUTION PROPERTIES OF THE CONIC 317 

116. If V is a point on a rectangnlar liyperbola, provfl that the 
Fr^er point of V is at infinitr. 

117. QB is a chord of a rectangular hyperbola parallel to the 
normal at a point P on the curve, prove that QFB=90°. 

118. Prove Fr^gier's Theorem by reciprocating w.r.t. f. 

119. P, 'Q are variable points on a fixed tangent to a conic, and 
subtend a right angle at a fixed point ; find the locus of the meet of 
the other tangents from P, Q to the conic. 

120. F is the Frdgier point of a point T on a parabola ; prove 
t^t VF is bisected by the axis of the parabola. [Consider, in 
Fig. 151, the chord PP when F is at infinity.] 

121. F is the Frigler point of a point V on a centi»l ctmic 
If AGA', BOB' are the principal axes, prove that CA, CB are the 
bisectors of VCF. [In Fig. 151, take VP parallel to BC] 

122. If two points on a conic have the same Fr^gier point (not at 
infinity), prove that the conic must be a circle. 

123. On a chord PQ of a rectangular hyperbola as diameter a 
circle is described, cutting the curve again at V, V ; prove that the 
normals at V, V are parallel to PQ. 

onic and their two Fr^gier points. 



125. F is the Fr^gier point of a point f on a given parabola ; if V 
varies, prove that F traces out a coaxal parabola. 

126. .^1, /"j are the Frigier points of two points fj, Fj on a conic ; 
prove that the axes of the conic are parallel to the bisectors of the 
angles between the lines V^ V„ FjF^. 

127. F is the Fr^er point of a point T on a given central conic ; 
if V varies, prove that F traces out a concentric bomothetic conic. 
Is there any exceptional case? 

[If the ordinate and normal of y meet the major axis at JV, G, and 
if C is the centre, use the (act that ^^ is constant] 

128. If a chord of a parabola subtends a right angle at the vertex A 
and meets the axis at F, prove that AF is equal to the latus rectum, 

129. A variable parabola touches a fixed line at a fixed point V 
and the Frdgier point i'" of K is fixed ; prove that the envelope of the 
parabola is a circle. 

130. Prove that circles, whose diameters are parallel chords of a 
rectangular hyperbola, are coaxal. 
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131. A noimal at a point P on a conic cuts the principal axes at 
G, f ; 2 is a point on PG such that pQ='p7;'^ pZ' P«>ve that any 
chord through Q subtends a right angle at P. 

132. A parabola, focus S, reciprocated w.r.t. a pwint C, becomes a 
conic a-; prove that S becomes the polar of the Fr^gier point of C 
w.r.t. rr. 

133. PQ, RS are parallel chords of a rectangular hyperbola : DI? is 
the diameter which bisects them ; prove that a common tangent of the 
circles, on PQ and PS as diameters, subtends a right angle at Z> and IX. 

Desargues' Theorem yields a very neat proof of Pascal's property ; 
an interesting fact, since Pascal ascribes the ideas, which characterise 
his researches, to the intluence of Desargues. 



Let 1Z3456 be the inscribed hexagon. 

Let 13, 45 meet at L and 34, 61 at iV. 

Join LJV and produce it to meet the conic at A, A'. 

Let LN meet 14 at P, take a point P on LN so that the 
point-pairs Z, N; A, A' ; P, P" form an involution. 

By applying Desargues' theorem to the inscribed quadrangle 1234, 
it follows that P" lies on 23. 

By applying Desargues' theorem to the inscribed quadrangle 1654, 
it follows that P lies on 56 ; 

.*. 23, 56 meet at P ; 

:. the meets of \i, 45; 23, 56; 34. 61 are coUinear. Q.B.D. 
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THEOREM 197. 
To construct a conic to pass through three given points and to 
touch two given lines. 




Let A, B, C he the given points and 0/f, OK the given lines. 

It is required to determine the points H, K at which the conic 
touches OH, OK. 

Let AB cut OH, OK at /■„ P^ and HK at E; and let BC cut 
OH, OK at (2,, (2s and HK at F. 

By Theorem 188, £ is a double point of the involution determined 
hy A, B ; /*j, /"^ ^"*^ ^^ therefore one of two possible positions 
which can be constructed, by Theorem 166. 

Similarly, i^is a double point of the involution determined by 
A C; Qi> Qi ^id has therefore one of two possible positions, 
which can be constructed 

The line EF which meets OH, OK at the required points H, K, 
has therefore four possible positions. 

Hence we can construct four conies, satisfying the given con- 
ditions. Q.E.D. 

131. Construct a conic to pass through three given points and have 
double contact with a given conic. 

136. Construct a conic to pass through two given points and touch 
three given lines. 
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136. Inscribe in a given triangle a conic having double contact with 

137. Construct a conic, given four points on it and a pair of points 
conjugate w.r.t it. 

138. Construct a conic to circumscribe a given triangle and have a 
given focus. 



(i) Every conic through the four common points A, B, C, D of 
two rectangular hyperbolas is a rectangular hyperbola ; and D is the 
orthocentre of the triangle ABC. 

(j) If a rectangular hyperbola circumscribes a triangle ABC, it 

passes through its orthocentre. 

(i) Let fti, (tt' be the circular points at infinity. 

Then t", tu' are conjugate points w.r.t. the two given rectangular 
hyperbolas through A, B, C, D. 

.', by Theorem igo (i), to, <u' are conjugate points w.r.t. every 
conic through A, B, C, D. 

.-. every such conic is a rectangular hyperbola. q.e.d. 

But AB, CD; AC, BD ; AD, BC are three conies of the pencil ; 

.'. they are perpendicular line-pairs; 

.-. Z> is the orthocentre of the triangle ABC. q.e.d. 

{%) Let the perpendicular from A to BC cut the curve in D. 

Then the given rectangular hyperbola and the perpendicular line- 
pair AD, BC determine a pencil of rectangular hyperbolas. 

Now AB, CD is a conic of this pencil ; 

.'. AB is perpendicular to CD; 

.-. D is the orthocentre of ABC; 

■ •. the orthocentre of ABC lies on the rectangular hyperbola. 

Q.E.D. 

This theorem was published in 1821 by Brianchon and Poncelet 
in a joint memoir. It is capable of a very simple analytical proof. 

139. PQE is a triangle, right-uigled at F, inscribed in a rect- 
angular hyperbola; proTe that the tangent at P is perpendicalar 
to QB. 

140. PQ ia a chord of a rectangular hyperbola ; the circle on PQ as 
diameter cnts l^e cnrre again at B, S ; prove that BS is a diameter 
of the hsrperbola. [Use Ex, 139.] 



b> Google 



XI.] INVOLUTION PROPERTIES OF THE CONIC 321 

141. Prove, by reciprocating Theorem 198, Steiner's theorem, viz. 
the orthocentre of a triangle circumscribing a parabola lies on the 
directrix. 

142. PQR is a self-conjugate triangle w.r.t. a conic 5, ; a conic 5j, 
inscribed in PQR, touches a directrix of i", ; prove that the director 
circle of 5j passes through a focus of 5]. 

143. Prove that the pedal triangle of a triangle inscribed in a rect- 
angular hyperbola is self-conjugate for the hyperbola. 

141 If the noinuj at a point F on a rectangnlar hTpeibola meets 
the cnrre again at Q, prove that the radius itf cwratiire at P 
eqnals 4PQ, [Apply Theorem 23, Part I,, to the triangle formed by 
P and two points adjacent to it on the curve.] 

145. A variable rectangular hyperbola circumscribes a fixed triangle ; 
find the loci of the poles of the sides of the triangle w.r.t. the 
hyperbola. 

146. If the normal at a point /* on a rectangular hyperbola, centre C, 
meets the curve again at Q, and if R is the mid-point of PQ^ prove 
that RCP=<fa''. 

147. A variable equilateral triangle is inscribed in a rectangular 
hyperbola ; find the locus of its centroid. 

148. ABCD is a given parallelogram inscribed in a rectangular 
hyperbola ; PH, P/C, PL, PM are the perpendiculars from a variable 
point P on the curve to AB, BQ CD, DA ; prove that 

PH.PL=PK.PM. 

149. The mid-points of the sides of a variable triangle move on a 
rectangular hyperbola ; find the locus of its circumcentre. 

150. Prove that a system of conies, through four fixed points, can 
be projected into a system of rectangular hyperbolas. 

151. HK is. a variable chord of a rectangular hyperbola, fixed in 
direction; PF is the diameter perpendicular to HK; find the locus 
of the meet of HP, KF. 

152. Two rectangular hyperbolas intersect at A, B, C, D; prove 
that the circles whose diameters are AB, CD cut orthogonally. 

A system of confocal conies form, by definition, a range of 
conies; Theorem 189 therefore admits of direct application to a 
confoeal system. 
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(i) Through any given point T, two conies can be drawn, 
belonging to a given confocal system; and these conJcs cut each 
other orthogonally. 

{2) If TX, TY are the tangents to the two confocals through T, 
if S, If are the foci, and if TF, TQ are the tangents from T to 
any conic of the system, then TX, TV are the internal and 
external bisectors of the angles ST/f and ITQ. 

(3) TX, TY are conjugate lines w.r.t. each conic of the system. 

(4) The locus of the poles of a given line w.r.t. a system of 
confocal conies is a line perpendicular to the given line. 

{i) Let S, H; S', H' be the foci of the given system; and <o, m' 
the circular points at infinity. 

Then S, H; S', H' ; la, tu' are the pairs of opposite vertices 
of a quadrilateral circumscribing each conic of the confocal 
system. 

Let TX, TY be the double lines of the involution, defined by 
TS, TH; r<u, Tb'. 

Then by Theorem 189 Corollary, a conic of the system can be 
drawn to touch TX at T and similarly a second conic of the 
system to touch TY at T. 

Since TX, TY axe. the double hnes, T{XY; uiu'} is harmonic 
.-. JSrfK=9o°; 

.'. the conies cut orthogonally at T. q.e.d. 

(2) By Theorem 189, TP, TQ are a line-pair of the same 
involution. 

Since the double lines are at right angles, they are the bisectors 

of the angles between each line-pair of the pencil. 

.-. TX, TY are the bisectors of the aisles between TS, TH 
and TP, TQ. Q.E.D. 

(3) Since TX, TY are harmonically conjugate to each pair of 
tangents from T to the system of conies, they are conjugate lines 
w.r.t. each conic. q.e.d. 

{4) Let a conic of the system touch the given line TX at T. 
Let TY be the tangent at T to the second confocal through T. 
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Then by (1), TX is perpendicular to TY. 

But by (3), TY is conjugate to TX w.r.t. each conic of the 
system ; 

.•, the locus of the poles of TX w.r.t. the system is the peqjen- 
dicular line TY. Q.E.D. 

153. Deduce, from Theorem igg, corresponding properties of the 
parabola. 

154. From a point A on a conic Si, tangents AB, AC are drawb 
to a confocal conic S; ; prove that AB, AC are equally inclined to 
the tangent at A to S,. 

165. Given two tangents to a conic and one focus, find the locus 
of the other focus. 

156. K, Z are the feet of the perpendiculars from a focus 5 of an 
ellipse to two tangents TY., TZ ; prove Chat the perpendicular from 
T to YZ passes through the other focus. 

157. 5, H are the foci of an ellipse j T is the pole of a chord PQ 
through S\ prove that the normals at P, Q meet on JfT. 

158. Construct the centre of a conic which has a given focus and 
is inscribed in a given triangle. 

159. ABCD is a given parallelogram ; a variable conic touches AB, 
BC and its real foci lie on AD, DC; prove that the locus of its centre 
is a straight line. 

160. ABCD is a parallelogram circumscribing a conic, focus 5; 
prove that the circles ABS, ADS are equal. 

161. ABCD IS a fixed parallelogram circumscribing a variable 
conic (T ; prove that the locus of the foci of tr is a rectangular 
hyperbola through A^ B, C, D. 

162. One focus of an ellipse inscribed in a triangle is at the ortho- 
centre ; prove that the centre of the ellipse is ai the nine-point centre. 

163. A variable conic is inscribed in a fixed quadrilateral, inscribed 
in a circle ; if one focus lies on the circle, prove that the other focus 
also lies on the circle. 

164. PQ is a diameter of a conic ; ^ is a point on the curve such 
that PR, QR make equal angles with the tangent at R; prove that 
the pole of PR Ues on the director circle. 

165. The sides BC, CA AS of a triangle ABO, inscribed in a 
conic S], touch a confocal conic S^ at F, Q, B; prove tliat the 
escribed circles of ABO tonch the sides at F, Q, B. [Let the tan- 
gents at A, B, C to -S'l form the triangle XYZ and prove that X, 
Y, Z are the excentres : and use Theorem 199 (4).] 
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THEOBEU 200. 

The locus of the centres of a pencil of conies, circumscribing 
a fixed quadrangle, is a conic circumscribing the common self- 
conjugate triangle of the pencil, and passing through the mid-points 
of the six sides of the quadrangle, and having its asymptotes 
parallel to the axes of the two parabolas of the pencil. 

The proof is left to the reader. 

[In Theorem 192, take / as the line at infinity.] 

Another method of proving Theorem zoo is suggested in Ex. 91, 
Chapter IX. 

166. Prove Theorem 200. 

167. Prove that the centre of a lectangnlai hTperbola circtun- 
Bciihias a given triangle lies on the nine-point circle of the triangle. 

168. A variable rectangular hyperbola touches a fixed line at a 
given point and passes through another fixed point ; find the locus 
of its centre. 

169. ABC is a triangle inscribed in a rectangular hyperbola, centre O \ 
H is its orthocentre ; HO meets the hyperbola at D ; prove that 
A, S, C, D are concyclic. Use Part I, page 43, Ex. 9.] 

170. If two conies of a fonr-point pencil have parallel axes, prove 
that all the conies have parallel axes, and that one of them is a 
circle. 

171. Prove that the lines joining a point to the vertices of a 
quadrilateral circumscribing a conic meet the piolars of those vertices 
in points which lie on a conic through the fixed point. 

172. A conic passes through two fixed pwints and has two pairs of 
fixed points as conjugate points ; prove that the locus of its centre 

173. The conic <r is the locus of the centres of all conies of a pencil 
through four fixed points ; P is any point on a ; prove that the polars 
of P, w.r.i. conies of the pencil, are parallel. 

174. A variable rectangular hyperbola passes through a fixed point 
A ; if its circle of curvature at A is fixed, find (he locus of its centre. 

176. The ctmic o- is the locus of the centres of all conies circnm- 
saribing the quadrangle ABCD ; prove that the centre of tr is 
the mean centre of the points A, B, 0, D. 

176, A variable conic circumscribes a trapezium ; prove that its centre 
lies on one of two fixed lines. 

177. A variable conic circumscribes a cyclic quadrilateral ; prove that 
the locus of its centre is a rectangular hyperbola. 
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178. ABCD is a cyclic quadrilateral ; prove that the axes of the 
two parabolas which pass through A^ B, C, D intersect at right angles 
at the centroid of A, B, C, D. 

179. Prove that the nine-point circles of the triangles ABC, ACD, 
ABD, BCD have one common point. 

180. Construct the centre of a rectangular hyperbola which passes 
through two fixed points and touches a given line at a given point. 

181. A ^ven line / meets any conic through four fixed pfoints A, B, 
C, D in P, Q; prove that P, Q are conjugate points w.r.t. the eleven- 
point conic of the pencil through A, B, C, D corresponding to the line /. 

182. A, B, 0, D are four points on a ItTperbola ; prove that 
the aBymptotes of the liyperlwla are parallel to a pair of co^jng&te 
diameters of the centre-locoB of all conice throneh A, B, C, D. 

183. (T is the locus of the centres of all conies through four fixed 
points ; prove that the asymptotes of any one of the conies meet tr at 
the ends of a diameter. 

184. A, B, C, D are four points on a rectangular hyperbola S ; 
prove that the axes of the centre-locus of all conies through A, B, 
C, D are parallel to the asymptotes of S. 

186. Five quadrangles are formed from five points, no three of which 
are collinear : prove that the five conies which pass through the mid- 
points of the sides of the quadrangles have one common point. 

186. PQ is a diameter of a rectangular hyperbola : any circle through 
P, Q cuts the hyperbola again at R, S ; prove that RS is a diameter 
of the circle. 

187. Two chords AB, CD of a rectangular hyperbola meet at right 
angles at E ; prove that the circle through E and the mid-points of 
AB and CD passes through the centre of the hyperbola. 

188. Prove that the locus of the pole of a fixed line w.r.t a variable 
conic, circumscribing a fixed square, is a rectangular hyperbola. 

189. A circle meets a. rectangular hyperbola at P, Q, B, S ; if FF 
is a diameter of the hyperbola, prove that F Is the orthocentie 
of QBS. 

190. The conic tr is the locus of the poles of a fixed line / wr.r.L a 
system of conies through four fixed points A, B, C, D ; P, Q are the 
meets of / with <r ; prove that tr touches each of the four conies which 
pass through P, Q and touch AB, PC, CA, and that tr touches twelve 
other conies formed in a similar way. 

191. A rectangular hyperbola circumscribes an equilateral triangle 
ABC ; prove that its centre lies on the incirele of ABC. 

192. Prove that the locus of the centre of a conic, passing through the 
incentre and excentres of a triangle, is the circumcircle of the triangle. 
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[ 201 [PlCcker's Theorem]. 

(i) The three circles, whose diameters are the joins of opposite 
vertices of a quadrilateral, are coaxal; and the director circles of 
all conies, inscribed in the quadrilateral, belong to the same coaxal 
system. 

{2) The centres of all conies inscribed in a given quadrilateral 
lie on a line, passing through the mid-points of the joins of opposite 
vertices of the quadrilateral. 




(i) Let A, A' ; B,ff; C, C be the pairs of opposite vertices of 
the quadrilateral. Let the circles on AA', Bff as diameters meet 
at H, K. 

Let PH, HP' be the tangents from H to any conic S inscribed 
in the quadrilateral. 

Then HA, HA'; HB, HB' ; HC, HC ; HP, HP" form an 
involution by Sturm's theorem. 

But AHA' = <}o' — BHB, being angles in a semi-circle. 

.■. since two line pairs are at right angles, every line-pair of the 
involution is at right-angles. [Theorem 173 (2).] 

.'. the circle on CC as diameter passes through H; and the 
director circle of S passes through H. 

Similarly the circle on CC as diameter and the director circle 
of S pass through K. 

.■. the circles on AA', Bff, CC as diameters are coaxal and the 
director circles of all conies inscribed in the quadrilateral belong to 
the same coaxal system. q.e.d. 
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(2) -■. the centres of all the director circles lie on a line 
which passes through the mid-points of AA', BS, CC. 

But the centre of a conic coincides with the centre of its director 

.-. the centres of all conies inscribed in the quadrilateral lie 
on this line. q.k.d. 

Theorem 201 (1) was discovered independently by Gaskin. 

Theorem aoi (2) is due to Newton. A statical proof of it is 
given in Part I., page 120. 

For another method, see Ex. 194. 

Theorem 201 is the reciprocal of Theorem 198, as Ex. 193 will 
show, 

193. If H lies on the dixector circle of each of tvo conies, prove, 
by reciprocatiiiig w.r.t. H, that it lies on the director circle of 
sTsiy conic touching the four conunon tangents of the tvo givm 
conies. 

194. Deduce Theorem 201 (2) from Theorem 191 (2). 

195. What does Theorem 301 become when the points C, C coincidt 
in Fig. 1 54? 

196. If a syfltem of conies touch font fixed lines, prove that the 
radical axis of their director circles is the directrix of the parabola 
teaching the foni lines, 

197. A conic inscribed in the triangle ABC touches BC aX D ; if 
A', ly are the mid-points of BC, AD, prove that the centre of the 
conic lies on AD. 

198. -4, 5 are the centres of the two rectangular hyperbolas which 
can be inscribed in a given quadrilateral ; prove that any circle through 
A, 3 is orthogonal to the director circle of any conic inscribed in the 
quadrilateral. 

199. A variable parabola touches two fixed lines ; if its axis is fixed 
in direction, find the locus of the poles of a fixed line. 

200. A variable conic is inscribed in a given triangle ; if its director 
circle pass through one fixed point, prove that it must pass through 
another fixed point 

201. By taking, in Theorem 201, one side of the quadrilateral as the 
line at infinity, prove that the orthocentre of a triangle circumscribing 
a parabola lies on the directrix. 

202. Prove that, in general, one and only one conic can be drawn to 
touch four fixed lines and have its centre on a given line. 
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203. Prove that the lines bisecting the joins of opfiosite vertices of 
each of the five quadrilatenils fonned by five straight lines are con- 



201. If a parabola is inscribed in the cyclic quadrilateTa.1 ABCD, 
prove that AC, BD meet on its directrix. 

205. A variable conic has a fixed focus and touches two fixed lines, 
prove that its director circle passes through two fixed points, 

206. If in Ex. 205 A, B are the fixed points and P, Q the reflections 
of the fixed focus in the fixed lines, prove that B, Q lie on AB. 

Tffl. Prove that the drctundrcle of a triangle aelf-conjngate w.r.t. 
a conic ii orthogonal to the director circle of the conic. 

208. Prove that the centre of a conic is the radical centre of the 
circumcircles of all triangles self-conjugate w.r.t. the conic 

209. ABCD is a quadrilateral circumscribing a parabola ; prove that 
the join of the mid-points of AC, BD is parallel to the axis of the 
parabola. 

210. Four conies circumscribe the triangle ABC and have a common 
focus D ; prove that the director circle of any conic, touching the four 
corresponding directrices, passes through D. 

211. Prove that any two tangents to a central conic and the four 
perpendiculars to them from the foci touch a conic. 

212. Show how to draw a rectangular hyperbola to touch four given 

213. ABCD is a quadrangle inscribed in a conic ; P, F ; Q, Q ; R, If 
are the opposite vertices of the quadrilateral formed by the tangents 
at A, S, C, D. If the conic o- is the locus of the centres of all conies 
through A, B, C, D, prove that the join of the mid-points of PP", QQ 
is a tangent to <r. 

214. A parabola is drawn to touch the four common tangents of two 
rectangular hyperbolas ; prove that its directrix is the perpendicular 
bisector of the join of the centres of the hyperbolas. 

216. Given a triangle ABC and the centre of an ellipse inscribed 
in it, construct the points of contact with the sides. 

216. T is the pole of the chord PQ of a parabola ; prove that the 
directrix of the parabola is halfway between T and the polar of T w.r.t. 
the circle on PQ as diameter. 

217. Prove that the director circles of a system of conies touching 
four fixed lines cut any transversal in an involution range. 

218. A variable conic touches the fixed lines AB, AC at fixed points 
B, C ; prove that its director circle belongs to a fixed coaxal system, 
of which ,^ is a limiting point 
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219. Pruve that the circumcircle of the diagonal line triangle of a 
quadrilateral cuts the line, passing through the mid-points of the joins 
of opposite vertices, at the centres of the rectangular hyperbolas which 
are inscribed in the quadrilateral. 



E, F, G, H are the feet of the four normals from a point O 
to a conic, centre C; M, JK are the feet of the perpendiculars 
from the pole 7" of £.^to the axes ACA\ BCff ; if GH cyx^ CA 
CB at M\ JV, then ^'C=C^and N'C=CN. 




Let EF meet CA at M". 

By Theorem 146, the points E, F, G, H lie on a rectangular 
hyperbola passing through C and having its asymptotes parallel 
to CA, CB. 

Now the transversal AA' is cut in involution by all conies 
through EFGH; and point-pairs of this involution are M", M" ; 
A, A; C, 00 . 

.-. C is the centre of this involution. 
.-. CM' . CM" = CA.CA'= - CA". 
But, since T is the pole of EF, .-. TM is the polar of M", 
and {AA' ; MM"} is harmonic. 

.-. CM.CM°=CA^; 
.-. CM' -CM'; 
.-. MC= CM &nd similarly JVC=CJV. q.k.d. 
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I 203 QOACHIMSTBAL'S THEOREM]. 

The circle drawn through the feet of three of the normals from 
a point to a conic cuts the conic again at the point, which is 
diametiically opposite to the foot of the fourth normal. 
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The notation is the same as in Theorem aoa. 
Let EC meet the conic again at E and CT meet EF at V. 
Since EV= VE 3.nd EC^CE, CFTis parallel to EE. 
Also by Theorem 202, MJV is parallel to M'N" or Gff. 
But CT, MN are equally inclined to CA, being the diagonals 
of a rectangle. 

.-, E'E, GH xs^ equally inclined to CA, an axis of the conic. 
.■. the circle through EGH cuts the conic again at E. [See 

Ch. VI. Ex. 125.] Q.E.D. 

220. [Harvey's Theorem.] If F, Q, Baie the feet of the noimalH 
to a parabola bom any point, prove tiuit the circiuucixcle of the 
triangle FQB pa,BseB throngh the vertex of the parabola. 

221. F is a fixed point on a central conic ; Q is a variable point on 
the normal at F ; L, M, N oie the feet of the other normals &om Q 
to the conic ; prove that the aides of the triangle LMN envelope a 
parabola. 

222. P, Q, R, S are the feet of the normals from a variable point 
to a conic ; if PQ passes through a fixed point, prove that RS touches 
a fixed conic. 



223. PQ is 
the normals a 



a chord of a parabola fixed in 
P and Q meet on a fixed line. 



prove that 
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224. The normals at the extremities of a variable chord PQ of a 
conic, centre C, meet on a fixed normal I of the conic ; prove that PQ 
envelopes a parabola, whose directrix passes through C and whose 
focus is the foot of the perpendicular from C to the tangent, perpen- 
dicular to /. 

225. The normals at the points P,Q,R,Soaa. conic are concurrent, 
and the circles QRS, RSP, SPQ, PQR meet the conic again at/, q, r, s 
respectively ; prove that the normals at p, q, r, s are concurrent. 



226. EFG is the diagonal point triangle of the quadrangle ABCD ; 
P is any point; £7*1, FP^, GPf are the harmonic conjugates of EP, 
FP, GP w.r.t. the sides of the quadrangle which meet at E, F, G 
respectively ; prove that EP^, FPf, GP^ are concurrent. 

227. A variable conic, centre P, passes through four fixed {joints ; 
2 is a point on the coniq the tangent at which has a fixed direction ; 
prove that PQ passes through a fixed point. 

228. ABC is a triangle inscribed in a conic ; PQ, PR are two chords 
parallel to C3, CA ; PQ meets AB, AC at L, U; PR meets BC, BA 
at V, M; prove that ^=-^ [Prove that {LUQ-=o)={RVM-=o).] 

229. Two conies have double contact ax A, 3 ; prove that the polars 
of any point P, w.r.t the cooics, meet on AB. 

230. Obtain, from Theorem 388, a construction for Theorem 165, 
using a ruler only. 
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CHAPTER XII. 
lOSCBLLANBOUS PBOPEBTIES. 

THEOREM 201 

(i) If two triangles circumscribe a conic, their six vertices lie 
on another conic. 

(3) If two triangles are inscribed in a conic, their six sides 
touch a conic. 




(i) Let ABC, PQR be two triangles circumscribing the conic cr. 
Let AB, AC cut PQ in F, G and RP, HQ cut £C in M, JV. 
Then A{P£CQ}^A{PFGQ} = {PPGQ) 

= (MBCN), by Theorem 57, 

= R[MBCN) 

= P{P£CQ]; 
.-. by Theorem 741 A, R, P, B, C, Q lie on a conic Q.E.D. 
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(a) The proof is left to the reader, 

[It may be proved by reciprocating (1) or by writing at full 
length the dual of the method of (i) or by a "reductio ad 
absurdum" method.] 

THEOBEM 206. 

The circumcircle of a triangle, formed by three tangents to a 
parabola, passes through the focus of the parabola. 

Let ABC be the triangle formed by the three tangents: let S 
be the focus of the parabola, and (d, w' the circular points at infinity. 

Then the triangles ABC, 5W circumscribe the parabola. 

.■. by Theorem 304(1), A, B, C, S, u, 10' lie on a conic; 
.'. A, B, C, .S lie on a circle. q.k.d. 

THEOBEH 206. 
If two conies are such that one triangle can be inscribed in 
one and circumscribed to the other, then an unlimited number 
of such triangles exist 




Let ABC be the given triangle which circumscribes the conic 
rr and is inscribed in the conic 2. 

Let any tangent to cr cut 2 at /", Q and let the other tangents 
from /", Q lo IT meet at H. 

By Theorem 204(1), A, B, C, P, Q, Ji lie on a conic. 

Now only one conic can be drawn through five given points 
[Th. 147]. 

.'. since 2 passes through A, B, C, P, Q, it must also pass 
through P ; 

.'. PQJi is inscribed in S and circumscribed to tr; 

-■. an unhmited number of such triangles exist. q.e.d. 
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1. Prove Theorem 204 (2) by the dual method. 

2. Prove Theorem 204 (2) by the "reductio ad absurdum" method. 

3. The in-centre of a triangle inscribed in a rectangular hyperbola 
lies on the curve ; prove that the in-circle passes through the centre 
of the hyperbola. 

4. Ti, T, are the poles of tro chords P,Qi, PiQi of a conic ; 
prove th&t the six poiats T„ Fi, Qi, T„ P„ Q^ lie on a conic. 

6. A variable parabola has a fixed self-conjugate triangle ; prove 
that the locus of its focus is the nine-point circle of the triangle. 

6. Through each of two points J', Q, a pair of lines are drawn so 
as to form a cyclic quadrilateral ABCD; prove that the focus of the 
parabola inscribed in ABCD lies on PQ. 

7. If two circles j,, j, ; radii r,, rj ; centres Ai, A^; are such 
that triangles can be inscribed in j, and circumscribed to jj, prove 
that — 2rirj is equal to the power of A^ w.r.t Jj. 

8. PQR is a triangle circumscribing a conic, focus S ; \f P, Q, R, S 
are concyclic, prove that the conic is a parabola. 

9. i^ is a focus of an ellipse 5, ; 5, is a circle, centre F, of radius 
equal to the major axis ; prove that an unlimited number of triangles 
can be inscribed in 5j and circumscribed to 5j. 

10. With the notation of Ex. 9, prove that the orthocentre of every 
triangle inscribed in 5, and circumscribed to 5, is at the second focus 
of 5i. 

11. If two conies are snch that one qnadiilateral can be inscribed 
in one and circnmscribed to the other, prove that an unlimited 
number of snch quadrilateials exist. [If quadrilateral ABCD is 
inscribed in ^| and circumscribed to 2j, project 2, into a circle <r, 
having projection of meet oi AC, BD as centre : and note that cr^ is 
director circle of projection of 2j.] 

12. liABCD is a variable quadrilateral inscribed in one fixed conic 
and circumscribed about another fixed conic, prove that AC, BD 
meet at a fixed point. 

13. A variable parabola has a fixed focus and touches a fixed line / ; 
prove that the locus of the point of contact of the other tangent from 
a fixed point on / is a circle. 

11. T is the pole of a chord FQ of a parabola, focus 8 ; prove 
that TQ tenches the circle through T, F, S. 

15. Construct the focus and directrix of the parabola which touches 
four given lines. 

16. T is the pole of a chord PQ, of a parabola ; R is the mid-point 
of PQ ; a hyperbola is drawn through P, Q, T with one asymptote 
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parallel to 77? ; if it meets the parabola again at S, prove that the 
tangent at S to the parabola is parallel to the other asymptote. 

17. T is the pole of a chord PQ of a hyperbola Sj, centre C; a 
hyperbola Sg is drawn through T, P, Q with asymptotes parallel to those 
of ■?, ; prove that 5, passes through C and that its centre lies on CT. 

18. Find the locus of the focus of a parabola touching a given line 
at a given point and a second fixed line. 

19. A conic is inscribed in a triangle ABC and passes through the 
circumcentre of ABC ; prove that the circumcircle touches the director 
circle of the conic. 

20. T is the pole of a chord PQ of a parabola, focus 5 ; is the 
circumcentre of TPQ; prove that OST=qo'. 

THEOBEU 207. 

If two triangles are self-conjugate w.r.t. a conic, then their six 
sides touch a conic : and their six vertices lie on a conic. 
Of _ 



Let ABC, PQJi be two triangles, self-conjugate w.r.t. a conic. 
Let PQ, PR meet BC in Q, K and AB, AC meet QR 
in ff, C. 

Now Q is the meet of PQ, BC, whose poles are R, A ; 
.-. the polar of Q is AR ; and similarly the polar of R is AQ. 
.-. (^(2'-ff'{7}-^{C^<35f,the pencil of polars, by Th. 55, 
= {CRQB') 
= {BQRC) ; 
.-. BB", QQ', RR", CC touch a conic, touching BC, BC, by 
Th. 7s; 

.'. the sides of ABC, PQR touch a conic; q.e.d. 

.'. by Theorem 204, the vertices of ABC, PQR lie on a 

conic. Q.E.D. 
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THEOREM 208. 
If two triangles are inscribed in the same conic, there exists a 
conic w.r.t which both triangles arc self-conjugate. 




Let ABC, PQR be the two triangles inscribed in a conic 2. 

Project QH to infinity and P into the orthocentre of the pro- 
jection of the triangle ABC. [Theorem 48.] 

Denote corresponding elements of the new figure by small 
letters. 

The conic v circumscribes the triangle abe and passes through 
its orthocentre/; .*. cr is a rectangular hyperbola. [Th. 198.] 

But y, r are points at infinity on a-; 
■■■ gpr-^go-; 

.'. pgr is a self-conjugate triangle w.r.t. any circle, centre p. 

Let a-y be the circle w.r.t which the triangle abe is self-conjugate. 

Then the centre of <rj is at / ; and therefore pqr is self-conjugate 
w.r.t. (T,. 

Hence abe and J>gr are self-conjugate w.r.t. u^ ; 

.■. in the original figure, there exists a conic Sj w.r.t. which 
ABC and PQR are each self-conjugate. q.k.d. 

Corollary. 

If two triangles circumscribe the same conic, there exists a 
conic w.r.t which both triangles are self-conjugate. 

This follows at once from Theorem 204. 

For another method of proof of Theorem 208, see Ex. 25, 26. 
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If two conies Si, S^ are such that one triangle can be inscribed 
in S^, which is self-conjugate to 5;, then an unlimited number 
of such triangles exist. 




Let A£C be the given triangle inscribed in 5,, which is self- 
conjugate to ^j. 

Take any point /* on 3^ : let the polar of P w.r.L S^ cut S^ 
at Q; let the line through P conjugate to PQ w.r.t. S^ cut the 
polar of F at /?. 

Then PQJi is a self-conjugate triangle w.r.t. S^ ; 

.". by Theorem 207, A, B, C, P, Q, R lie on a conic. 

But five points determine a conic, and A, B, C, P, Q lie on ^i. 

.-. R lies on S^ ; 

.". PQR is inscribed in S^ and self-con jugate to S^; 

.'. an unlimited number of such triangles exist. q.e.d. 



If two conies S^, S^ are such that one triangle can be circum- 
scribed about 5j, which is self-conjugate w.r.t. S^, then an unlimited 
number of such triangles exist. 

The proof is left to the reader. 
Definitions. 

(i) The conic S^ is said to be harmonicallr circumscribed to 
the conic i'j, if 5, circumscribes one triangle (and therefore an 
unlimited number of triangles), self-conjugate w.r.t. S^. 

(z) The conic 5, is said to be haxmomc&lly inscribed to the 
conic Sj, if S^ is inscribed in one triangle (and therefore an unlimited 
number of triangles), self-conjugate w.r.t. S^. 
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If a conic 5, is harmonically circumscribed to a conic S^, then 
Sj is harmonically inscribed to Sy 




PQR is a triangle inscribed in ^j and self-conjugate w.r.t. S^^. 

Let ^ be a conic w.r.t. which 5j and S^ are reciprocal. 
[Theorem iii.] 

Reciprocate the figure w.r.t. S, and consider, in one system, 
the new figure and the old figure. 

Then, S-^ becoming S^, and S^ becoming 5p PQR becomes a 
triangle pqr circumscribing 5^ and self-conjugate to 5, ; 

.*. S^ is harmonically inscribed to S-^. q.e.d. 



THEOBEM 212. 
If PQR is a triangle circumscribing a rectangular hyperbola S, 
the polar circle o- of PQR passes through the centre C of S. 

Let lu, lu' denote the circular points at infinity. 
Now by hypothesis, 5 is harmonically inscribed in tr; 
.■. IT is harmonically circumscribed about S. 
But CtiMu' is a self-conjugate triangle w.r.t. 5 and two of its 
vertices a>, w' lie on <r; .-. C lies on tr. q.e.d. 

This is a special case of a more general theorem. [Th. 215.) 
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THEOREM 213. 
If triangles can be inscribed in a conic Sj and circumscribed 
to a conic S^, prove that all such triangles are self-conjugate to 
a conic 5 w.r.t. which S^ and S^^ are reciprocal. 




Let ^i-5,6'i, A^^C^ be two of the triangles. 

Let S be the conic w.r.t. which both triangles are self-conjugate. 
[Theorem 208.] 

Reciprocate the system w.r.t. S. 

Then A^B^C-^, A^^C^ being self-conjugate w.r.t. S, reciprocate 
into themselves; 

.■. .S^ reciprocates into a conic touching the sides of the triangles 
A^B^C-i, A^^C^, i.e. into S^; 

.-. 5 is a conic w.r.t. which 5, and S^ are reciprocal. 

L^t BC be the polar w.r.t. S of any point ^4 on 5, ; 
.'. BC touches S^. 

Let B be one meet of BC and 5,. 

Then the polar of B w.r.L S touches S^ and passes through A \ 
let it cut BC at C. 

Now the triangles A.^ B-^ Q, ABC are self-conjugate w.r.t. S; 
.■. their six vertices lie on a conic. 

But A^, B^, Ci, A, B lie on S^; 

.'. C lies on 5,, 

Similarly AB touches S^; 
.'. ABC is a triangle, inscribed in ^j and circumscribed to S^^ 
and self-conjugate to S; 

But A is any point on S^ ; 
.'. all triangles inscribed in S-j and circumscribed to S^ are self- 
conjugate w.r.t. S. Q.E.D. 
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Corollary. 

If a triangle ABC is inscribed in a conic 5, and circumscribed 
to a conic S^, and if PQR is the common self-conjugate triangle 
of .^ and S^, then the vertices of the triangles ABC, PQR lie 
on a conic. 

SPQR is self-conjugate w.r.t. S, Theorem iir Cor.] 

21. Prove Theorem 2ia 

22. Prove Theorem 213 Corollary. 

23. If the polar circle of a triangle circumscribing a conic passes 
through the centre of the conic, prove that the conic must be a 
rectangular hyperbola. 

24. PQB is a triangle Belf-conjncate w.r.t. a lectangnlar hyperbola, 
centxfl C ; prove that P, Q, B, lie on a circle. 

26. ABC is a given triangle, /* is a given point, QR is a given line ; 
prove that there exists a conic 2 w.r.t. which ABC is self-conjugate, and 
such that P is the pole of QR w.r.t, 2 ; and tliat 2 may be constructed 
as follows : BC meets QR, AP At Q, Q ; E, F are the double points 
of the involution B, C ; Q, Q ; PE meets QR at R ; D \s the harmonic 
conjugate of E w.r.t P, R. Then 2 is the conic passing through D 
and touching AE, AF at E, F. 

26. Deduce Theorem 208 from Ex. 25 and Theorem 207. 

27. ABC, DEF are two self-conjugate triangles w.r.t. a conic S ; 
prove that the polar w.r.t S of the meet of AD, BE is a Pascal line 
of the hexagon whose vertices, in some order, are A, B, C, D, E, F; 
hence prove that the three Pascal lines through the meets of (i) BC, 
EF; AC, DF and (2) AC, DE ; AE, EF and (3) AB, DF ; BC, DE 



28. The sides of a triangle touch a conic S, at A, B, Cand its vertices 
lie on a conic S^; if PQR is the common self -conjugate triangle of 
5„ 5j, prove that A, B, C, P, Q, R He on a conic [Use Th. 213,] 

29. PQR is a triangle self- conjugate w.r.t a conic, centre C ; prove 
that the asymptotes of any hyperbola through P, Q, R, C are parallel 
to a pair of conjugate diameters of the given conic. 

30. T is the pole of a chord FQ of a conic 8, ; 8) is a conic 
throngli T touching FQ at F; prove that Si is harmosicallr 
inscribed in S^. 

81. CP, CD are conjugate semi-diameters of a conic 5, ; 5^ is a 
hyperbola through C with its asymptotes parallel to CP, CD ; prove 
that Si is harmonically inscribed in S^. 
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32. AB is the diameter of a circle S■^ ; 5j is a conic, having AB 
as directrix and its corresponding focus on i'l ; prove that S^ is 
harmonically inscribed to S■^. 

33. The centre of a circle i", lies on a rectangular hyperbola S^ ; 
prove that 5| is harmonically inscribed to S^. 

34. Prove that any circle, whose centre lies on the directrix of a 
parabola, is harmonically circumscribed to the parabola. 

35. <9 is a point on a rectangular hyperbola S^, centre C ; S^'\% 
the circle, centre O, radius OC ; S^ is the parabola, whose focus is C 
and directrix is the tangent at O to 5, ; prove that 5], 5,, 5, are so 
related that triangles can be inscribed in any one, which are self- 
conjugate to any other and are circumscribed to the third. 

36. Any circle through the focus of a parabola circumscribes triangles 
in which the parabola is inscribed. 



ftangular hyperbola 



37. Any circle through the centre of a 
harmonically circumscribed to the hyperbola. 

38. The orthocentre /f of a triangle ABC inscribed in a conic 5 
lies on the director circle of 5 ; prove that the piolar of H w.r.t. S touches 
the circle w.r.t which ABC is self-conjugate. 

39. The conic 5, is inscribed in a triangle self-conjugate to the 
conic 5j ; if the join of two of its points of contact touches 5j, prove 
that the joins of the other points of contact also touch Sj. 

40. PQ is a chord of a rectangular hyperbola, centre C; prove that 
the pole of PQ lies on the circle through C, which touches PQ at P. 



41. T'\s the pole of a chord PQ of a 
triangle w.r.t. S\ prove that any coni 
harmonically. 

42. The focus 5 of a conic ir, lies 
CT-j ; if <r, is harmonically inscribed t 
polar of S w.r.t. o-j. 



conic S ; ABC is a self-conjugate 
: through A, B, C, T cuts PQ 



>n the director circle of a conic 
I <Ti, prove that o-, touches the 
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THEOBEH 211 [Gaskin's Theorem]. 
The circumcircle of a triangle, self-conjugate w.r.t. a conic, is 
orth<^onal to the director circle of the conic. 




Let PQR be the self-conjugate triangle. 

Circumscribe a quadrilateral about the conic, having I'QH as 
diagonal line triangle. This can be done by Theorem 73, 

I>et A, A' ; B,B ; C, C be the pairs of opposite vertices of the 
quadrilateral. 

Since {AA!; PR], {BS ; FQ}, {CC; QR) are harmonic, the 
circles, whose diameters are AA', BS, CC, are orth(^onal to 
the circle FQR. 

.'. the circle PQR is orthogonal to every circle coaxal with 
these circles, and therefore, by Theorem 201, is orthogonal to the 
director circle of the given conic. Q e.d. 

This theorem was discovered independently, eight years later, 
by a Frenchman, M. Faure, in i860. For another method of 
proof, see page 349. 

43. Prove that the ciicomcentie of a triangle, eelf-canjugate 
to a parabola, lies on the directrix. 

44. Prove that the circumcircle of a triangle, eelf-conjngate to 
a rectangular hyperbola, passes through the centre of the hyperbola. 



b> Google 



XII.] MISCELLANEOUS PROPERTIES 343 

45. If two circles are harmonically circumscribed to a conic, prove 
that their radical axis passes through the centre of the conic. 

46. H is the orthoeentre of a variable triangle ABC, circumscribing 
a given conic ; AH meets BC at D ; if //A . HD is constant, prove 
that ihe locus of /^ is a circle. 

47. 5 is a focus of a conic a- inscribed in a triangle PQR i a 
rectangular hyperbola is drawn through S, having PQR as a self- 
conjugate triangle ; prove that it touches the major axis of tr. 

48. Two conies have double contact at A, B, and are each 
harmonically circumscribed to a conic S ; prove that AB touches S. 

49. The circumcircle of a triangle, self-conjugate w.r.t. a given conic, 
is of fixed size ; find the locus of its centre. 

50. Two triangles are inscribed in concentric circles and their six 
vertices lie on a conic ; prove that there exists a parabola w.r.t. which 
both triangles are self-conjugate. 

51. Two conies i",, S^ have a common focus S, and each is harmoni- 
cally inscribed to a conic 5, ; prove that the meet of two common 
tangents of Sy, 5j lies on the polar of .S" w.r.t. S^. 

52. P is any point on the directrix of a conic, focus S ; PT is the 
tangent from P to the director circle; prove that P7'—PS. 

53. A rectangular hyperbola is harmonically circumscribed to a 
parabola ; prove that the axis of the parabola is parallel to the polar 
of the focus of the parabola w.r.t tjie hyperbola. 

54. PQR is a variable triangle self- conjugate w.r.t. a given parabola ; 
if P is fixed, prove that the circle PQR belongs to a fixed coaxal 
system. 



: 215. 

The polar circle 5 of a triangle circumscribing a conic t is 
orthogonal to the director circle of tr. 

By hypothesis, a- is harmonically inscribed in S. 

.■■ by Theorem 211, S is harmonically circumscribed to tr; 

i.e. S circumscribes a triangle, self-conjugate to <r. 

.". by Theorem 214, S is orthogonal to the director circle of t. 

THEOBEH 216 [Steiner's Theorem]. 
The orthoeentre of a triangle circumscribing a parabola lies on 
the directrix. 

The polar circle of the triangle is, by Theorem 215, orthogonal 
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to the directrix of the parabola, since the director circle of a 
parabola is the directrix and the line at infinity. 

.■- the centre of the polar circle of the triangle lies on the 
directrix ; 

i.e. the orthocentre of the triangle lies on the directrix. 

Q.E.D. 

56, Deduce Steiner's theorem from Theorem 201, by taking" one side 
of the quadrilateral as the line at infinity. 

56. Deduce Theorem 198 from Theorem 216, by reciprocation. 

67. a, b are the axes of a conic inscribed in a given triangle ; find 
the centre of the conic for which a*+i^ is a minimum. 

58. If a tiiangle is self-coqjngate w.r.t. a rectangnlar hyperbola, 
prove that its inceutre and excenlres lie on the cnrve. 

59. PT, QT are tangents to a parabola ; P is the point of contact 
of PT% PQ is drawn perpendicular to TQ and meets the directrix at 
D; prove thai DTP=<^. 

60. Find the focus and directrix of a parabola which touches two 
given lines at given points. 

61. The vertices of two triangles, having a common orthocentre, he 
on a conic ; prove that they have the same polar circle. 

62. A conic is inscribed in a triangle, self-conjugate w.r.L a rect- 
angular hyperbola, and has one focus at the centre of the hyperbola ; 
prove that it must he a parabola. 

63. G is the centroid of a triangle ABC circumscribing a parabola ; 
prove that the polar of G w.r.t. the parabola touches the conic which 
passes through A, B, C, and has its centre at G. 

64. Given a self-conjugate triangle of a rectangular hypertmla, prove 
that the locus of its centre is a circle. 

65. The polar circle of a triangle circumscribing a conic passes 
through a focus ; prove that its orthocentre lies on a directrix of the 

66. A variable conic rr circumscribes a fixed triangle and is harmoni- 
cally circumscribed to a fixed conic 2 ; if the fixed triangle is not 
self-conjugate w.r.t. 2, prove that it passes through another fixed point, 

67. A variable triangle circumscribes a fixed conic ; if its orthocentre 
is fixed, prove that its polar circle is also fixed, 

68. Prove that the locus of the centres of rectangular hyperbolas, 
inscribed in a fixed triangle, is a circ'e. 

69. A variable conic is inscribed in a fixed triangle ; if the iinm 
of the BQttareB of its axes is constant, find the locns of its centre. 
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70. Two circles S[, S^ are haimonically circwnscribed to a conic 
IT ; prove that any circle coaxal with S, , 8^ is harmonically circnin- 
scribed to <r. Oeneralise this theorem. 

71. Two circles S^, S^ are harmonically circumscribed to a conic tr ; 
prove that the limiting points of the coaxal system, defined by S'l, S^, 
lie on the director circle of <t. 

72. BE, CF are altitudes of the triangle ABC; EF meets BC aX H ; 
prove that the focus of the parabola inscribed in ABC, and touching^ 
EF, lies on AH. 

73. Find the locus of the circumcentre of the triangle formed by 
two fixed tangents, and one variable tangent of a parabola. 

74. <r, is a parabola harmonically inscribed to a hyperbola (Tj ; prove 
that the asymptotes of o-j are conjugate lines w.r.t. o-i- 

75. A system of conies touch three fixed lines ; prove that their 
director circles have a common radical centre. 



THEOREM 217. 

Pairs of points P, P' ; Q, Q ; R, R divide harmonically the 
joins of opposite vertices AA' ; BE ; CC of a quadrilateral ; 
then the six points F, F, Q, Q, R, R' lie on a conic. 




ct--'' 



Project R, R into the circular points at infinity. 
Then ABA'ff becomes a rectangle, since B{AA' \ RR) is 
harmonic. 

In the projected figure, 

since [aa' ; pp'} and [M ; gg) are harmonic, 

ep . ep' = ea^ = eb^ ^eq . eq ; 

.-. q, q', p, p' lie on a circle; 

.-. in the original figure, P, P, Q, Q, R, R lie on a conic- 
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! 218 [Hesse's Theorem]. 

If two pairs of opposite vertices of a quadrilateral are conjugate 
points w.r.t. a conic ^ then the third pair of opposite vertices 
.are also conjugate w.r.t. 2. 

In Fig. 165, let A, A' and B, B' be conjugate w.r.t. X 

Let S cut AA-; BE; CC at P, F ; Q, Q ; R, R'. 

By hypothesis {A A' ; PF) and {BB ; QQ\ are harmonic. 

But only one conic can be drawn through P, F, Q, Q, R. 

.■. by Theorem 217, {CC ; RR) is harmonic. 

,'. C, C are conjugate w.r.t. 2. q.e.d. 



219. 

If two pairs of opposite sides of a quadrangle are conjugate 
lines w.r.t. a conic 2, then the third pair of opposite sides are 
-also conjugate w.r.t D. 

This is simply the reciprocal of Hesse's Theorem. 

Another method of proof is given on page 348. 



If two triangles are conjugate to each other w.r.t. a conic, the 
meets of corresponding sides are coUinear and the joins of corre- 
isponding vertices are concurrent. 
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JjCt the triangles ABC, A'B'C be conjugate to each other w.r.t. 
the conic 2 {i.e. the sides of either are the polars of the vertices 
of the other w.r.t. 2). 

Let P,Q,/ihe the meets of BC, BC , CA, CA' ; AB, A'B. 
Now in the quadrilateral ACPR, two pairs of opposite vertices 
A, P; C, P are conjugate points w.r.t. 2; 

.". the third pair of opposite vertices are conjugate w.r.t. 2; 

-■. B is conjugate to the meet of AC, PP. 
But the polar of B is A'C; 

.'. A'C passes through the meet of AC, PP; 

.: Q lies on PP; 

.-. the meets of corresponding sides are collinear; 

.■. also, by Theorem 47, the joins of corresponding vertices are 

concurrent. q.e.d. 

Another method of proof is suggested in Ex. 76, 

76. Prove Theorem aac^ by projecting 2 into a circle, having the 
projection of A as centre. 

77. Is Theorem 220, prove that the meet of AA', BB', CC is 
the pole of FQB w.i.t. 2. 

78. A, A' ; B, B" ; C, C are points on a. conic ; the double points 
of the involution ranges on the conic, determined by BB", CC ; CC, 
AA' ; AA; BB, are P, P ; Q, Q ; /i, P respectively. Prove that 
the involutions, determined by AA', PP ; BB", QQ ; CC, RR, have 

1 pair of corresponding points. 
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THEOBEH 221. 
5i, S^ are harmonically circumscribed to a conic 2, 



If two 

then every conic of the pencil, determined by S^, S^ 
harmonically circumscribed to 2. 




Let S^, S^ meet at A, B, C, D. 

Let the polar of A w.r.t. 2 cut S-^ at P, P', and S^ at Q. Q, 
and 2 at E, F, and any other conic S^ of the pencil at R, K. 
By hypothesis, APP, AQQ are self-conjugate triangles w.r.L 2; 

.-. {PP; EF}, {QQ; EF} are harmonic; 
,". E, F are the double points of the involution, determined 
by P, P\ Q, Q. 

But by Desai^ues' theorem, A', ^ is a point-pair of this 
involution. 

.'. {RIf \ EF) is harmonic; 
.-. ARR is a self-conjugate triangle w.r.t. 2; 
,■. S^ is harmonically circumscribed to 2. q.e.d. 
By taking S^, S.^ as line-pairs, we have the following important 
particular case of Theorem 221 : 

If two pairs of opposite sides of a quadrangle are conjugate lines 
w.r.t a conic, so also is the third pair. 

This is the dual of Hesse's theorem: see Theorems 218, 219. 

THEOBEH 222. 

If two conies ^p S^ are harmonically inscribed to a conic 2, 
then every conic of the range, determined by 5j, .S^, is also 
harmonically inscribed to 2. 

The proof is left to the reader. 

79. Prove Theorem 222. 

80. Deduce Hesse's theorem from Theorem zzz, 

81. ABC, PQR are two triangles inscribed in a conic ; two conies are 
drawn circumscribing ABC and PQR respectively and having double 
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contact ; prove that their chord of contact touches the conic w.r.t. which 
ABC and PQR are self-con>ugaCe. 

82. ^1, S^ are two conies with parallel asymptotes, and are each 
harmonically circumscribed to a conic 5, ; prove that the common 
chord of S^, 5"j passes through the centre of S^. 

83. What is the special case of Ex. 82, if 5, is a circle? 

84. If two confocal conies are harmonically inscribed in a third 
conic S, prove that S must be a rectangular hyperbola. 

85. Two parabolas are inscribed in a triangle ABC and are harmoni- 
cally inscribed to a conic 5 ; if /? is the centre of S, prove that AD, BC 
are conjugate w.r.t. 5. 

86. Two conica, which are haxmonically circnniscribed to a 
conic S, have double contact at A, B ; prove that AS touches 8. 

87. TP, TQ are the common tangents of two parabolas with parallel 
axes, which are each harmonically inscribed to a conic S, centre C ; 
prove that the diameter of S conjugate to CT is parallel to the axes 
of the parabolas. 

Theorem 221 yields an interesting proof of Gaskin's theorem. 

Lei S^, S^ be two circles harmonically circumscribed to a conic -. 

If they meet at A, B, by Theorem 221, AB and the line at 
infinity (the join of the circular points) are conjugate lines w r.t. 2. 

.'. AB passes through the pole of the line at infinity w.r.t. 2, 
i.e. the centre of 2, say O. 

.'. the tangents from O to all circles harmonically circumscribed 
to 2 are of equal length. 

.'. all circles harmonically circumscribed to 2 are ortht^onal to 
a certain circle a, centre O. 

.'. the point-circles which are harmonically circumscribed to 2 
must lie on <r. Therefore the isotropic lines, forming one of these 
point-circles at B, are conjugate w.r.t. 2; therefore the tangents 
from /■ to 2 are at right angles and therefore B lies on the 
director circle of 2. 

.■. <r must be the director circle of 2, q.e.d. 

Another method for finishing this proof is given in Ex. 88 : and 
another method of proof in Ex. 8g. 

88. If in the above proof CA, CB are Che semi-axes of 2, and if T 
is the pole of AB w.r.t. 2, prove that the circle through T, touching 
AB at A, is harmonically circumscribed to 2 that CT is a tangent 
to this circle and that its length is -fCA^VcW. 
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89. The director circle of 2 meets a circle tr, harmonically circum- 
scribed to S, at j4 i the polar of A w.r.t 2 cuts 2 at P, fi and o- at 
S, C; J? is the mid-point of PQ; prove that (i) {BC; PQ) is 
harmonic and PAQ^-jo' ; {2) RB .RC=RP^=IiA*; (3) RA touches 
(T and passes through the centre of 2 ; (4) o- is orthogonal to the 
director circle of 2. 



! 223 [Steiner's Theorem]. 
A variable conic is inscribed in a given triangle: if the sum of 
the squares of its axes is constant, the locus of its centre is a. 
circle, whose centre is the orthocentre of the triangle. 



Let ABC be the given triangle, and H its orthocentre. 

Let c^ be the constant sum of the squares of the semi-axes 
of the variable conic, and d the radius of the circle S w.r.t, which 
the triangle ABC is self-conjugate. 

Let P be the centre of one of the inscribed conies, cr. 

By Theorem 215, S is orthogonal to the director circle of tr. 

But the centre P oi v coincides with the centre of its director 
circle. 

.■. the locus oi P is & circle, centre If. q.k.d. 

90. A variable rectangular hyperbola touches three fixed lines ; find 
the locus of its centre. 

91. Prove that the polar circles of the four triangles, formed by 
four straight lines, are coaxal, and that their radical axis passes through 
the mid-points of the joins of opposite vertices of the quadrilateral, 
formed by the four lines. 
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THEOREM 224 [Chasles' Tkeorgm| 
If the sides of a triangle PQR touch a conic S^-, and if Q, R 
move on conies S^, S^ confocal to 6'j, then P moves on a conic 
S^ also confocal to Sy 




Let P'QK be an adjacent position of PQR. 

By Theorem 204, P, P, Q, Q, R, K lie on a conic <r. 

Produce PP', QQ, RR to form the triangle XYZ. 

Since in the limit, o- touches the sides of XYZ at P, Q, R, by- 
applying Brianchon's theorem to the hexagon PPQQRR, it follows- 
that PX, QY, RZ are concurrent, at O say. 

Produce QP to meet ^y at H: from the quadrilateral QPYX, 
[XY; Rff} is harmonic, and therefore Q[XY; RP} is harmonic :. 
produce PQ to X. 

By Theorem 199 (2), page 322, since ZQX touches a conic S^^ 
confocal to S^, XQR=ZQP=XQK. 

But Q{XY; RP] = - i = Q[XY; RX) ; 

.■. QY is perpendicular to XZ. 

Similarly, since R moves on a conic S^, confocal to S^, 

RZ is perpendicular to XY; 

.-. O is the orthocentre of XYZ; 

.". PX is perpendicular to YZ; 

.■. by similar reasoning, P moves on a conic, confocal to .S,_ 

Q.E.D. 
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Corollary. 

If a. quadrilateral circumscribes a conic S, and if three of its 
vertices trace out conies confocal to S, then every vertex traces 
out a conic confocal to S, provided that each side passes through 
at least one of the given vertices. 

[Let ji. A' ; B, S \ C, C be the pairs of opposite vertices : 
let j4, A', B be the given vertices: apply Theorem 224 to the 
circumscribing triangles which have AB and A'B as bases.] 

92. Prove the Corollary of Theorem 224. 

93. Extend Theorem 224 to the case of a polygon circumscribing a 



94. Prove FoBcelet'a theorem : that if a Tariahle triangle ABC 
is inscrihed in a given circle S, and if AB, AC tonch fixed circles 
coaxal with S, then BC tonches a circle coaxal with S. 

96. S], S,, S3 are three conies inBcrlbed is a given vnadrUateral ; 
a variable triangle ABC circiunscribea S, ; B lies on S; ; C lies 
on S3 ; prove tlLat the locus of A is a conic inscribed in the given 
Quadrilateral. 

96. Generalise Eji. 95. 

97. 5„ 5s, Si are three conit 
a variable triangle ABC is inscr 
S^ ; find the envelope of BC. 

98. Generalise Ex. ,97. 

THBOBEH 225. 

The cross ratio of the. pencil, formed by the polars of any point JI 
w.r.t. four conies of a pencil of conies through four fixed points, 
is independent of the position of ff. 




Project the pencil of conies into a system of coaxal circles. 
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Let a,, a^, a^, a^ be the centres of the circles jj, s^, s^, ^i- 
Let the polars of fi w.r.t. the circles concur at the point k: and 



let Aoj, ha^, ha^, ha^ me» 


■■t the polars 


of A w 


r.t. the circles j,, 


Then 








-tiAAAAl-AfAAAA}. since the 
= constant 


pencils 


are equiangular, 


.-. in the original figure, 
ratio. 


the pencil 0: 


polars 


s of constant cross 

Q.ED. 



Corollary, 

The pencil formed by the polars of any point // w.r.t. any 
number of conies of a pencil through four fixed points is homo- 
graphic with the pencil of polars of any other point ^'. 

Another method of proof is indicated in Ex. 99. 

99. Prove Theorem 225 without projection, by using Theorem 192. 

100. Four conies pass throngli four common points A, B, C, D ; 
prove that the cross ratio of the tangents at A to the conies is 
equal to the cross ratio of the tangents at B. 

101. Prove that the range formed by the poles of a line /[ w.r.t. a 
system of conies touching four fixed lines is homographic with the 
ranges formed by the poles of any other line /j w.r.t. the conies. 

102. Four conies are inscribed in the quadrilateral ABCD ; prove 
that the cross ratio of their points of contact with .^5 is equal to 
the cross ratio of their points of contact with BC. 

103. ABCD is a given quadrangle ; find the locus of the centre of 
a conic, having ABC as a self- conjugate triangle and D a point on 
its director circle, 

lot. Construct the asymptotes of a hyperbola, given its centre and 
a self- conjugate triangle. 

105. Find the locus of centres of hyperbolas which pass through 
two fixed points and have their asymptotes parallel 10 two fixed lines. 

106. The conic 5, is harmonically circumscribed to the conic S^. 
If a tangent to S, cuts 5; at A, B, prove that the tangents at A, B 
to 5, are conjugate w.r.t. Sj,. 

107. The sides BC, CA, AB of a triangle touch a conic at D, E, F 
respectively ; a tangent at any point P on the conic cuts BC, CA, AB, 
EF, FD, DE S.X. a, b, c, d, e, f \ prove that \a6cP)=\defP). 
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108. A„ A,, A3, At are four points; 5,, S^, S^, 5, are four conks 
with their centres at one of the four points, and having the triangle 
formed by the other three as a self-conjugate triangle ; prove that 
S|, >Sj, 5j, 5, are homothetic to each other and to the conic-locus of 
Che centres of all conies through Ai, A^, A„ A,. 

109. The orthocentre of a variable triangle, circumscribing a given 
conic, is at a focus of the conic ; prove that the polar circle and the 
circumcircle of the triangle are fixed. 

110. 5 is a point on the polar circle of the triangle ABC; prove 
that a directrix of the conic, which is inscribed in ASC, and has one 
focus at -V, passes through the orthocentre of ABC. 

HI. A, A' ; B, B are two pairs of opposite vertices of a quadrilateral, 
circumscribing a conic ; PQ is any chord of the conic, concurrent with 
AA\ BR ; prove that A, A\ B, R, P, Q lie on a conic. 

112. Prove that (he axes of a conic, inscribed in a fixed quadrilateral, 
the sides of which touch a circle, envelope a parabola, whose directrix 
is the line through the mid-points of the joins of opposite vertices of 
the quadrilateral. 

113. The three meets of the pairs of chords joining four points on a 
rectangular hyperbola are concyclic with the centre of the hyperljola. 

114. Two concentric coaxal ellipses are such that triangles can be 
inscribed in one and circumscribed to the other. ACA', BCR are the 
principal axes of the larger and aCa, bCl/ of the smaller. Prove that 
the tangents at a, b meet on a side of the parallelogram ABA'R. 

115. A variable triangle is inscribed in a fixed circle and circumscribes 
a fixed parabola ; prove that the locus of its centroid is a straight line. 

lis. A variable ellipse is inscribed in a triangle ABC and passes 
through the ci.rcumcentre of ABC ; prove that its director circle touches 
the circumcircle and the nine-point circle of ABC. 

Hence find the locus of the centre of the ellipse. 
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involution pencils, 269-274. 

involution ranges, 262-279. 

projection, conical, 76-85. 

projection, orthogonal, 34, 38-9. 

reciprocation, 199-203. 
Angle, between lines and planes, 54. 

imaginary, 8, 
Apollonius, 87-8, 123. 
. theorem on normals, 258. 
Area! coordinates, 82. 
Aristaeus, 87. 
Asymptotes, as tangents, 101. 

of circle, 124. 

for hyperbola, 107. 
Auxiliary circle, 40. 
Axes of conic, 133-4. 

Boscovich, on continuity, 2. 

on director circle, 257. 
Biianchon, 147, 171. 

hexagon theorem, 149, 150. 



theorem on orthocentre, 32a 
Bromwich, notation for infinity, 19. 
Broomfield, solid geometry, 51-64. 

Camot, 65, 147. 

triangle theorem, 160. 
Central properties, 100-109. 
Centre-locus of pencil of conies, 324. 

range of conies, 326. 
Centroid in projection, 36, 48 (ex. 8 
90). 



Chasles, 65, 88, 123, 171, 205, 262. 
279. 

Apollonius theorem, 259. 

confocals' theorem, 351. 

cross- ratio theorem, 95. 

dual of Pappus' theorem, 164. 
Class, 17, 171. 
Coaxal circles, and involution, 281. 

projection of, 126. 
Conic, central properties, 100-109. 

confocal system, 133, 140, 203, 322, 

SSI- 
conjugate diameters, 42, 101 -2. 

cross-ratio properties, 95-S, 116-7, 
259-260. 

defined, 8S. 

equation, 17. 78, 167-8. 

focal properties, 133-7. 

harmonic properties, 90-2. 

history of, 87. 

homographic properties, 23S-261. 

involution properties, 294-330. 

projection of, 125-6. 

ihroagli u, id, 25. 
Conjugate imagtnaries, 4-7. 

lines, 42, 91, 97, 134. 290, 303. 

points, 91, 175, 302. 

triangles, 91, 346. 
Constructions, by Pascal's theorem, 
I57-9- 

of the self-corresponding points, 226, 
244. 

by trial and error, 233-7. 

of a conic through 3 points to touch 
2 lines, 319. 
Continuity, Principle of, 2-4. 
Contours, 6a 
Coordinates of a line, 199. 
CrosS'Bxis, Z22, 240. 
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linear propeities of, 12, 16, 67, 92. 
conic ptopeities of, 95, 116-7, 251-3. 

De Beaone, 171. 

Degree, 16, 17. 

De Lahire, 123, 257. 

Delbalal, 88, 250. 

Desargues, 65, 147, 305, 262. 

triangle theorem, 70. 

conic theorems, 98, 29S, 300, 31S. 
Descartes, t, 65, S7, 123, 147, 171. 
Diagonal triangle, 110-2. 
Diameter, 42, loi. 
Director circle, defined. 256-7. 

PlflckCT's theorem, 316. 

Gaskin's theorem, 342, 343, 349. 
Directrix, 133, 136, 257. 
Double line*, 2I4'S. 
Doable points, aio-z, 215, 244. 
Onality, Principle of, 14, 65, i; 
Duplication of Cube, 87. 

Elevation, 51. 
Eleven line conic, 307. 
Eleven point conic, 306. 
Ellipse, 38, 88. 

mechanical description of, 41 (ex. 37). 

eitua.tion of, 167, 
Elliptic involution, '275, 287. 
Envelope, 117. 
Equation of a point, 100. 
Equiconjugate diameters 49 (ex. 103). 
Euclid, 87, 147'. 

Faure, 342. 

Filon, 232-3, 240-I1 2to- 

Fod, 65, 123. 

defined, 133. 

properties of, 134-7, 333- 
. Fr^er, 316. 

Gaskin, 257, 327. 342, 349. 
Geigonne, 147, 171. 
Ground line, 51. 

Harmonically inscribed and circum- 
scribed tonics, 337, 338. 348- 
Hartnonic pencil, 1 1. 
Harmonic systems on a conic, 97, 

242-4, 26a 
Harvey, 330 (ex. 220). 
Hesse, 346, 348 (ex. 80). 
Homogeneous coordinates, 85.6. 
HoDographic transformation, 15-16. 

pencils, 213, 217. 

ranges, 208, 2i6. 

systems on a conic, 238-9. 
Homothetic ellipses, 40. 



H.P.,si. 
Hnygens, 171. 

Hyperbola defined, 88. 

properties of, I07-8. 

equation of, 167. 
Hyperbolic involution, 275, 287. 

Ideal line, 19. 

points, 20. 
Imaginary angle, 8.9. 
line, 3. 

Index system, 60. 

Indices, n^stive, 19. 

Inliniry, line at, 19-21. 24, 32, 68. 

nature of, 18. 

points at, zo, 24. 
Inversion, 14, 21-3. 
Involution, centre of, 265, 274-5. 

conjugate points of, 282. 

construction of point-pairs, 283. 

double lines of, 370, 2S8-9. 

double points of, 265, 267, 279, 
284-5. 

metrical properties, 2S0-1. 

orthogonal, 273, 289, 292. 

pencils, 269, 287. 

properties of conic, 294-5, 198-9. 

ranges, 263, 274, 277. 
Isotropic lines, defined, 10. 

homographic and involution appli- 
cation of, 214, 273, *89. 

other properties, 13, 124, 203. 

Joachimsthal, 33a 

Kepler, 2, 4, 87. 123. 

Laguerre, 10, 12, 215. 
Lam£, 302. 
Leibnitz, 171. 

Locus ad quataor lineas, 147, 163. 

of centres of pencil of conies, 324. 

of centres of range of conies, 326. 

of meets of corresponding rays, 1 16. 

of meets of perpendicular tangents, 
119. 
Lodge, 227, 284. 



Newton, 35, 50, 120, 123, 147, 148-9, 

Normals to a conic, 259, 329, 330. 
Number, nature of, 2. 

One-to-one correspondence, 14,67, 172, 
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Orlhocentie of triangle, circumscribing 
> parabola. 343, 
inscribed in a iec(. hyperbola, 320. 

Pappus, 88, 123, 136, 147, 163, 262. 
Parabola, defined, 88, 
equation of, 168. 

properties of, 104-5. 

triangle ciicum scribing, 333, 343. 
Parallel lines, 20, 31. 
Pascal, 6S, 147-8, 150, 153, 242, 

3'8. 
Pencil of conies, 300, las, 352. 
Perspective pencils and ranges, 218-9. 
Plan, 51. 
Plane, 54. 

equation of, S3. 
Piaybir, zo. 
PlUcker, 65, 133, 147, 171, 316. 

Polar ciide, 338, 343- 
Pole and polars, 41, 90, 174. 
w.r.t. system of conies, 301-2, 304-5, 

322. 

Poncelel, z, 65, IZ3, 171, 233, 320, 

352 (ex. 94). 
Power of a poinl, 4. 
Principle of Continuity, 2-4, 87. 

Duality, 14, 65. 17', 199- 
Projection, analytical Ueatment, 34, 76, 

84. 

and involution, 291. 

conical, 14. 65, 36. 

horizontal, 6a 

of angles, 69, 74. 

of conic inro drcle, 125. 

of pencil of conies, I z6. 

of two ptunlE into w, w', 125. 

orlhi^onal, 30. 

validity of imaj ' 

vertex of, 66. 
Projective ranges and pencils, 218-9. 
Projector, 51. 



!8, 77-8. 



Rabatment, 56, 59, 62. 
Ranee of conies, 301, 303. 
Reciprocation, analytical 1 
199. 

of angles, 188. 

of asymptotes, 182, 

of coufocal conies, 192. 

of directrix, centre, etc., 183. 

of conic w.t.t. focus, 180-1. 

of one conic into a second given 



Salmon, 15a, 171. 

Scale of slope, 60, 63. 

Section problems, 56. 

Self .con jugate triangle, 91, iii 

Serenua, 65. 

Similar ranges, 211, 228. 

Solid Geometry, pntclical, Jt. 

Stationary points, 59, 

Steinet, 123, 152. 321 {e:t. 141), 343, 

Stur 



350- 



, 299, 301. 

Tangential coordinates,' 65, 199. 
Taylor, 88, 306, 307. 
Trace, S3. 

Tran^ormation, 14, 27. 
Trial and Error constructions, 232. 
Triangles, circumscribing a conic, 332-3, 
336, 339- 

inscribed in a conic, 332. 

self-conjugate to a conic, 335-6. 
Tscbirnhausen, 171. 

Vanishing line, 66-8, 100, 104. 

Vanishing point, 69. 

V.P., 51. 

Von Staudl, 29, 65. 



b> Google 



b> Google 



HACMILLAN AND CO.'S 

Works on Trigonometry 



^ J. B. Lock, M.A., Mid J. M. Chilo, 



Trigonometry for Beginners as far as the Solution of Triangles. 

ByJ. B. Lock, M.A. Globe 8vo. 2b. M. KEY. Crown 8 vo. 6s. 6d. 



1. Lock, M.A. Gbbe 8v 



Higher Trigonometry. B; J. B. Lock, M.A. Globe 8 vo. 4g. ed. 

Elementary and Higher Trigonometry. By J. B. Lock, M.A. Com- 
plete in One Vol. Globe 8vo. Ta. Od. 

Plane Trigonometry. By Prof. H. 8. CAi(i<LAW, Se.D. Crown Svo. 
Part I. 2b. 6d. Put IL 2a. 6d. Complete. 49. M. 

By Rawdom Levett, M.A., 

o PnrtB. 3g. 6d. eacji. 



Spherical Trigonometry for the Use of Colleger and 5chool«. 

By L ToDHUBTEB, F.R.S. Revised by J. G. Lbairrm, M.A. Crown 
Svo, 7i. M. 

A Treatise on Spherical Trigonometry. By W. J. H'Clri.land, 
M.A., and T. Prbston, M.A, Crown 8vo, St. 6d., or, Part I. To the 
Bad of Solution of TriangleB. 4>. 6d. Part IL So. 

By J. C. 
LONDON: MACMILLAN AND CO., LTD. 



b> Google 



HACMILLAN AND CO.'S 

Works on Higher Mathematics 



Introduction to the Theory of Fourier's Series and Integrals, 

and the Mathematicail Theory of the CoDduction of Heat. By Prof. H. 8. 
Carslaw, M.A. 8vo. 14s. net. 

The Theory of Determinants In the Historical Order of Develop- 
ment. Fart I. General Determinants up to 1841. Part II. Special 
DeterminantBup to 1841. By Thomas MuiB, LL.D. Svo. 17b. net. 

A Manual of Quaternions. ByC. J. Jolv, M.A. Svo. 10s.net. 

Treatise on Bessel Functions. By Prof. A. Gray and Prof. G. B. 
Mathkws. Svo. Us, net. 

A[9llcationa of Elliptic FuticUons. By Sir A. G. Gbbrnhill, F.R.S. 

8vo. 12s. 

A Treatise on Differential Equations. By A. R. Forsvth, P.R.S. 
Svo. 14b, 

! Prof. Jamks M. Page, M.A., 
6d. 

I the Calculus. By Prof. Geobok A. Gibsok, 
6<l. 

; Prof. Gkorok A. GiBaoN, M.A. 

By Sir A. G. Grkenhill, F.R.S. 

P. A. Lambbrt. 



By Joseph Edwards, M.A. 
By JosKPH Edwards, M.A. 
LONDON: MACMILLAN AND CO., LTD. 



by Google 



b> Google 





- 


1 


■ 


UNJVERSIIK OF CALIFORNIA LIBRARY 
BERKELEY 




Return to desk from which borrowed. 




This book is DUE on the last date stamped below. 




3N0V49SS 


K JUL 161987 

^ V. H 

a'- t- ■ t ■ 

1 "c- " 
si . " 






. 160ct'60.E^ 
RECD t-O^ 


1 * 






OCT 2198B 








JUL 2 5 1987 








JANlO 


007 






LD ai-100m-9,'*TCA670asl 


)«fl 


„«b,Googlc 


1 



yc 73268 
UC. BERKELEY LIBRMIES 
■Iflllllllll 






I 



THE UNIVERSITY OF CALIFORNU LIBRARY 




b> Google 



